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Abstract

The class composition % o %" of Boolean clones, being the set of composite functions (g1, ..., gn) With f € €,81,...,8n € A,
is investigated. This composition % o 4" is either the join ¢ Vv ¢ in the Post Lattice or it is not a clone, and all pairs of clones €, "
are classified accordingly.

Factorizations of the clone 2 of all Boolean functions as a composition of minimal clones are described and seen to correspond
to normal form representations of Boolean functions. The median normal form, arising from the factorization of Q2 with the clone
SM of self-dual monotone functions as the leftmost composition factor, is compared in terms of complexity with the well-known
DNF, CNF, and Zhegalkin (Reed—Muller) polynomial representations, and it is shown to provide a more efficient normal form
representation.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction and notation

Let B={0, 1}. A Boolean functionisamap f : B" — B, for some positive integer n called the arity of f. Because we
only discuss Boolean functions, we refer to them simply as functions. A class of functions is a subset 4 < |, >1 BE".

For a fixed arity n, the n different projection maps (ay, ..., a,) — a;, 1 <i<n, are also called variables, denoted
X1, ..., Xn, where the arity is clear from the context.

If f is an n-ary function and g1, ..., g, are all m-ary functions, then the composition f(g1, ..., gn) is an m-ary
function, and its value on (ai,...,a,) € B™is f(gi(ai,...,am), ..., gn(ai, ..., ay)). Let # and ¢ be classes

of functions. The composition of . with ¢, denoted .# o ¢ (or sometimes, when the context is clear, just .# ¢),
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Fig. 1. Post Lattice.
is defined as

Jog=1{f(g,....&) :n,m=1, fnaryin., g,...,g, m-aryin ¢}.

A clone is a class € of functions that contains all projections and satisfies 64 C % (or equivalently, €€ = €).

The clones of Boolean functions, originally described by Post [14] (see [16,18,22]) for shorter recent proofs), form
an algebraic lattice, where the lattice operations are the following: meet is the intersection, join is the smallest clone
that contains the union. The greatest element is the clone 2 of all Boolean functions; the least element is the clone I
of all projections. These clones and the lattice are often called the Post classes and the Post Lattice, respectively. For
the nomenclature of the Post classes, see Appendix. The Post Lattice is illustrated in Fig. 1.

The set B" is a Boolean (distributive and complemented) lattice of 2" elements under the component-wise order of
vectors. We will write simply a<b to denote comparison in this lattice. The complement of a vector a = (ay, ..., ay)
isdefinedasa= (1 —ay,...,1 —a,). Wedenote 0 = (0, ...,0),1=(1, ..., 1). Vectors are also called points.

The set B2 is a Boolean lattice of 22" elements under the point-wise ordering of functions. Both B” and BE" are
vector spaces over the two-element field GF(2) = B.

For a function f, the dual of f is defined as fd(a) = f(a) for all a. For a class %, the dual of % is defined as
%% = {f4: f € %). The dual of a clone is a clone, and it is well-known that dualization gives the only nontrivial
order-automorphism of the Post Lattice.
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We also denote by 0 and 1 the constant functions of any arity having value 0 and 1, respectively, everywhere. We
denote the ternary majority function x1x> 4+ x1x3 4+ x2x3 by p and the ternary triple sum x| + x + x3 by 7.

We say that f is a subfunction of g if f € {g}o I.. The subfunction relation is a preorder (i.e., a reflexive and transitive
relation) on the set of functions. We say that functions f and g are equivalent, denoted f = g, if they are subfunctions
of each other. This is commonly described as follows: functions f and g are equivalent if there is a function that can be
obtained from both f and g by repeated cylindrification and permutation of variables. For any functions f1, ..., fy,
we denote [ f1,..., ful={f: f = fiforsomei=1,...,n}.

The plan of the paper is as follows. In Section 2 we restate a lemma on the associativity of function class compo-
sition, and state and prove a general sufficient condition for the composition of clones to be a clone. In Section 3 we
completely classify those pairs of Boolean clones whose class composition is a clone (Section 3.1), and those pairs
whose composition is not a clone (Section 3.2), and we summarize this classification in the two theorems of Section
3.3—from the direct point of view of compositions in Theorem 2 and from the reverse point of view of decompositions
or factorizations of a given clone in Theorem 3. In Section 4 we consider certain factorizations of the clone @ of
all Boolean functions which correspond to normal form representations of functions such as disjunctive normal form
(DNF), conjunctive normal form (CNF), and Zhegalkin or Reed—Muller polynomial representations. We conclude by
showing that the representation using the ternary median (majority) function, based on the factorization of 2 with the
clone SM of self-dual monotone functions as the leftmost factor, is asymptotically more efficient than the more classical
DNF, CNF, and polynomial representations which use Boolean lattice or Boolean ring operations.

