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Jèma 1. [15 BajmoÐ] Se mi� pìlh 2n katoÐkwn a1, a2, . . . , a2n, oi a1, a2, . . . , an eÐnai �ndrec (èqoun

pl joc n) kai oi upìloipoi n eÐnai gunaÐkec. O a1 epilègei tuqaÐa mÐa gunaÐka apì tic n kai thc lèei

mia fhmologÐa. 'Epeita ekeÐnh epilègei tuqaÐa ènan �ndra apì touc n kai k�nei to Ðdio, kai h diadikasÐa

suneqÐzetai ìmoia. Dhlad  k�je �tomo epilègei sthn tÔqh èna �tomo tou antÐjetou fÔlou kai tou lèei

thn fhmologÐa. Na brejeÐ h pijanìthta h fhmologÐa na eipwjeÐ 2k+1 forèc qwrÐc na akousteÐ xan� apì

k�poio �tomo pou thn èqei metafèrei se k�poio prohgoÔmeno b ma. Upojètoume ìti k ∈ {0, 1, . . . , n−1}.

Jèma 2. [25 BajmoÐ] MÐa k�lph perièqei 13 sfairÐdia arijmhmèna 1, 2, . . . , 13. Epilègoume èna sthn

tÔqh, shmei¸noume to arijmì tou, kai to epistrèfoume sthn k�lph. An o arijmìc tou  tan i, tìte

paÐrnoume apì thn k�lph i sfairÐdia to èna met� to �llo (qwrÐc epan�jesh). Poi� eÐnai h pijanìthta to

sfairÐdio pou epilèxame sthn arq  tou peir�matoc na m n eÐnai an�mesa se aut� pou epilèxame sto tèloc?

Jèma 3. [25 BajmoÐ] (a) RÐqnoume dÔo amerìlhpta z�ria suneq¸c mèqri na emfanisteÐ to apotèlesma

(6, 6). 'Estw X o (tuqaÐoc) arijmìc rÐyewn pou k�noume ¸spou na sumbeÐ autì. Poi� h sun�rthsh

pijanìthtac thc tuqaÐac metablht c X kai poi� h mèsh tim  thc?

(b) Sto Ðdio peÐrama ìpwc sto er¸thma (a) stamat�me tic rÐyeic ìtan èqoume dei ìlec tic meg�lec diplèc

zarièc, dhlad  tic (4, 4), (5, 5), (6, 6). 'Estw Y o (tuqaÐoc) arijmìc rÐyewn pou k�noume ¸spou na sumbeÐ

autì. Poi� h mèsh tim  thc tuqaÐac metablht c Y ?

Jèma 4. [20 BajmoÐ] 'Estw (X,Y ) didi�stath suneq c tuqaÐa metablht  me puknìthta

fX,Y (x, y) =

{
2
3 an x ∈ (1, 2) kai 0 < y < x,

0 diaforetik�.

(a) Poi� h perij¸ria sun�rthsh puknìthtac fX thc X?

(b) Poi� h pijanìthta P (X + Y < 2)?

Jèma 5. [35 BajmoÐ] 'Estw suneq c tuqaÐa metablht  X me puknìthta

fX(x) =

{
1
rx

1
r
−1 an x ∈ (0, 1),

0 diaforetik�,

ìpou r eÐnai mi� jetik  stajer�.

(a) Poi� eÐnai h sun�rthsh puknìthtac fY thc tuqaÐac metablht c Y = − logX? Gia poi� y ∈ R eÐnai h

fY (y) jetik ?

(b) 'Estw X1, X2, . . . , Xn tuqaÐo deÐgma apì plhjusmì me puknìthta fX ìpwc sthn ekf¸nhsh. Na

brejeÐ h ektim tria mègisthc pijanof�neiac thc paramètrou r.

(g) EÐnai h ektim tria tou r pou prosdiorÐsthke sto (b) amerìlhpth?

'Arista eÐnai to 100. Di�rkeia 2 1
2
¸rec.

KALH EPITUQIA!



