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sloaynyn

[TpoBAnua Aomiotng Emikowvwvioag

Example (Binary Symmetric Channel — BSC)

Given inputv = (vy --- v,_1 ), the outputr = (rg - -+ r,_1) satisfies
@ r; # v; with probability p
@ r; = v; with probability 1 — p

1-p

Vi=0,...,n—1and0 < p < 1; what happens ifp = 1?
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Yp. kbSWKES YeviKg €\ améotaon BSC amokwSikomoinon

Tunuatikol Kwdikeg

Let the output of the source be a sequence over Fy = {0, 1}. In block
coding:

@ asequence is segmented into blocks u of fixed length k

o the encoder transforms each u into an n-tuple v with n > k

@ there should be 1 — 1 correspondence between u and v

Important things to remember:
o theset® = {veF3:v=flu),ucF5}isa(n, k) block code
e 32K different codewords v of length n

e 32K different message blocks u of length k

Unless f: F% — I3 has a certain special structure, encoding/decoding
will be prohibitively complex for large k, n.
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Yp. kbSWKES yevikd oOvSpopa €A amdotaon BSC  amokwducomoinon

Oplopog I'p. Tunuatikwv Kwdikwv

We restrict our attention to linear block codes that can be mechanized in
a practical manner

Definition

Ablock code % of length n and 2% codewords is a linear (n, k) code if and
only if its codewords form a k-dimensional subspace of 5.

Q: What does this imply?
@ the modulo-2 sum of two codewords is also a codeword

@ itis possible to find k LI codewords gy, . . ., g,_; of € such that
V=uggy+ -+ Uk—1Gx_1, Yve? (1)

where u; € Fy
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Yp. KOSIKeS yevikd

Oplopog I'p. Tunuatikwv Kwdikwv (avv )

o if we write (1) in matrix formulation, we get that

90
v=u- : & v=u-G, YVve® (2)
Gk
where u = (ug - - ux—1 ) and G is the k x n matrix
90 Joo YJo1 7 Yon-1
G— . _ . . .
Gk Ik-1,0 9k-1,1 """ Jk—1,n—1

o the rows of G generate or span the entire (n, k) linear code &

> G is called a generator matrix for ¢

@ the encoder only stores the rows of G to process the input u
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Yp. kbSWKES yevikk ¢

Mapdaderypa (7,4) Kodika

An (7,4) linear code ¥ is given by The codewords marked with x are
LI; so the matrix

messageu  codewordv = —

(0000) (0000000) 1101000
00 (110100)  + G—| 01roLoo

* =
(1100) (1011100) 1110010
(0010) (1110010)  * 1010001
(1010) (0011010)
(0110) (1000110) is a generator matrix for the (7, 4)
(1110) (0101110) linear code ¢
(0001) (1010001)  *
(1001) (0111001) Y ; ;
(0101) (1100101) Q: Did you notice any structure in ¢
(1101)  (0001101) and G?
(0011) (0100011) o theright part of v € ¢ equals u
(1011) (1001011) )
(0111) (0010111) o the right part of G equals I,
(1111) (1111111)
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Yp. kbSWKES yevikd oOvSpopa €A amdotaon BSC  amokwducomoinon

Zvotnuatikol Kwdikeg

The above structure, according to which a codeword is divided into two
parts (the message part and the redundant checking part), is desirable

Definition
Alinear block code is called a (n, k) linear systematic block code if
@ the message part consists of the k information digits (unaltered)

@ the redundant checking part consists of n — k parity-check digits
(linear sums of the information digits)

Then, we can write G = (P I) where Pis an k x n — k matrix, and
v=u-G=u-(P I)=(u-P u-I) = (u-P u)

The n — k equations u - P are the parity-check equations of the code ¥
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Yp. KOSIKEG Yevikd Spopa €A amdotaon BSC  amokwdikomoinan

Kokdwpa Kwdikomoinong (n, k) Kwdka

Hence, we have v; = u - p]’? = Z'f ! uipy, forall 0 <j < n — k, which

i—0
leads to the encoding circuit

Input u

uy i Uj—y uy uy Uy uy u U1

Lo P
O,

To channel
o

o
To channel

The encoding complexity is ©(n), that is linearly proportional to n
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Yp. kbSWKES

[Tivakag [ootipiag

Another useful matrix associated with the (n, k) code ¢ isann — k x n
matrix H called parity-check matrix

Proposition

If € is the (n, k) code generated by G, then v € € if and only if

v-H =0, Vve?. (3)
Due to the way H is constructed:
o the rows of H are L], thatis, rank(H) = n — k

@ every vector in the row space of G is orthogonal to the rows of H

@ the code ¥ coincides with the null space of H

Ap. NwoAaog Korokotpmdvng

Bewpia Mnpogopiag kat Kwdikwv (Ipomruyiaksd )



Yp. IKEG

[Tivakag [ootiplag (ovv.)