2. General rules and auxiliary theorems

Let us restate the Associativity Lemma of [4], particularized to Boolean functions.

Lemma 1 (Associativity Lemma). Let o/ , B, € be classes of Boolean functions:

(1) (ARB)EC < A(HBE),
(i) if Bol. C B, then (A B)E = A (BE).

Let €1, €2, 63, 4, € be clones. The following hold and will be used repeatedly:

Associativity: €1(62%3) = (6162)%3.

€1 UG C 6162 S €1 Vv €>. The class composition %, is a clone if and only if €1%> = 4| V 6».

If €1 C €», then €162 = %, and 62€¢1 = %>.

If ¢, C %, and €3 C €4, then €163 C 62%4.

€16, =%¢,¢1 C €3 C%,and > C €4 C €, then €364 =%.

If 1% is not a clone, i.e., 6162 # €1V 62, and 63 C €1, €4 C €2, €3V G4 =61 V €2, then €3%4 is not a
clone, i.e., 63€4 # €3V €4 =€ Vv 6>.

o Duality: %3 = (4,%,)".

o If 416, =%,%1, then ¥,%> is a clone.

As we shall see, it is not always true that 414> = 6>%1. If €1%> # ¥>%1, then either one of ¢1%> and ¢,% is a
clone while the other is not, or neither is a clone.

Theorem 1. Let 4 and S be classes of Boolean functions, and let € and " be the clones generated by G and #,
respectively. If (4 U l)ol. C 4G, (H U)ol C H,and GH C A'G, then A € is a clone.

Proof. We first prove two Claims.
Claim 1. 94 C 4'%.

To prove this claim, denote by # i i>1,the composition J# - - - A of the class # with itself i times. (Parentheses
are not necessary, because # o I. C #.) Observe that #* C #H for every i > 1, and

%:U Vi %fzugyﬂ', ,zfg:u #H'G.
1 l 1
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Thus it is sufficient to show, by induction on i, that GH! CAH%Gforalli>1.Fori= 1,.this is part of the hypothesis
in the statement of the theorem. The inductive step is accomplished by assuming ¥ #" C 4% and observing that
GH'TV = G(AH) = (GAH) A, because H# o 1. C A and #' o I, € #', and

(GAHNH C (HG)H = U HIG | H = U(yﬂ@)yf
J J
by the inductive hypothesis. For every j, (#/9)# C #7(%H#) by the Associativity Lemma, and

HIGH) C HT <U Vi g)

1

by the hypothesis of the theorem. Furthermore, since every # contains all projections and # = #' € #* C ...,
A (U A g) c | JH' g < ng,
i i

which shows that #.# ! C # %, completing the proof of Claim 1.
Claim 2. 64 C A'6.

Let (YU 1), i >1, denote the composition (YU 1) - - - (YU L) of YU I withitself i times. (We can omit parentheses
by the Associativity Lemma.) We have (4 U I.)’ C (9 U I.)'! for all i >1 and

¢=\Jour). ex=J@ur)r.

We show by induction on i that (4 U Ic)i%f C A'€. Fori =1 this is true because
GUINH =GAH Ulco X =G H UN CAHACIUHNC=HE.
Assuming it is true for i,
(GUL) T A =(GUIGUL) AT C(GUL)(AE)
=[(GUI)ANC=(GAH Ul.o AV =(GAHA)EUUc0oH)VE=(9GH)ECJAE.
By Claim 1, ¥# C 29, and therefore, still using the Associativity Lemma,
(GANVCUACC(AGDECIHC A (GE)VUAC=HC,
yielding (% U I.)' ' # € # % and completing the proof of Claim 2.
Using Claim 2 and associativity, we have
(A C)VAC) S H(CH)E < A (HEC)C=(AHH)ECEC)=HEC,

establishing the result that 2#"% is a clone. [J

Whenever we apply Theorem 1, we just mention the generating functions g, ..., g, and hy, ..., h, of the clones
% and 4, respectively, and we let 4 = [g1, ..., gm, X1, # = [h1, ..., hy, x1].

Let f be an n-ary function, and denote by Ty the set of true points of f,i.e., Ty ={a: f(a) = 1}. Let T}VI ={b e
B" : a<b for some a € Ty}. The monotone closure of f, denoted by f M 'is defined as the n-ary function whose true
points are the members of T}VI.
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By definition, fM € M. We observe thatif f € Ty, then fM € My;if f € T, then fM € M.;andform=2, ..., 00,
if f € T.Up,, then fM € M.U,,. Also, if f(a) =1 for some a, then fM(a) = I; and if fM(a) = 1 for some a, then
there exists b=<ta such that f(b) = 1.

3. Compositions of clones

It is a well-known fact that every Boolean function can be represented by DNF and CNF expressions. This fact can
be restated as Q =V, 0 Ac o I* = Ac o Ve o I*. It is also known that M. =V, o A, = A¢ o VL, so the previous equalities
can be written as Q = M. o I"*.