Apant seic

1. To pl joc twn dunat¸n peript¸sewn eÐnai n2k+1, giatÐ se k�je met�dosh thc fhmologÐac, autìc pou

thn metadÐdei èqei n epilogèc. Dhlad  ìla ta �toma tou antÐjetou fÔlou.

Sqetik� me tic eunoðkèc peript¸seic, efarmìzoume thn pollaplasiastik  arq . H fhmologÐa ja

metadojeÐ apì k + 1 �ndrec kai apì k gunaÐkec. O pr¸toc �ndrac A1 = a1 èqei k epilogèc, h gunaÐka h

opoÐa autìc epilègei (èstw Γ1) èqei k−1 epilogèc (den mporeÐ na epilèxei ton A1), o �ndrac pou epilègei

h Γ1, èstw A2, èqei omoÐwc k − 1 epilogèc. H k gunaÐka se aut  thn alusÐda èqei n− k epilogèc, kai o

k + 1 �ndrac èqei n− k epilogèc (afoÔ k gunaÐkec èqoun metad¸sei thn fhmologÐa).

'Ara h zhtoÔmenh pijanìthta eÐnai

n(n− 1)(n− 1)(n− 2)(n− 2) . . . (n− k)(n− k)

n2k+1
=

((n− 1)k)2

n2k
.

2. 'Eqoume peÐrama se dÔo st�dia. P�me wc sun jwc me je¸rhma olik c pijanìhtac. Gia i = 1, 2, ..., 13

èstw Ai := {arqik� epilègoume to sfairÐdio i}, kai

B := {to arqikì sfairÐdio den perièqetai se aut� pou epilègoume èpeita}.

Tìte

P (B) =

13∑
i=1

P (B ∩Ai) =

6∑
i=1

P (Ai)P (B |Ai) =

13∑
i=1

1

13

(12)i
(13)i

=

13∑
i=1

1

13

13− i

13
=

1

132

12∑
k=1

k =
1

132
12× 13

2
=

6

13
.

H P (B ∩ Ai) = (12)i/(13)i isqÔei giatÐ epilègoume diadoqik� qwrÐc epan�jesh i sfairÐdia, �ra èqoume

di�taxh qwrÐc epan�lhyh, kai sta eunoðk� sen�ria apagoreÔetai na p�roume to i sfairÐdio. Gi�utì kai

to 12 ston arijmht .

3. (a) Kat� ta gnwst� h X akoloujeÐ thn Gewmetrik  katanom  me par�metro p = 1/36. 'Ara èqei

sun�rthsh pijanìthtac

fX(k) = P (X = k) =

{
(1− p)k−1p gia k ∈ N, k ≥ 1,

0 gia k ∈ (R \ N) ∪ {0}.

Apì jewrÐa, xèroume ìti E(X) = 1/p = 36.

(b) 'Idio skeptikì ìpwc sto prìblhma tou sullèkth kouponi¸n. 'Estw X1 o arijmìc twn dokim¸n

pou apaiteÐtai ¸spou na doÔme mÐa apì tic endeÐxeic (4, 4), (5, 5), (6, 6), kai èstw ìti aut  eÐnai (a, a).

'Epeita èstw X2 o arijmìc twn epiplèon dokim¸n pou apaiteÐtai ¸spou na doÔme mÐa apì tic endeÐxeic

(4, 4), (5, 5), (6, 6) pou na eÐnai ìmwc diaforetik  apì thn (a, a). 'Estw ìti aut  eÐnai h (b, b). Tèloc, èstw

X3 o arijmìc twn epiplèon dokim¸n pou apaiteÐtai ¸spou na doÔme thn èndeixh apì tic (4, 4), (5, 5), (6, 6)

pou eÐnai diaforetik  apì tic (a, a), (b, b). Oi X1, X2, X3 akoloujoÔn thn gewmetrik  katanom  me

paramètrouc p1 = 3/36, p2 = 2/36, p3 = 1/36. Gia ton arijmì sthn ekf¸nhsh èqoume Y = X1+X2+X3.

H grammikìthta thc mèshc tim c dÐnei

E(Y ) = EX1 + EX2 + EX3 =
1

p1
+

1

p3
+

1

p3
=

36

3
+

36

2
+

36

1
= 66.

