
ANALUSH II

EpikampÔlia kai Epifaneiak� Oloklhr¸mata

EpikampÔlia oloklhr¸mata

Orismìc: Bajmwtì epikampÔlio olokl rwma (alli¸c epikampÔlio olo-
kl rwma pr¸tou eÐdouc)
'Estw Γ = Γ(−→r ) mÐa C1 parametrik  kampÔlh tou R3 pou orÐzetai apì thn paramètrhsh
−→r : [a, b] → R3 kai f : Γ ⊆ R3 → R mÐa suneq c bajmwt  sun�rthsh. Tìte wc bajmwtì
epikampÔlio olokl rwma thc f kat� m koc thc parametrik c kampÔlhc Γ orÐzetai to
orismèno olokl rwma :∫

Γ
f ds ≡

∫
Γ(−→r )

f ds :=

∫ b

a
f(−→r (t))||−→r ′(t)||dt =

∫ b

a
f(x(t), y(t), z(t))||−→r ′(t)||dt

Orismìc: Dianusmatikì epikampÔlio olokl rwma (alli¸c epikampÔlio o-
lokl rwma deutèrou eÐdouc)
'Estw Γ = Γ(−→r ) mÐa C1 parametrik  kampÔlh tou R3 pou orÐzetai apì thn paramètrhsh
−→r : [a, b] → R3 kai

−→
F = (P,Q,R) : Γ ⊆ R3 → R3 mÐa suneq c dianusmatik  sun�rthsh.

Tìte wc dianusmatikì epikampÔlio olokl rwma (  wc proc thn paramètrhsh −→r )
thc
−→
F kat� m koc thc parametrik c kampÔlhc Γ orÐzetai to orismèno olokl rwma :∫

Γ

−→
F · d−→r ≡

∫
Γ(−→r )

−→
F · d−→r =

∫ b

a

−→
F (−→r (t)) · −→r ′(t) dt =

∫ b

a

−→
F (x(t), y(t), z(t))||−→r ′(t)||dt

Sumbolismìc: ∫
Γ

−→
F · d−→r =

∫
Γ

−→
F · ds =

∫
Γ
Pdx+Qdy +Rdz

Je¸rhma
'Estw D èna anoiktì uposÔnolo tou R3 kai f : D ⊆ R3 → R mÐa C1 bajmwt  sun�rthsh.
Tìte gia k�je tmhmatik� C1 parametrik  kampÔlh Γ = Γ(−→r ) tou D pou orÐzetai apo mÐa
tmhmatik� C1 paramètrhsh −→r : [a, b]→ R3 isqÔei o tÔpoc :∫

Γ
∇f · d−→r = f(−→r (b))− f(−→r (a))

Orismìc:

'Estw
−→
F : D ⊂ R3 → R3 mÐa suneq c dianusmatik  sun�rthsh me pedÐo orismoÔ èna upo-

sÔnolo G tou R3. Lème ìti to epikampÔlio olokl rwma deutèrou eÐdouc thc sun�rthshc
−→
F eÐnai anex�rthto thc kampÔlhc sto sÔnolo D, ìtan gia k�je dÔo shmeÐa A kai B tou
sunìlou D kai gia k�je dÔo tmhmatik� C1 prosanatolismènec parametrikèc kampÔlec Γ1 kai
Γ2 tou D me arq  to A kai tèloc to B isqÔei ìti:∫

Γ1

−→
F · d−→r =

∫
Γ2

−→
F · d−→r .
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Je¸rhma:
'Estw F = (P,Q,R) : D ⊆ R3 → R3 mÐa suneq c dianusmatik  sun�rthsh tri¸n metablht¸n
me pedÐo orismoÔ èna anoiktì kai polugwnik� sunektikì uposÔnolo tou R3. Tìte to epika-

mpÔlio olokl rwma deutèrou eÐdouc thc sun�rthshc
−→
F eÐnai anex�rthto thc kampÔlhc sto

sÔnolo D an kai mìno an gia k�je kleist  tmhmatik� C1 parametrik  kampÔlh K ⊆ D isqÔei∫
K

−→
F · d−→r = 0 .