We also know that every Boolean function is represented by a unique multilinear polynomial over GF(2), called the
Zhegalkin or Reed—Muller polynomial or Boolean ring representation (see [3,12,15,21]). This fact can be restated as
Q= L. o A. Allowing only constant-preserving linear functions is not really a restriction, because 0 can be substituted
for a variable if necessary.

These facts will be used in what follows. We will present various propositions on whether the composition of two
clones is a clone or not. The cases when the composition is a clone and the cases when the composition is not a clone
are grouped in Sections 3.1 and 3.2, respectively. For general background, see, e.g., [3,6,11,13].

3.1. Cases when the composition of clones is a clone

We now establish a number of equalities of the form %4> = %3. The inclusions ¥1%> C %3 are obvious in each
case from the inclusions in the Post Lattice. It only remains to prove the converse inclusions. We only provide a proof
for one of ¥1%> = ¥3 and (6‘11(6‘1 = %9, the other equality follows by duality.

Proposition 1. lpolj=lolp=1,101*"=Q),I*oly=1*c 1 =Q(1),Lcoly=Lo,Lcolij=L{,Lcol =1L,
I*oL.=L.ol*=LS.

Proof. Straightforward verification. [J

Proposition 2. Uso oI} = Q, ToUso o I} = Ty, MU 0 I} = M, M{Us 0 I} = My, Uso 0 Ve = Ty, TeUso 0 Ve = Te.
Dually, Weo 0 Iy = Q, T-Weo 0 Iy = To, MW oo 0 Ip = M, McWao 0 Io = Mg, Weo 0 Ac = Ty, TeWoo 0 Ac = Te.

Proof. Let f € Qbe n-ary. Define the (n + 1)-ary function [’ as f'= f(x1, ..., Xn) AXn+1. We observe that [/ € U
and f = f'(x1,...,x,,1).Since f' € Usand 1 € I, we have that Uy, o I} = Q.

If f € Ty, then f/ € T.Uso. If f € M, then f' € MUy. If f € My, then f' € M.Uy. Hence, we have that
TeUso o Iy =T), MU s 0 Iy = M, McUso o I; = M.

If f € Tp, then f’ € Uy. Since in this case f = f'(x1, ..., Xn, X1 V - -+ V x,;) and all disjunctions belong to V., we
have that Uy o Ve = Ty. If f € T, then f’ € T.Ux, and we have that T Uy o Vo =T,. 0O

Proposition 3. Form =2, ...,00, T.Ux 0 M Uy, = T Uy, and, dually, T.Weo 0 MW,y = T W)y,

Proof. Let f € T U,, be n-ary. Define the (n + 1)-ary function f’ as f' = f(x1,...,xy) A Xu+1. We observe that
f=f'Gxr, ..., xn, fM), where fM is the monotone closure of f. Because f’ € TcUx, and fM e M.U,,, it follows
that T.Uy 0o M U, = T.U,,. O

Proposition 4. V. o Ux, = T, Ve 0 T.Ux = T¢.. Dually, Ac 0o Weo = T1, Ac 0 TeWoo = Te.

Proof. Let f € Ty be n-ary. Fori =1, ..., n, define the n-ary function f; as f; = f A x;. We observe that f; € U
and f=fiVv---V fy.Hence, Voo Usy = Ty. If f € T¢, then f; € T,Uso, so we have that Vo 0o T.Uso = T,. O

Proposition 5. Form =2, ...,00, M Uy, o T.Uso = T U, and, dually, MWy, 0 TeWeo = T Wy,
Proof. Let f € T .U, be n-ary. Fori =1, ..., n, define the function f; as f; = f A x;. Leta = (aj,...,a,). We

observe that if a; =0 then f;(a) =0 and if @; = 1| then f;(a) = f(a). Therefore, the mapping a — (fi(a), ..., fr(a))
keeps the true points of f fixed and maps the false points to 0.
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Because f < fMand fM(0)=0, we have that f = fM(f1, ..., f,). Because fM € M.U,, and fi, ..., f, € TeUso,
we have that M U, o T.Ux, = T U,,. U

Proposition 6. Form =2, ..., 00, T.U,, o Iy = U, and, dually, T'W,, o Iy = W,,,.

Proof. Let f € U, be n-ary. Define the (n + 1)-ary function f’ as

flay,...,ay) ifa,+1 =0,
1 if ap4 = 1.

flay,....an, any1) = {
We observe that f = f'(xy, ..., xy, 0). Since f' € T.U,, and 0 € Iy, we have that T.U,,, o Ip = U,,. [
Proposition 7. S o Iy = Q. Dually, S o I} = Q.

