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1.[10 BajmoÐ] Apo mÐa k�lph pou perièqei 50 sfaÐrec arijmhmènec 10, 11, 12, . . . , 59 epilègoume èxi sfaÐrec
thn mÐa met� thn �llh me epan�jesh. Poi� eÐnai h pijanìthta kai oi èxi sfaÐrec na èqoun to Ðdio yhfÐo
dek�dac?

2.[10 BajmoÐ] RÐqnoume mÐa for� èna amerìlhpto z�ri, kai an èrjei h èndeixh i ∈ {1, 2, . . . , 6}, to rÐqnoume
p�li i forèc. Poi� eÐnai h pijanìthta oi endeÐxeic pou ja p�roume sto deÔtero st�dio tou peir�matoc na
eÐnai ìlec diaforetikèc?

3.[30 BajmoÐ] 'Estw X suneq c tuqaÐa metablht  me puknìthta

f(x) :=

{
2x an x ∈ (0, 1),

0 an x ∈ R \ (0, 1).

(a) Na upologistoÔn oi E(X), V (X).

(b) Na upologistoÔn oi P (X = 0.7), P (X > 0.5), E(sinX).

(g) 'Estw ìti èqoume 1800 anex�rthtec tuqaÐec metablhtèc, kajemÐa me thn parap�nw puknìthta. Poi�
eÐnai proseggistik� h pijanìthta to �jroism� touc na eÐnai toul�qiston 1180?

4.[10 BajmoÐ] 'Estw X,Y, Z tuqaÐec metablhtèc (orismènec ston Ðdio q¸ro pijanìthtac) me V (X) =
V (Y ) = 2, Cov(X,Y ) = 1, kai thn Z anex�rthth apì tic X,Y kai na akoloujeÐ thn tupik  kanonik 
katanom  N(0, 1). Na upologisjeÐ h diaspor� V (X − Y − Z).

5.[20 BajmoÐ] 'Estw (X,Y ) didi�stath suneq c tuqaÐa metablht  me puknìthta

f(x, y) :=

{
2 an 0 < y < x < 1,

0 diaforetik�.

(a) Na upologistoÔn oi perij¸riec puknìthtec fX , fY twn X,Y .

(b) Na upologisteÐ h pijanìthta P (X > 2Y ).

6.[15 BajmoÐ] 'Estw deÐgma X1, X2, . . . , Xn apì plhjusmì pou akoloujeÐ thn omoiìmorfh katanom  sto
[0, r]. To r ∈ (0,∞) eÐnai �gnwsth par�metroc.

(a) Poi� apo tic
3X2

1

r
, 2X1

eÐnai amerìlhpth ektim tria tou r?

(b) Gia poi� stajer� c eÐnai h

c
X1 + X2 + · · ·+ Xn

n
amerìlhpth ektim tria tou r?

7.[25 BajmoÐ] 'Estw deÐgma X1, X2, . . . , Xn apì plhjusmì pou akoloujeÐ thn omoiìmorfh katanom  sto
[r, r + 2]. To r ∈ R eÐnai �gnwsth par�metroc, kai to n eÐnai meg�lo.

(a) Poi� eÐnai h mèsh tim  kai poi� h diaspor� thc X1?

(b) Na brejeÐ proseggistik� di�sthma empistosÔnhc gia to r me suntelest  empistosÔnhc 1− a = 0.95.

Timèc apì ton PÐnaka thc Tupopoihmènhc Kanonik c, N(0, 1):

Φ(0.5) = 0.6915, Φ(1) = 0.8413, Φ(1.5) = 0.9332,
Φ(2) = 0.9773, Φ(2.5) = 0.9938, Φ(3) = 0.9987,
Φ(1.65) = 0.95, Φ(1.96) = 0.975

'Arista eÐnai to 100. Di�rkeia 21
2 ¸rec. KALH EPITUQIA!



1.

P (ìlec to Ðdio yhfÐo dek�dac) =

5∑
i=1

P (ìlec yhfÐo dek�dac i) = 5
106

506
= 5

1

56
=

1

55

2. Gia i = 1, 2, ..., 6 èstw Ai := {h pr¸th rÐyh fèrnei i}, kai
B := {ìlec oi endeÐxeic thc deÔterhc f�shc eÐnai diaforetikèc}.

Tìte

P (B) =

6∑
i=1

P (B ∩Ai) =

6∑
i=1

P (Ai)P (B |Ai) =

6∑
i=1

1

6

(6)i
6i

.

3. (a) E(X) =
∫ 1
0 2x2 dx = 2/3, E(X2) =

∫ 1
0 2x3 dx = 1/2, V (X) = 1/2− 4/9 = 1/18.

(b) H eÐnai suneq c tuqaÐa metablht  (h sun�rthsh katanom c thc, èstw F , eÐnai suneq c), �ra P (X =
0.7) = F (0.7)− F (0.7−) = 0. 'Epeita,

P (X > 0.5) =

∫ 1

1/2
2x dx = 1− (1/4) = 3/4,

E(sinX) =

∫ 1

0
2x sinx dx = ... = 2(sin 1− cos 1).