From (2) and (3) we have (u - G) - H* = 0 for all u € F%, which leads to
G- H =0. (4)
IfG= (P I thenH = (I,_, P

Definition (dual code)

The (n, n — k) linear block code generated by (the rows of) H is called
the dual code of ¢ and is denoted by €+

From (4) we obtain (u - G) - (& - H) = 0 for all u € F&, u € F2%; hence:

Proposition

Let € and €' be (n, k) and (n,n — k) linear block codes respectively; then
¢ =€+ ifandonly ifv-v = 0,Yve € andv e €.
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Yp. KOSIKEG YeVIK&

Mapdaderypa (7,4) Kodwka (ouvv.)

The parity-check matrix (generator matrix of ¥*) of the (7,4) linear

block code ¥ is given by
1001011
H=|0101110
0010111

The encoding circuit is shown below

Input u
[
Message register
u u u u
0 1 2 3
O To channel
o—>
o
+ + +
vy vy v,
| A
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Yp. kbSWKES yeviké obvSpopea e\ ambotaon BSC  amokwsikomoinon

Tpomog YmoAoylopov Zuvdépopov

@ because of the channel noise r # v; the vector e = r + v is called
error vector

> the 1’s in e correspond to transmission errors
@ to detect the presence of errors the decoder computes
s=r-H (5)

which is called the syndrome of r
» s=0ifand onlyifr € ¥ (and s # O ifand only if r ¢ ¥)

e ifr # vand e € %, then the error cannot be detected!
> these error patterns are called undetectable error patterns
» 32 — 1 undetectable error patterns
> in this case, the decoder performs a decoding error
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Yp. kbSWKES yeviké obvSpopea e\ ambotaon BSC  amokwsikomoinon

Tpomog YmoAoylopuov Xuvdpouov (ouv.)

Proposition

The syndrome s computed via (5) depends only on e, thatiss = e - H'

Proof
s=r-H=(v+e)-H=v-H+e H=e H |

Important things to remember:
o if H= (I,_; P"),then we just have s = ryy + Fin - P
e finding the error e from s = e - H' is not that simple

» 32K different solutions!

@ the decoder tries to find the most probable error pattern in order to
minimize the probability of decoding error

> this usually leads to assuming a low-weight error pattern
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¥P. KDSKES evikd  GUvSpopa €A ambotao BSC  amokwducomoinan

KOkAwpo YmoAoylopon ZUVSpouOU (n, k) Kndika

If ¢ is a systematic (n, k) linear block code, then H = (I, P’) and its
syndrome computation circuit is

: - -
O I( r r oo T > Iy
0 L L 1 ; 2 n-2 n—=1
To Tu-k o+t Tn-t 10 Ty-k Ta-k+1 Tu-1 Tu—k=1 Tn=k To-k+1 Tn-1

. -

Sn-k-1

due to the above analysis
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¥P. KDSKES

Mapdaderypa (7,4

Letv = (1001011) and r = (1001001); then, the receiver computes
s =r- H" = (111) via the circuit

=l

If the channel is a BSC, e = (0000010) is the most probable error vector
satisfying the preceding equations (has the smallest weight). So, we let
V¥ =r+e=(1001011)
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Yp. kbSWKES Ye €A ambotaon BSC «

EAdxiotn Amoéotaon Kwdika

Notation
e the Hamming weight of vector v € [} is defined as
wt(v) =#{0<i<n:v; #0}
o the Hamming distance of vectors v,w € F3 is

dv,w)=#{0<i<n:viZw}=#{0<i<n:vi+w;#0}
=wt(v+w)

Definition

The minimum distance of ¢, denoted by dpy, is defined as

dmin = min{d(v,w) : v,w € € and v # w}
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Yp. kbSWKES « e\ ambotaon BSC «

EAdyiotn Amoéotaon Kwdika (ovv.)

Theorem

If € is a linear block code, then dp;, = min{wt(v) : v € € and v # 0}

Theorem

If € is a linear block code, and v € € is such that wt(v) = I, then there
exist | columns of H the sum up to O (hint: v-H' =0V v € ¥)

Corollary

Let € be a linear block code with parity-check matrix H
@ ifnod — 1 or fewer columns of H add to 0, the code has minimum
weight at least d
@ the minimum weight (or minimum distance) of € is equal to the
smallest number of columns of € that sum to 0
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Yp. kbSWKES % « e\ ambotaon BSC «

Katavoun Bapovg Kwdikwv AéEewv

@ Let ¥ be an (n, k) linear code, and define the numbers
Ai=#{ve ¥ wtlv) =i}, 0<i<n. (6)
Then {Ao, . .., A,} is called the weight distribution of €.
@ It may also be represented in polynomial form as follows

n
A(z) =Ap+A1z+ - +A42" = ZAizi.
i=0

A(z) is called the weight enumerator for the (n, k) linear code €.