Proof. Let f € Q be n-ary. Define the (n + 1)-ary function f’ as

f/:f(xl F X ds e s Xp F X 1) + Xpg1

We observe that f = f/(xq, ..., x,,0).Since f' € Sand 0 € Iy, we have that So Ip = Q. O
Proposition 8. Sc o I = Q.

Proof. Let f € Q be n-ary. Define the (n + 2)-ary function f’ as

f/ = (xn+l +xn+2) N (f(-xl T+ Xp42, .05 Xn +xn+2) + Xp41 + xn+2) + Xp+1.

We observe that f = f/(xq,...,x,,1,0).Since /' € Scand 0,1 € I, we have that S, o I = Q. [
Proposition 9. M. o I* = Q.

Proof. Let f € Q2ben-ary, and let T be the set of true points of f. Let g be the 2n-ary function whose set of true points
is{(a,a) € B> :ae T}U{1}.Foralla € B", f(a)=g(a,a)= gM(a, a), because the values of g remain unchanged in
the antichain {(a, a) € B*" : a € B"} when forming the monotone closure. Therefore, f=gM(x1, ..., x,, X1, ..., Xn).
Since gM € M, and x;, X; € I*, we conclude that M. o I* = Q. [

Proposition 10. /* o Ty = Q, I* o Sc = S. Dually, [* o T} = Q.

Proof. Let f € Q. If f € Tp, thenclearly f € I* o Ty. If f ¢ Ty, then f € Tp, and so f = f. Because x| € I*, we
have that I* o Ty = Q.

Letthen f € S.If f € S, then clearly f € I* o S.. If f ¢ S, then f € S, and we conclude that f € I* o S, also
in this case. Thus, I[* o S. =S. O

Proposition 11. /"o Lo =LooI* =L, Looly =L, LSoly=L.Dually, *"oL; =Lyol*=L,Lioly=1L,
LSol;=L.

Proof. Let f=apl+ajx;+---+anx, € L.Ifayg=0,then f € Lg,andso f € [*oLg, f € Lool*,and f € Lool;.If
apg= 1,then7 € Lo, and so f=7 € "o Ly. Furthermore, the (n+2)-ary function fj=ajx;+- - -+da,x, + X511+ Xp+2
isin Lo, and f = f1(x1, ..., Xu, X1, X1) € Lo o I'*. Also the (n + 1)-ary function f = ayx; + - - - + ayx, + x,41 is in
Lo,and f = fo(x1,...,x5,1) € LogoI;.Hence, [*"o Lo=L,Lool*=L,and Loo I} =L.

If an odd number of the coefficients a;, i > 1, are equal to 1, then f € LS. Otherwise, the (n + 1)-ary function
fa=apl +ajx1 + -+ apx, +xp+1isin LS and f = f3(x1,...,%x,,0) € LSo Iy. Thus, LSo lp=L. O

Proposition 12. Ipo M. = Mo, o M =M, lpo My =M, Ipo Ac = Ag, [y o Ac = A1, I 0o A = A, Iy 0 A1 = A,
LioAdgy=A.Form=2,...,00,Ipo MUy, =MU,,. Dually, h o Mc =M, [y oMo=M, 1o Vo =Vi, [ho V. =V,
ToV.=V, IioVog=V,lpoVi=V.Form=2,...,00,1{ o M.W,;, = MW ,,.
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Proof. The first eight equalities follow by the definition of the clones M., My, M, A., Ag, A1, A and the fact that
for any class % of functions, I 0o € =6 U[0], [ o € =% U [1],and I 0 ¥ = ¥ U [0, 1]. We also observe that for
m=2,...,00,

Ioo MUy = MUy U[0] = (Me N Uyy) U0] = Mo N Up =M N Uy = MUy,

where the penultimate equality holds because 1 ¢ U,,,. O

Proposition 13. M. o Io = Mo, Mcol =M, Moo Iy =M, Ac o Iy = Ag, Ac o I} = A1, Aco I = A, Ag o I} = A,
Ayolp=A. Form=2,...,00, M Uy, o lo=MU,,. Dually, Mco Iy =My, Miolp=M, V.o I} =V, Vo0 Ih =V,
Veol =V, Violp=V, Voo 1 =V.Form=2,...,00, McW,, 0 [1 =MW,,.

Proof. By definition, Mo\ M.=[0], M\M.=[0, 1], M\ Mo=[1], Ao\ A:.=[0], A \A:.=[1], A\A:.=[0, 1], A\ Ap=[1],
A\A1 = [0]. Also, by the observation in the proof of Proposition 12, MU ,,\ M. U,, = [0]. The constant functions can
be obtained by composing x; with0 € Iy, I,1 € I}, 1. O

Proposition 14. SM o V., = V. 0 SM = M.W>. Dually, SM o A, = Az o SM = M_.U,.