Apìdeixh: 'Estw Γ1,Γ2, ...,Γm ta antÐstoiqa tìxa. Tìte parathroÔme ìti oi prosanatoli-
smènec kampÔlec Γ1 kai C1 = Γ2 + ... + Γm èqoun thn Ðdia arq  kai to Ðdio tèloc epomènwc

apì ton parap�nw orismì èpetai ìti

∫
Γ1

−→
F · d−→r =

∫
C1

−→
F · d−→r to opoÐo mac dÐnei∫

K

−→
F · d−→r =

∫
Γ1

−→
F · d−→r +

∫
C1

−→
F · d−→r =

∫
Γ1

−→
F · d−→r −

∫
−C1

−→
F · d−→r = 0 .

Embadìn kulidnrik c epif�neiac :

'Estw Γ = Γ(−→r ) mÐa apl  C1 parametrik  kampÔlh tou R2 , h opoÐa orÐzetai apì thn apl 
C1 paramètrhsh −→r : [a, b] → R2 kai f : Γ ⊂ R2 → R mÐa suneq c sun�rthsh me f > 0, h
opoÐa orÐzetai sthn kampÔlh Γ. Prokeimènou na upologÐsoume to embadìn metaxÔ thc f kai
thc Γ paÐrnoume mÐa diamèrhsh P tou [a, b]:

P = [a = t0 < t1 < ... < tn−1 < tn = b] ,

sthn opoÐa ta diast mata [ti−1, ti] jewroÔme ìti eÐnai tìso lept� ¸ste na mporoÔme na jew-
r soume ìti h sun�rthsh f(−→r ) eÐnai sqedìn stajer  sto k�je èna apo aut� gia i = 1, 2, ..., n.
Epiplèon jewr¸ntac ìti eÐnai arket� mikr� ta diast mata diamèrhshc tìte apì jewrhma mèshc
tim c tou DiaforikoÔ logismoÔ mporoÔme na jewr soume ìti:

‖−→r (ti)−−→r (ti−1)‖ =
∥∥−→r ′ti∥∥ (ti − ti−1)

PaÐrnoume loipìn to ginìmeno f (−→r (ti)) ‖−→r i −−→r i−1‖ to opoÐo eÐnai to embadìn tou leptoÔ
orjogwnÐou me b�sh [ti−1, ti] kai Ôyoc f (−→r (ti)). Epomènwc paÐrnontac to �jroisma ìlwn au-

t¸n twn orjogwnÐwn gia i = 1, 2, ..., n proseggÐzoume to olokl rwma

∫ b

a
φ(t)dt =

∫ b

a
f (−→r (t))

∥∥−→r ′(t)∥∥ dt
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gia t ∈ [a, b], to opoÐo eÐnai to zhtoÔmeno embadìn. ProkÔptei loipìn o ex c orismìc tou em-
badoÔ kulindrik c epif�neiac:

Orismìc: Embadìn kulidnrik c epif�neiac
'Estw Γ = Γ(−→r ) mÐa apl  C1 kampÔlh tou R2, h opoÐa orÐzetai apì thn apl  C1 paramètrhsh
−→r : [a, b] → R2 kai f : Γ ⊂ R2 → R mÐa suneq c sun�rthsh me f > 0. Tìte to embadìn
A(f,Γ) thc kulindrik c epif�neiac K(f,Γ) �nw thc kampÔlhc kai k�tw apì to gr�fhma thc
f orÐzetai apì to epikampÔlio olokl rwma pr¸tou eÐdouc:

A(f,Γ) =

∫ b

a
f (−→r (r))

∥∥−→r ′(t)∥∥ dt .
Me antÐstoiqo trìpo orÐzetai kai to èrgo sthn perÐptwsh twn epikampÔliwn oloklhrwm�twn
deutèrou eÐdouc.