@ The weight enumerator B(z) of the dual ¢+ satisfies

Az)=2"""P(1+2)"B G Z) (7)

which is well-known as the MacWilliams identity.
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Yp- ¢ g\ ambotaon BSC o

Mapdaderypa (7,4) Kodwka (ouvv.)

An (7,4) linear code ¢ is given by ~The weight distribution of ¢ is

messageu  codewordv = — ° Ag=1
(0000) (0000000) 0 A=Ay =0
(1000) (1101000)  *
(0100) (0110100) % @ A3 =A,=7
(1100) (1011100)
(0010)  (1110010) © A5 =46 =0
(1010) (0011010) 0 A —1
(0110) (1000110)
(1110) (0101110) )
(0001) (1010001) or equivalently
(1001) (0111001) )
(0101)  (1100101) Alz) =1+722 + 72" + 27
(1101) (0001101)
(0011) (0100011) as a polynomial
(1011) (1001011)
(0111) (0010111)
(1111) (1111111) ® dmin =3
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Yp. kbSWKES yeviké oOvSpopa e\ ambotaon BSC amokwdikomoinon

Aviyveutikn Ikavotnta Kwdika

Any pair of codewords of an (n, k) block code ¥ differs in at least dpn
places. Therefore:

@ error patterns e such that wt(e) = I < dp, cannot change v into
another codeword r

e these are called detectable error patterns (3 2" — 2K)

Property (error detection)

The random-error detecting capability of a block code with minimum
distance dyi, iS dpin — 1

Error patterns e that can be detected:
o all ewith wt(e) < dmin

@ many e with wt(e) > dun
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Yp. kbSWKES yeviké oOvSpopa e\ ambotaon BSC amokwdikomoinon

AopBwTtikn) Ikavotnta Kodika

Any pair of codewords of an (n, k) block code ¥ differs in at least dpn
places. Therefore:

@ areceived word satisfies d(r,v) + d(r,w) > d(v,w) > dmin
o correct decoding is performed if d(r,v) < d(r,w), Vw € € with
w # v (assuming v was transmitted)
Property (error correction)

The random-error correcting capability of a block code with minimum
distance dpn is t = [ (dmin — 1)/2]

Error patterns e that can be corrected:
o allewithwt(e) <t

@ many e with wt(e) > ¢ (a total of 2" %)
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Yp. kbSWKES

[MiBavotTnTa Mn-AvixveUoLUOU ZQOAAUATOG

The probability of an undetected error Pr,(E) occurs only when the error
pattern e is identical to a codeword of €* = % \ {0}; hence

Pr,(E) =Pr(ec ¢*) = Z Pr(e =v)

VEC*
. i n—i n p i
=D Ap'(1-p)"" = (1-p) Z““(ﬂ)
i=1 i=
from which we conclude that

Pro(E) = (1—p)" {A(lfl) - 1] 8)

where p is the transition probability of the BSC
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[MiBavotnta Mn-Aviyvevoiuov Z@dApatos (ouvv.)

Proposition
It holds B [Pry(E)] < 2=("=M[1 — (1 —p)"]
Proof

Let & be the ensemble of all systematic (n, k) linear block codes; if the
code € € € is chosen uniformly at random, then

¢[Pru(E)] = > Pr(%) Pry(E|6) = Zp ZAﬁg

CcE %e‘f
n
< 9—(n—k) n\ o =i
<r oS (1))
i=1
which concludes our proof [ |

Since [1 — (1 —p)"] < 1, we also have E¢[Pr,(E)] < 2-("=0
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¥P. KDSKES y ambotaon BSC  amokwdomoian

MéB060G ATToOKWOLKOTIOM O G

Definition (decoding)

A decoding scheme is a rule to partition the 2" possible received vectors r
into 2¥ disjoint subsets D1, . . ., Do, so that

if reD; = rw—y

where v; € % is the only one codeword contained in the subset D;, for
1<i<2k

Solution (standard array: D; = v; + D;)

ee=0=w Vo Vo
e e +Vy -+ €+ Vo

62n—k eQn—k + V2 c 62n—k + V2k




¥P. KDSKES Ye taon BSC amokwducomoinon

MéBodog ATtokwdikomoinong (ovv.)