Proof. Since the functions p and x; Vv x generate SM and V,, respectively, and
wx vy, a,b)y=ulx,a, b)Vv uly,a,b),
ulx,y,z) Va=u(xVva,yva,zVa),

it follows from Theorem 1 that V. o SM and SM o V, are clones, and hence they are equal to M. W>. [
Proposition 15. L. o SM =SM o L. = S..

Proof. The functions u and t are generators of SM and L., respectively, and
u(t(x, y,2),a,b) =t(u(x, a, b), u(y, a, b), u(z, a, b)),
t(u(x, y,2),a,b) = u(t(x, a, b), 1(y, a, b), 1(z, a, b)).
Theorem 1 implies that L, o SM and SM o L. are clones. Hence, Lo o SM =SM o L. = S.. U

Proposition 16. SM o [* = S.

Proof. The functions x7 and p are generators of 7* and SM, respectively, and p(x, y, z) =u(x, y, z). Theorem 1 implies
that SM o I'*is aclone. Hence, SM o [*=S. O

Proposition 17. SM o T.Uso = TcUso 0 SM = T, Us. Dually, SM o T Weo = TeWoo 0 SM =T Ws.

Proof. The functions p and x(x; V X3) are generators of SM and 7.U«, respectively. We have that
u(x, y.2)(@ v b) = p(x(a v b), y(avb),zaVv b)),
a(u(x, y.2) v b) = pla(x v b),a(y v b).a(z v b)),
a(b Vv p(x.y.2) = wab v x).abVy).abv?I)).

Theorem 1 implies that SM o T.Ux is a clone.

We observe that for any function g, u(xg(a), y, z) = u(x, y, 2)u(g(@), y, z) and u(g, x;, x;) € T for any variables
x;, Xj. In particular, u(x(y vV 2),a,b) = u(x,a,b)u(y v z,a,b). If f € Ty, then x; A f € T .Uy for any variable
xi, and so we conclude that [y, x1] o [x1(x2 V X3),x1] € T Ux o [1, x1]. Theorem 1 implies that 7.Us, o SM
isaclone. [

Proposition 18. M. o L, =T..
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Proof. The clone L. is generated by 7, and the functions x; V x» and x| A x> generate M.. We have that

taVvb,c,d)y=(@AN7t(a,b,c)) vV bAtb,c,d)V (t(a,c,d) At(b,c,d)),
tanb,c,d)y=(@aV t(a,c,d) N(bV1b,c,d) A ((a,c,d)Vb,c,d).

Theorem 1 implies that M o L. is a clone, and it must be 7. [

Proposition 19. M Uy, o L1 = Ty. Dually, McWso o Ly = Tp.

Proof. Let [y, ..., 1, be the m = 2" n-ary functions of L; in any fixed order. Define the function 4 : B" — B" as
AV) =1 (V), ..., Ly(v)).Ifa,b € B" are incomparable, then A(a), A(b) € B™ are incomparable as well, because all
projections are in L. If a < b < 1, then there are integers i, j € {1,...,n} such thata; =b; =0,a; =0, b; = 1.

Consider the n-ary functions ¢| =x;, ¢, =x; +x; +1. We have that ¢, ¢, € Li,and ¢;(a)=0, ¢;(b)=1, ¢p,(a) =1,
¢, (b) =0, so A(a) and A(b) are incomparable also in this case. We conclude that the range of 4 consists of an antichain
Aand /(1) =1.

Let f € T be n-ary. Let h be the (m + 1)-ary function for which 4 (w) = 1 if and only if there is an n-vector v with
f(v)=1and A(v) =w. We see that f(v) =h(A(v))=hM(A(v)).In any true vector of %, the coordinate corresponding to
the constant function 1 equals 1 by definition, and the same holds for "M so we have that hM ¢ Uso. Because [ € Ty,
we also have that kM e M.

Therefore f =hM(11, ..., ly), where M e M. Uy and !y, ..., 1, € Ly, sowe conclude that M.Usoo L1 =T,. O

Proposition 20. Ago SM =MU,, SM o Ay = M. Dually, Vi o SM = MW, SM o Vo = M.

Proof. It follows from Propositions 2, 12-14 that

ApoSM =IpoAcoSM =1Ipo MUy =MU,,
SMoAi=SMoA.ol; =M.Uyo I} =M. O

Proposition 21. SM o Io = MU,, SM o I = M. Dually, SM o I} = MW ;.