'Ergo:
'Estw èna ulikì shmeiakì swmatÐdio Q to opoÐo kineÐtai kat� m koc miac parametrik c ka-
mpÔlhc Γ(−→r ) tou R3, h opoÐa orÐzetai apì mÐa paramètrhsh −→r : [a, b]→ R3, upì thn epÐdrash

miac dÔnamhc
−→
F (x, y, z) ìpou h sun�rthsh

−→
F : Γ ⊂ R3 → R3 eÐnai suneq c. 'Opwc kai me-

thn perÐptwsh tou embadoÔ kulindrik c epif�neiac, paÐrnoume mÐa arket� lept  diamèrish tou
[a, b]:

P = [a = t0 < t1 < ... < tn − 1, tn = b] .

JewroÔme loipìn ìti to k�je di�sthma [ti−1, ti] eÐnai arket� leptì ¸ste to tìxo thc kampÔlhc

pou antistoiqeÐ sto di�sthma na eÐnai to eujÔgrammo tm ma −→r (ti−1)−→r (ti) kai h F na eÐnai

stajer  sto di�sthma autì kai ish me
−→
F (−→r (ti)). Epomènwc to èrgo thc dÔnamhc

−→
F kat�

thn metatìpish tou swmatidÐou kata m koc tou tìxou [ti−1, ti] ja dÐnetai proseggistik� apì
ton tÔpo:

Wk '
−→
F (−→r (ti)) · (−→r (ti)−−→r (ti−1)) =

−→
F (−→r (ti)) · −→r ′(ti)∆ti .

Epomènwc paÐrnontac to �jroisma Riemann gia i = 1, 2, ..., n proseggÐzoume to olokl rwma∫ b

a

−→
F (−→r (ti)) · −→r ′(t)dt pou eÐnai to zhtoÔmeno èrgo. ProkÔptei loipìn o akìloujoc orismìc:

Orismìc: 'Ergo

Wc èrgo W mÐac suneqoÔc dÔnamhc
−→
F (x, y, z) kat� thn metatìpish enìc shmeiakoÔ swmati-

dÐou kat� m koc mÐac parametrik c C1 kampÔlhc Γ(−→r ) tou R3, h opoÐa orÐzetai apo mÐa C1

paramètrhsh −→r : [a, b] → R3 apì èna shmeÐo A (−→r (a)) se èna shmeÐo B (−→r (b)) orÐzetai to
epikampÔlio olokl rwma deutèrou eÐdouc:

W =

∫
Γ

−→
F · d−→r =

∫ b

a

−→
F (−→r (t)) · −→r ′(t)dt .

Epifaneiak� oloklhr¸mata

Gia mÐa C1 diparamètrhsh −→r = −→r (u, v) = (x(u, v), y(u, v), z(u, v)) : D ⊆ R2 → R3 orÐzoume
ta dianÔsmata :

−→ru =
∂−→r
∂u

=

(
∂x(u, v)

∂u
,
∂y(u, v)

∂u
,
∂z(u, v)

∂u

)
−→rv =

∂−→r
∂v

=

(
∂x(u, v)

∂v
,
∂y(u, v)

∂v
,
∂z(u, v)

∂v

)

−→
N =

−→
N (u, v) := (−→ru ×−→rv )(u, v) =

∣∣∣∣∣∣∣∣∣
−→
i
−→
j

−→
k

∂x

∂u

∂y

∂u

∂z

∂u
∂x

∂v

∂y

∂v

∂z

∂v

∣∣∣∣∣∣∣∣∣
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OrismoÐ
MÐa diparamètrhsh −→r = (x, y, z) : D ⊆ R2 → R3 onom�zetai
i) apl  ìtan eÐnai 1− 1 sto eswterikì tou D.

ii) leÐa ìtan eÐnai C1 kai isqÔei
−→
N (u, v) = (−→ru ×−→rv ) 6= −→0 sto eswterikì tou D.

iii) kanonik  ìtan eÐnai apl  kai leÐa.