The decoding based on the standard array is the minimum distance
decoding (i.e., the maximum likelihood decoding)

Theorem

All the 2¥ n-tuples of a coset have the same syndrome; the syndromes for
different cosets are different

Algorithm (syndrome decoding or table lookup decoding)

e compute the syndrome r - H' of r
@ locate the coset leader e; whose syndrome is equal to r - H

> then e; is assumed to be the error pattern caused by the channel

@ decode the received vector r into the codeword v* = r + ¢,
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Yp. kbSWKES & o ¢ mootaon BSC  amokwdikomoinen

KokAwpa Amokwdukomoinong (n, k) Kodwka

Received vector
buffer regisier r

s s 3

Fo Fi Frno—

Syndrome calculation circuit

o 5 Si— 1

v 3

Error-pattern-detecting circuit
(a combinational logic circuit)

€0 LT e,
Fo ) Fou— 1
——— + —_— + =

v Y
Vo v Uy —1

Corrected output

ewpia [IAnpogopiag kat Kwdikwv ( Mpomruyta



Yp. kbSWKES Ye taon BSC amokwducomoinon

Mapdaderypa (7,4) Kodwka (ouvv.)

The systematic (7, 4) linear block code ¢ of our example has the
following standard array (23 x 2%):

e Vo Vi s Vig Vis S
(0000000)  (0000000)  (1101000) (0010111)  (1111111)  (000)
(1000000)  (1000000)  (0101000) (1010111)  (0111111)  (100)
(0100000)  (0100000)  (1001000) (0110111)  (1011111) (010)
(0010000)  (0010000)  (1111000) (0000111)  (1101111)  (001)
(0001000)  (0001000)  (1100000) (0011111)  (1110111) (110)
(0000100)  (0000100)  (1101100) (0010011)  (1111011) (011)
(0000010)  (0000010)  (1101010) (0010101)  (1111101) (111)
(0000001)  (0000001)  (1101001) (0010110)  (1111110) (101)

The number of correctable errors (due to dp,i, = 3) equals the total
number of correctable errors (given by 2"~¥):

o ({)+ (1) =8
0274 =38
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¥P. KDSKES yeviké oOvBpopa €A améotaon BSC  amokwSikomoinon

Mapdaderypa (7,4) Kodwka (ouvv.)

The decoding circuit for the systematic (7, 4) linear block code € will be

Recerved —{ 7o (7]

Corrected output

€g = S0S152, €1 = 505152, €2 = 50512, €3 = S0S152, €4 = 505152, €5 = SS1S2,

g = 505132.

oG KoAokotphvng Bewpia Mnpogopiag kat Kwdikwv (Mpomruxie



3SC amokwdikomoinon

[MiBavotnTta AavBacuévng Amokwdikomoinong

For any t-error-correcting block code %, the probability Pr(E) that the
decoder commits an erroneous decoding is upper bounded by

n

Pr(E) < Pr(wt(e) > t) = > Pr(wt(e) =)
i=t+1

-y <’;‘> P p)" 9

i=t+1

An alternative formula is derived if the weights of the coset leaders are

known; indeed, if {ao, . . ., a,} is the weight distribution, then
n .
Pr(E)=1-> aip'(1-p)"" (10)
i=0

where p is the transition probability of the BSC
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KA&oELg

Kwdikeg AmAng lootiplag

Definition
A single-parity-check (SPC) code € is an (n,n — 1) linear block code
with one parity-check digit

Property
e generator matrix G = (1,_, I, 1)
@ parity-check matrix H= (1 1,_1)
@ minimum distance dy,;; = 2 (all codewords have even weight)

erateR=1-1/n

Can only be used for simple error detection; errors of even weight are
not detectable

Ap. NucoAaog KorokoTpidvng Bewpia MAnpogopiag kat Kwdikwv (Ipomruxiaksd )



KA&oELg

Kwdikeg Emavainymg

Definition

A repetition code € of length n is an (n, 1) linear block code with two
codewords: 0, and 1,

Property
e generator matrix 6 = (1,_; 1)
e parity-check matrix H = (I,_; 1}_,)
@ minimum distance dy,;; = n (usually choose n odd)

erateR=1/n

It is the dual of the (n,n — 1) SPC code
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KA&oELg

Avto-Avikol Kwoikeg

Definition

An (n, k) linear block code % is self-dual if and only if ¢+ = ¢

Property
@ generator matrix G = (P I,/-)
e parity-check matrix H = (I,» P")
@ we have G - 6" = 0, and for systematic codes P - P* = Iz

@ rateR=1/2

n must be even, sincek=n— k= k=n/2
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