Proof. By setting n— 1 variables to 0 in the majority function of arity 2n — 1, we get the n-ary conjunction; and by setting
all variables to 0, we get the constant function 0. Therefore, Ag € SM o Iy, s0 SM o A9 € SM o SM o Io=SM o 1.
Since Iy € Ao, we also have that SM o Ip € SM o Ag. Thus, SM o Io = SM o A9 = MU, by Proposition 20. By a
similar argument, we can also show that SM o I =M. [J

Proposition 22. Form =2, ...,00, Tc.Ux 0o MU, = Uy, Uso 0 M Uy = M Uy, o Ux, = Uy, and, dually, T- W o
MW,y =W, Woo o MWy, = MW,y 0 Woo = Wy,

Proof. By Propositions 3, 5, 6, 12 and 13, we have that
T.UspooMU,, =T.Usx o M Uy, 0o Io =T.U,, o Iy = Uy,
Uso oMUy =T.Usg 0 lpo M U,y =T Uso o MU, = Uy,
M. Uy oUso =M.U,y, 0 T.Usxg 0 In =T.U,, o Iy = Uy,. O

Proposition 23. Lo A.=LooAj=LjoAg=Q.Dually, LoV, =LioVy=Loo V) =Q.

Proof. From the Zhegalkin polynomial representation and Propositions 1, 12 and 13, it follows that

Q=L.oA=L.oloA.=Lo A
=Lcolgoliod.=Lgo A
=L.oljolyoA.=Ljo A. O
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Proposition 24. LooA.=T., LcoAg=Ty, LcoA1 =T, LooAc =Ty, LioAc=T1,LSo Ag=Q, LS o A1 = Q.
Dually, Lo Ve =Tc, Lco Vi =T, LcoVo=To,L1oVe=T1,Loo Vo =Ty, LSo Vi =Q, LS o Vy= Q.

Proof. If f € T¢, then there is no constant term in the Zhegalkin polynomial of f, soin fact f = g(h1, ..., hy,), where
g€Llcandh; e A (i=1,...,n),s0 Lco A =T.
By Propositions 2 and 13 and the equality established above, we also have that

LeoAg=LcoAcolp=T.o0 Ip=To,
LeoAi=LcoAcol1 =Tcol1 =Ti.

Furthermore, by applying these equalities and Propositions 1, 10 and 12, we have
LooAc=LcolypoAc=L¢ o Ag =Ty,
LioAc=Lc.olijoAc=L.oA; =T,
LSoAdg=1I1"oLcoAg=1"0Ty=Q,
LSoAi=I"oLcoA=1"0T =Q. O

Proposition 25. SM o Q(1)=Q,SM oUyx =Uso 0o SM =Up, LSo SM =S, S. o Ip =Ty, SM o Ly = Ty. Dually,
SMoWeg =WeooSM=W,,Scol1 =T,,SMoL=T,.

Proof. It follows from Propositions 1, 6, 10, 15, 17, 20-22 and 24 that
SMoQ1)=SMolol*"=Mol"=Q,
SMoUsx =8SMoT.Ux 0 Ip=T.Up 0 Ip =Us,
Uswo SM =T.Usy0 Ago SM =T.Us, 0o MU, = Uy,
LSoSM=I1*0L.oSM=1"05.=S§,
Scolp=LcoSMolp=L.o MU, =Ty,
SMolLy=SMoLcolp=S.0ly=Tp.
For the very last equality, we applied one of the previously established equalities. [
Proposition 26. Voo A1 =M,VioAg=M, V.0 Ag= My, Veo A1 =M1, Voo Ac =My, VioAc =M, VeoA=M,

VoAdc.=M.Dually, Ao Vo=M, AgoVi=M, Aco Vi =M, Aco Vo=My, Ao Ve =M1, Ago Ve =My, Aco V=M,
AoVe=M.

Proof. From the fact that V; o A. = M, and Propositions 12 and 13, it follows that
VooAdi=IpoVeoAcoly =IlgpoMc.olj =Myol1 =M,
Viodg=Il1oVeoAcolp=11oM.oly=Mioly=M,
VeoAdg=VcoAcoly= M. o Iy = My,
VeoAdi=VeoAcolj =M oI} =M,
VooAdc=1Iyo Veo Ac = Iy o M. = My,
Viodc=ToVcod.=11 0 M. =M,
VecoAd=V.oAdcol=M.ol =M,

Vodc=IoVioA.=1oM.=M. O

Proposition 27. T.Uso 0 I = Q, MUy 0o I = M, T.Ux, o Vo = Ty, MU 0 Q(1) = Q. Dually, T:Wo, o I = Q,
MWy ol =M, TWe0A; =T, MW, 0 Q(1) = Q.
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Proof. It follows from Propositions 1, 2, 9 and 13 that
TUsool =T.Usxgoljolyp=T)0lp=2Q,
MUxol =M.Usoljoly=Mioly=M,
TUso o Vo =TcUxo 0 Vo0 Ig =T, 0 Iy = Ty,
MUy oQ(1)=MUsxoliolpoI*=MjolpoI"=Mol"=Q. O

Some of these composition results were presented without proof in [5].
3.2. Cases when the composition of clones is not a clone

Proposition 28. Ipo I*=1*U[0],[jo[*=1*U[1],loLo=LoU[1],I0oL; =L{U[0],2(1)o LS=LSUI0,1];
these are not clones.