OrismoÐ
i) Parametrik  epif�neia S tou R3 onom�zetai èna uposÔnolo tou R3, ìtan up�rqei mÐa
diparamètrhsh −→r = −→r (u, v) : D ⊆ R2 → R3 h opoÐa èqei pedÐo tim¸n to sÔnolo S, dhlad 
S = −→r (D) = {−→r (u, v) : (u, v) ∈ D}
ii) Kanonikì k�jeto di�nusma thc parametrik c epif�neiac S = S(−→r ) sto shme-

Ðo (x0, y0, z0) onom�zetai to di�nusma
−→
N (u0, v0) = (−→ru × −→rv )(u0, v0), ìpou (x0, y0, z0) =

−→r (u0, v0).
iii) Efaptìmeno epÐpedo thc parametrik c epif�neiac S = S(−→r ) sto shmeÐo (x0, y0, z0)
onom�zetai to epÐpedo sto R3 to opoÐo perièqei to shmeÐo −→r (u0, v0) thc epif�neiac S kai eÐnai

k�jeto proc to di�nusma
−→
N (u0, v0) = (−→ru ×−→rv )(u0, v0).

Orismìc : Embadìn parametrik c epif�neiac
'Estw S = S(−→r ) mÐa kanonik  parametrik  epif�neia tou R3 pou orÐzetai apo mÐa kanonik 
diparamètrhsh −→r (u, v) : D ⊆ R2 → R2 (gia D u-aplì   v-aplì uposÔnolo tou R2). Tìte
to embadìn thc parametrik c epif�neiac S = S(−→r ) orÐzetai to diplì olokl rwma

A(S) :=

∫ ∫
D
||
−→
N (u, v)||dudv =

∫ ∫
D
||(−→ru ×−→rv )(u, v)||dudv

Orismìc: Bajmwtì epifaneiakì olokl rwma (alli¸c epifaneiakì olo-
kl rwma pr¸tou eÐdouc)
'Estw S = S(−→r ) mÐa kanonik  parametrik  epif�neia tou R3 pou orÐzetai apo mÐa kanonik 
diparamètrhsh −→r : D ⊆ R2 → R3 kai f : S ⊆ R3 → R mÐa suneq c bajmwt  sun�rthsh.
Tìte wc bajmwtì epifaneiakì olokl rwma thc f p�nw sthn epif�neia S orÐzetai
to diplì olokl rwma :∫ ∫

S
f dS :=

∫ ∫
D
f(−→r (u, v))||

−→
N (u, v)||dudv =

∫ ∫
D
f(−→r (u, v))||(−→ru ×−→rv )(u, v)||dudv

ìpou
−→
N := −→ru ×−→rv to kanonikì k�jeto di�nusma thc epif�neiac S.

Orismìc: Dianusmatikì epifaneiakì olokl rwma (alli¸c epifaneiakì o-
lokl rwma deutèrou eÐdouc)
'Estw S = S(−→r ) mÐa kanonik  parametrik  epif�neia tou R3 pou orÐzetai apo mÐa kanonik 

diparamètrhsh −→r : D ⊆ R2 → R3 kai
−→
F = (P,Q,R) : D ⊆ R3 → R3 mÐa suneq c dianu-

smatik  sun�rthsh. Tìte wc dianusmatikì epifaneiakì olokl rwma thc
−→
F p�nw

sthn epif�neia S orÐzetai to diplì olokl rwma :∫ ∫
S

−→
F · dS :=

∫ ∫
D

−→
F (−→r (u, v)) ·

−→
N (u, v)dudv =

∫ ∫
D

−→
F (−→r (u, v)) · (−→ru ×−→rv )(u, v)dudv

ìpou
−→
N to kanonikì k�jeto di�nusma sthn epif�neia S.

ASKHSH 1 : Na upologisteÐ to epikampÔlio olokl rwma
∫

Γ(xy + z2) dS me Γ mÐa para-
metrik  kampÔlh pou orÐzetai apì thn paramètrhsh −→r (t) = (cos t, sin t, t) , t ∈ [0, 2π].