4. Se aut  thn �skhsh epib�lletai na k�noume èna sq ma tou qwrÐou sto R2 pou h fX,Y eÐnai diaforetik 

apì to 0.



(a)

fX(x) =

∫
R
fX,Y (x, y) dy =

{
2
3x an x ∈ (1, 2)

0 an x ∈ R \ (1, 2).

Pr�gmati, gia x ∈ (1, 2), ∫
R
fX,Y (x, y) dy =

∫
R

2

3
10<y<x dy =

∫ x

0

2

3
dy =

2

3
x.

En¸ gia x ∈ R \ (1, 2), èqoume fX,Y (x, y) = 0 gia k�je y ∈ R.

(b)

P (X + Y < 2) =

∫ 2

1

∫ 2−x

0

2

3
dy dx =

2

3

∫ 2

1
(2− x) dx =

1

3

5. (a) BrÐskoume pr¸ta thn sun�rthsh katanom c thc Y . Gia y ∈ R, èqoume

FY (y) = P (− logX ≤ y) = P (logX ≥ −y) = P (X ≥ e−y) = 1− P (X < e−y)

= 1− FX(e−y).

H P (X < e−y) = P (X ≤ e−y)(= FX(e−y)) isqÔei giatÐ h X eÐnai suneq c tuqaÐa metablht . Paragw-

gÐzontac thn pio p�nw isìthta, paÐrnoume fY (y) = F ′Y (y) = −fX(e−y)(−e−y) = fX(e−y)e−y. Apì thn

morf  thc fX , prokÔptei ìti h teleutaÐa posìthta eÐnai jetik  akrib¸c ìtan e−y ∈ (0, 1), dhlad  y > 0,

kai tìte isoÔtai me
1

r
(e−y)

1
r
−1e−y =

1

r
e−

1
r
y.

'Ara

fY (y) =
1

r
e−

1
r
y1y>0.

Dhlad  h Y akoloujeÐ thn ekjetik  me par�metro 1/r. fY (y) > 0 mìno gia y > 0.

(b) Gia x1, x2, . . . , xn ∈ (0, 1), h sun�rthsh pijanof�neiac tou deÐgmatoc eÐnai

L(r) := fX(x1)fX(x2) · · · fX(xn) =

(
1

r

)n

(x1x2 · · ·xn)
1
r
−1,

kai o log�rijmìc thc eÐnai

`(r) := logL(r) =

(
1

r
− 1

)
log(x1x2 · · ·xn)− n log r.

H ` eÐnai paragwgÐsimh sun�rthsh tou r sto (0,∞), me par�gwgo

`′(r) = − 1

r2
log(x1x2 · · ·xn)− n

r
= − n

r2

(
r +

1

n
log(x1x2 · · ·xn)

)
= − n

r2
(r − s)

me s := −(1/n) log(x1x2 · · ·xn) to opoÐo eÐnai > 0 afoÔ x1, x2, . . . , xn ∈ (0, 1). 'Ara h `(r) eÐnai

aÔxousa sto (0, s] kai fjÐnousa sto [s,∞). Parousi�zei olikì mègisto to s. 'Ara h ektim tria mègisthc

pijanof�neiac tou r eÐnai h

T (X1, . . . , Xn) :=
− log(X1X2 · · ·Xn)

n
=
− logX1 − logX2 − · · · − logXn

n
.

(g) H Y = − logX apì to (a) èqei mèsh tim  1/(1/r) = r (autì apì ton pÐnaka twn katanom¸n   to

upologÐzoume me b�sh ton orismì, dhlad  E(− logX) = −
∫ 1
0 (log x)r−1x

1
r
−1 dx = ...). Qrhsimopoi¸ntac

thn grammikìthta thc mèshc tim c kai to ìti oi Xi èqoun thn Ðdia katanom , brÐskoume

E
(
T (X1, . . . , Xn)

)
=

nE(− logX1)

n
=

nr

n
= r.

'Ara h T (X1, . . . , Xn) eÐnai amerìlhpth ektim tria tou r.