Proof. Straightforward verification. [

Proposition 29. Q(1) oM # Q, Q1) o T, # Q, Ipo T, # Ty, lpo L. # Lo, [*oSM # S. Form =2, ..., 00,
looT Uy Uy But QUYVM=Q,Q)VvT.=Q,IgvT.=Ty, IoV Lc=Lo, I*v SM =S, Iy v T.Uy, = Up.)
Dually, Iy o T, 2 Ty, I o Le # L1,Form=2,...,00, I o T.W,;; = W,,.

Proof. The function x| +x2 € L is not constant, monotone, the negation of a monotone function, constant-preserving,
nor the negation of a constant-preserving function. Therefore, 2Q(1)o M # Q, Q(1)o T, # Q,lgo T, # Ty, Ipo L. # Lo.
The function x; 4+ x3 + x3 € S is not monotone nor the negation of a monotone self-dual function. Therefore,
I*oSM # 8.
The function (x; + x2)x3 € Uy, for any m = 2,..., 00, is not constant-preserving nor 0. Therefore, Iy o
.Uy, 2U,. O
Proposition 30. M o Ty # Q (but M v Ty = Q). Dually, M o Ty # Q.

Proof. The only unary functions in Ty are 0 and x. These are monotone, so any function in M composed with unary
functions in 7y will be in M. Thus, x; ¢ M o Ty, andso M o Ty # Q. O

Proposition 31. Lo S # Q (but L v S = Q).
Proof. The binary self-dual functions are variables and negations of variables. These are linear, so Lo § = Q. [

Proposition 32. Ipo SM # MU;, Ipo S; # Top (but I v SM = MU», Iy vV Sc = Tp). Dually, Iy o SM %= MW,
I10Sc #T.

Proof. Since in the chains SM C M .U, C MU,, S. C T, C Ty all subset inclusions are proper, we must have that
IpoSM=SMUI[0] # MU, IpoS.=S.U[0] #Tp. O

Proposition 33. So T, # Q (but S v T, = Q).

Proof. Let f € S be n-ary, and let g1, ..., g, € Tc be m-ary. Now f(0) # f(1) andforalli =1,...,n, g(0) =0,
gi(1) =1, so we have that

J(81(0), ..., 8, (0)) = f(0) # f(D) = f(g1(D), ... gn(D)).

Therefore, there are functions that are not in S o T¢, e.g., all constant functions. [J

Proposition 34. U; o I* £ Q (but Uy Vv I* = Q). Dually, W o I* # Q.
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Proof. We show that 1¢ U, o I*. Let f € U, be m-ary and let g1, ..., g, € [* be n-ary variables or negations of
variables. Then

(8100, ..., 8,(0)) = flar,...,an),
fgi), ..., g.(1)) = f(ar,...,an)

cannot both be equal to 1, because (aiy,...,a,) A (ai,...,a,) = 0. Therefore, f(g1,...,g,) # 1, and so
Uyol* £ Q. O

Proposition 35. U; o S # Q (but Uy v S = Q). Dually, W o S # Q.

Proof. The unary constant function 1 is not in U, o S: there cannot exist unary sg, ..., s, € S and f € U; such that
f(s1, ..., 8,) =1, because the unary functions in S are exactly those in *, and for every function f € U, it holds that
if f(a)=1,then f(a) =0.Hence, Uyo S # Q. [

Proposition 36. Ao L #= Q, Ago Lo # To, AyoL1 #T1,A0S #Q(MbutAVL=Q, Ay Lo=Ty, A1 Vv L1 =T,
AV S=Q).Dually, VoL #Q,VioL #T1,VooLy# Ty, VoS #Q.

Proof. Consider the 4-ary function ¢ = x1x2 + x3x4. We show that ¢ ¢ A o L. Assume, on the contrary, that there
exists an n-ary function f € A and quaternary functions gy, ..., g, € L such that ¢ = f(g1, ..., g,). Since ¢ is not
a constant function, f is not a constant function but rather a conjunction. We can assume, without loss of generality,
that f =x1 A -+ Axy.

Therefore, if for some a = (ay, az, as, as), (@) =1, then for all 1 <i <n, g;(a) =1. Also, if ¢(a) =0, then for some
1<i<n, gij(a)=0. It follows that there exists i € {1,...,n}suchthatg;(1,1,0,0)=g;(1,1,0,1)=g;(1,1,1,0)=1,
gi(1,1, 1, 1) = 0. But we see that it is not possible that g; be linear, a contradiction. Hence, A o L # Q.

We note also that ¢ € Ty anda € Tj. A similar argument shows that ¢ ¢ Ago Lg anda ¢ Ay1oLy.Hence, Ago Ly # Tp
and Ao Ly # T7.