LUSH: UpologÐzoume arqik�

||−→r ′(t)|| =
√

(− sin t)2 + (cos t)2 + 1 =
√

2 (1)
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Tìte to zhtoÔmeno olokl rwma dÐnetai apì :∫
Γ
f ds =

∫ 2π

0
f(x(t), y(t), z(t))||−→r ′(t)||dt

⇒
∫

Γ
(xy + z2) ds =

∫ 2π

0
(x(t)y(t) + z2(t))||−→r ′(t)||dt

=

∫ 2π

0
(cos t sin t+ t2)

√
2dt =

√
2

∫ 2π

0

((
sin2(t)

2

)′
+

(
t3

3

)′)
dt =

√
2

[
sin2(t)

2
+
t3

3

]2π

0

=
√

2
8π3

3

ASKHSH 2 : Na upologisteÐ to epikampÔlio olokl rwma
∫

Γ(x − 3y2 + z) dS me Γ thn
eujeÐa pou pern�ei apì ta shmeÐa (0, 0, 0) kai (1, 1, 1).

LUSH: H parametrik  kampÔlh Γ orÐzetai apì thn paramètrhsh −→r (t) = (t, t, t) , t ∈ [0, 1].
UpologÐzoume arqik� −→r (t) = (1, 1, 1) kai �ra ||−→r ′(t)|| =

√
12 + 12 + 12 =

√
3 Tìte to

zhtoÔmeno olokl rwma dÐnetai apì :∫
Γ
(x− 3y2 + z) ds =

∫ 1

0
(t− 3t2 + t)

√
3dt =

√
3

∫ 1

0
(2t− 3t2)dt =

√
3
[
t2 − t3

]1
0

= 0

ASKHSH 3 : Na upologisteÐ to epikampÔlio olokl rwma
∫

Γ(−y, x) ds me Γ = Γ(−→r (t))
me −→r (t) = (x(t), y(t)) = (a cos t, a sin t) , t ∈ [0, 2π].

LUSH: 'Eqoume th dianusmatik  sun�rthsh
−→
F = (−y, x) �ra

−→
F (−→r (t)) = (−y(t), x(t)) =

(−a sin t, a cos t) kai −→r ′(t) = (x′(t), y′(t)) = (−a sin t, a cos t). Epomènwc, to zhtoÔmeno
olokl rwma dÐnetai apì∫

Γ

−→
F · ds =

∫ 2π

0

−→
F (−→r (t)) · −→r ′(t) dt

⇒
∫

Γ
(−y, x) ds =

∫ 2π

0
(−y(t), x(t)) · (x′(t), y′(t)) dt

=

∫ 2π

0
(−a sin t, a cos t) · (−a sin t, a cos t) dt =

∫ 2π

0
a2(sin2 t+ cos2 t) dt

=

∫ 2π

0
a2dt = a2

∫ 2π

0
dt = a2[t]2π0 = 2πa2

ASKHSH 4 : Na upologisteÐ to epifaneiakì olokl rwma
∫
S zdS me S to �nw misì

mèroc miac sfaÐrac aktÐnac R = 2.

LUSH: H paramètrhsh thc sfaÐrac dÐnetai apì −→r (θ, φ) = (x(θ, φ), y(θ, φ), z(θ, φ))
=(2 sinφ cos θ, 2 sinφ sin θ, 2 cosφ), ìpou gia to �nw misì mèroc thc èqoume 0 ≤ θ ≤ 2π

kai 0 ≤ φ ≤ π

2
.

−→rθ×−→rφ =

∣∣∣∣∣∣
−→
i

−→
j

−→
k

−2 sinφ sin θ 2 sinφ cos θ 0
2 cosφ cos θ 2 cosφ sin θ 2 sinφ

∣∣∣∣∣∣ = (−4 sin2 φ cos θ,−4 sin2 φ sin θ,−4 sinφ cosφ)

||−→rθ ×−→rφ|| =
√

(−4 sin2 φ cos θ)
2

+ (4 sin2 φ sin θ)
2

+ (−4 sinφ cosφ)2

=

√
16 sin2 φ(sin2 φ+ cos2 φ) = 4

√
sin2 φ = 4| sinφ| = 4 sinφ

(afoÔ gia 0 ≤ φ ≤ π

2
èqoume ìti sinφ > 0).