Paragontik  olokl rwsh sto teleutaÐo.

(g) 'Estw S1800 = X1 + · · ·+ X1800. Apì to er¸thma (a) kai to kentrikì oriakì je¸rhma, èqoume ìti h
tuqaÐa metablht 

S1800 − 1800(2/3)√
1800/18

=
S1800 − 1200

10

akoloujeÐ proseggistik� thn tupik  kanonik  katanom  N(0, 1). 'Ara

P (S1800 ≥ 1180) = P

(
S1800 − 1200

10
≥ −2

)
≈ 1− Φ(−2) = Φ(2) = 0.9773

4. Apì ton gnwstì tÔpo gia diaspor� ajroÐsmatoc

V (X − Y − Z) = V (X) + V (Y ) + V (Z)− 2Cov(X,Y )− 2Cov(X,Z) + 2Cov(Y,Z)

= 2 + 2 + 1− 2− 0− 0 = 3.

H sundiakÔmansh anex�rthtwn tuqaÐwn metablht¸n eÐnai 0.

5. (a) H fX(x) =
∫
R f(x, y) dy isoÔtai me 0 gia x /∈ (0, 1), en¸ gia x ∈ (0, 1) èqoume

fX(x) =

∫
R

2× 10<y<x<1 dy =

∫ x

0
2 dy = 2x.

'Omoia, fY (y) = 0 gia y /∈ (0, 1), en¸ gia y ∈ (0, 1) èqoume

fY (y) =

∫
R

2× 10<y<x<1 dx =

∫ 1

y
2 dy = 2(1− y).

(b) [Ed¸ èna sq ma bohj�ei.]

P (X > 2Y ) =

∫∫
R2

f(x, y)1x>2y dxdy =

∫ 1

0

∫ x/2

0
2 dydx =

∫ 1

0
x dx =

1

2
.

6. Kai sta dÔo erwt mata qrhsimopoioÔme ìti h mèsh tim  miac tuqaÐac metablht c pou akoloujeÐ thn
omoiìmorfh katanom  sto [0, r] eÐnai r/2 (to mèso tou diast matoc).

(a) H pr¸th den eÐnai amerìlhpth ektim tria giatÐ den eÐnai statistik  sun�rthsh kaj¸c perièqei thn
�gnwsth par�metro r (èqei bèbaia thn swst  mèsh tim , dhl. 3E(X2

1/r) = ... = r, all� autì den ft�nei).
H deÔterh eÐnai statistik  sun�rthsh, kai èqei mèsh tim  2E(X1) = 2(r/2) = r. 'Ara eÐnai amerìlhpth
ektim tria tou r.



(b) Qrhsimopoi¸ntac thn grammikìthta thc mèshc tim c, brÐskoume ìti h mèsh tim  thc dosmènhc tuqaÐac
metablht c eÐnai

c
E(X1) + E(X2) + · · ·+ E(Xn)

n
= cE(X1) = cr/2.

Me thn epilog  c = 2 èqoume ìti h

2
X1 + X2 + · · ·+ Xn

n
eÐnai statistik  sun�rthsh me mèsh tim  r. 'Ara eÐnai amerìlhpth ektim tria tou r.

7. (a) EÐnai gnwstì ìti gia mÐa tuqaÐa metablht  X ∼ U(a, b) me a < b isqÔei

E(X) =
a + b

2
, V (X) =

(b− a)2

12
.

'Ara E(X1) = r + 1, V (X1) = 4/12 = 1/3

(b) [Autì eÐnai parallag  sto par�deigma 4.1, sel. 138 stic shmei¸seic tou k. QaralampÐdh. 'Agnwsth
mèsh tim , gnwst  diaspor�.]

'Estw Sn = X1 + · · ·+ Xn. Apì to kentrikì oriakì je¸rhma, h tuqaÐa metablht 

Sn − n(r + 1)√
n/3

akoloujeÐ proseggistik� thn tupik  kanonik  katanom  N(0, 1). BrÐskoume to za/2 = z0.025 to opoÐo
eÐnai o arijmìc pou ikanopoieÐ P (Z > x) = 0.025 ìpou Z ∼ N(0, 1), dhlad  Φ(x) = 0.975. Apì tic timèc
thc Φ pou mac dÐnontai, brÐskoume z0.025 = 1.96.
Apì to kentrikì oriakì je¸rhma, èqoume

P

(
−z0.025 ≤

Sn − n(r + 1)√
n/3

≤ z0.025

)
≈ Φ(z0.025)− Φ(−z0.025) = 2Φ(z0.025)− 1 = 0.95

H dipl  anisìthta mèsa sthn pijanìthta isodunameÐ me

Sn

n
− z0.025

1√
3n
− 1 < r <

Sn

n
+ z0.025

1√
3n
− 1.

'Ara èna di�sthma empistosÔnhc gia to r me suntelest  empistosÔnhc 1− a = 0.95 eÐnai to

I =

[
Sn

n
− z0.025

1√
3n
− 1,

Sn

n
+ z0.025

1√
3n
− 1

]
.