EpÐshc gia th sun�rthsh f = z thc �skhshc èqoume f(−→r (θ, φ)) = z(θ, φ) = 2 cosφ.
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Epomènwc, to zhtoÔmeno epifaneiakì olokl rwma dÐnetai apì :∫
S
fdS =

∫ ∫
D
f(−→r (θ, φ))||(−→rθ ×−→rφ)(θ, φ)|| dθdφ

⇒
∫
S
zdS =

∫ π

2

0

∫ 2π

0
2 cosφ(4 sinφ) dθdφ =

∫ 2π

0

∫ π

2

0
8 cosφ sinφdφdθ

=

∫ 2π

0

∫ π

2

0
4 sin(2φ) dφdθ =

∫ 2π

0
[−2 cos(2φ)]

π/2
0 dθ =

∫ 2π

0
4 dθ = 8π

(ìpou qrhsimopoi jhke h tautìthta sin(2φ) = 2 sinφ cosφ kai to je¸rhma Fubini allag c
seir�c olokl rwshc).

ASKHSH 5 : Na upologisteÐ to dianusmatikì epifaneiakì olokl rwma
∫
S(x, y−x, yz)·dS

me S ton k¸no pou dÐnetai apì th diparamètrhsh −→r (u, v) = (x(u, v), y(u, v), z(u, v)) =
(u cos v, u sin v, u) , (u, v) ∈ [0, 1]× [0, 2π].

LUSH: To di�nusma
−→
N = −→ru × −→rv eÐnai

−→
N = (−u cos v,−u sin v, u), epomènwc to zhto-

Ômeno olokl rwma dÐnetai apì :∫ ∫
S

−→
F · dS =

∫ ∫
D

−→
F (−→r (u, v)) ·

−→
N (u, v)dudv

⇒
∫ ∫

S
(x, y − x, yz) · dS =

∫ 1

0

∫ 2π

0
(x(u, v), y(u, v)− x(u, v), y(u, v)z(u, v)) ·

−→
N (u, v)dudv

=

∫ 1

0

∫ 2π

0
(u cos v, u(sin v − cos v), u2 sin v) · (−u cos v,−u sin v, u) dudv

=

∫ 1

0

∫ 2π

0
(−u2 + u2 sin v cos v + u3 sin v) dudv =

∫ 2π

0

∫ 1

0
(−u2 + u2 sin v cos v + u3 sin v) dvdu

=

∫ 2π

0

([
u3

3

]1

0

(−1 + sin v cos v) +

[
u4

4

]1

0

sin v)

)
dv =

∫ 2π

0
−1

3
+

1

3
sin v cos v +

1

4
sin v

= −1

3
[v]2π0 +

1

3

[
sin2v

2

]2π

0

− 1

4
[cos v]2π0 = −2π

3

(ìpou qrhsimopoi jhke to Je¸rhma Fubini allag c seir�c olokl rwshc).

ASKHSH 6 : Na upologisteÐ to embadìn tou k¸nou S = {(x, y, z) : z =
√
x2 + y2 , z ∈

[0, 1])}.

LUSH: JewroÔme thn paramètrhsh −→r (θ, z) = (z cos θ, z sin θ, z) , (θ, z) ∈ [0, 2π]× [0, 1] =
D. 'Eqoume ||−→rθ ×−→rz || =

√
2z kai epomènwc to embadìn tou k¸nou dÐnetai apì

A(S) =

∫ ∫
D

√
2z dθdz =

√
2

∫ 1

0

∫ 2π

0
zdθdz =

∫ 2π

0

∫ 1

0
z dzdθ

=
√

2

∫ 2π

0

[
z2

2

]1

0

dθ =

∫ 2π

0

1

2
dθ =

√
2

2
[θ]2π0 = π

√
2
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