A similar argument shows also that ¢ ¢ A o0 S. Assume, on the contrary, that there exists an n-ary function f € A and
quaternary functions g1, ..., g, € S such that ¢ = f(g1, ..., gs). We conclude that there exists a self-dual function
gi such that g;(0,0,0,0) = g;(1, 1, 1, 1) =0, a contradiction. Hence, A0 § # Q. [

Proposition 37. Uz o Ly # Ty (but Uz v Lo = Ty). Dually, W3 o L1 # Ty.

Proof. Consider the binary function ¢ = x1 V x2. We see that ¢ € Ty but ¢ ¢ Uz, Lo. Suppose, on the contrary, that
UszoLog=Ty. Then ¢= f(g1, ..., 8&n), where f € Uz is m-ary for some m and g1, ..., gm € Lo are binary. The binary
functions in L are 0, x1, x2, X1 + x2. With some identification of variables, permutation of variables, and addition of
inessential variables, we can assume that f is 4-ary and g1 =0, g» = x1, g3 = X2, g4 = x1 + x2. Then we have that

0=¢(0,0) = f(g1. 82, &3, 84)(0,0) = f(0, 0,0, 0),

1=¢0, 1) = f(g1, 8 83,840, 1) = (0,0, 1, 1),

1=¢(1,0) = f(g1, 82, 83, 84)(1,0) = f(0, 1,0, 1),

1=¢0, 1) = f(g1, 82 83.84)(1, 1) = f(0, 1, 1, 0).
But now (0,0,1,1) A (0,1,0,1) A (0,1, 1,0) = (0, 0, 0, 0), a contradiction with the fact that f € U3 and so the set
{(0,0,1,1),(0,1,0, 1), (0,1, 1, 0)} should be 1-separating. [
Proposition 38. T.U> o S¢ # T (but T.Us v S¢ = T¢). Dually, T-W5 o S¢ # Te.

Proof. Consider the binary function ¢ = x; V x,. We see that ¢ € T¢ but ¢ ¢ T.Us, Sc. The binary functions in S, are
just variables, but these are also in 7. U3, so a composition of any function in 7 U, with binary functions in S, belongs
to T.U,. Therefore, we conclude that ¢ ¢ T.U o S¢c. Thus T.Up o S¢ # T.. [

Proposition 39. If € is a proper subclone of Ty or Ty, then Q(1) o € # Q.
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Proof. Since for every function f either f € Ty or f € Ty, {To, To} is a partition of Q (we denote € = {f : f € €)),
and so for any proper subset % of Ty, we have that ¥ U % # Q. If % is in addition a clone, then there are several
non-constant functions that are in 7j but not in %, so it is easily seen that Q(1) 0o € =€ U ZUl0,1] #* Q.

Similarly, we can prove that if % is a proper subclone of 77, then Q(1) 0o ¢ # Q. U

Proposition 39 implies in particular that (1) o ¢, (1) o My, 2(1) o My, Q(1) o U,, (1) o W, are not clones.

Proposition 40. If % is a proper subclone of M and € # My, My, M, then I o 6 # M. If € is a proper subclone of
Mo and € # M., then Iy o € % M.

Proof. The equality / 0 4 =% U [0, 1] = M holds only if ¢ € {M, My, My, M.}. The equality Iy o € =€ U [0] = My
holds only if ¢ € {My, M.}. O

Proposition 40 implies in particular that I o MU, I1 o M U> are not clones. Dually, I o MW>, Iy o M.W> are not
clones.

Proposition 41. A; o M .Uy #= M|, Ao MUy # M, Moo T, # Ty. Forn=2,...,00, MU, o T.U, # U,. (But
A NVMU, =M, ANV MUy=M,MyN T, =Ty, MU, v T.U,, = Uy,.) Dually, Vo o M. Wy # My, Vo MW, # M,
MioT. #T).Forn=2,...,00, MW, o T.W, # W,.

Proof. By Proposition 12, we have that
AroMUy=110Aco MUy =11 o MUy # My,
AoMUy=10oAcoMUr=10MU, # M,
MooT.=1IpoM.oT.=1Iyo T, # Tp,

MU, o T.U, =1y o M U, o T.U, = Iy o T.U,, # U,.

The inequalities follow from Propositions 29 and 40. [J

Proposition 42. Ly o Sc # Ty, Us 0 Sc # To, Ac 0 S¢ # To, ToU3 0 Le # Te (but LoV Sc = Tp, Us V' Se = To,
AV Se =T., T.U3 V Lo = Tp). Dually, Ly o Sc # Ti, Wa 0 Se # Ti, Ve 0 Se # Te, TeW3 0 Le # Te.

Proof. Suppose, on the contrary, that Ly o S. = Ty, Uz o Sc = Tp, Ac o Sc = T, or T.Uz o L. = T¢. It follows from
Propositions 1, 2, 9-11, 16, 31, 35-37 that

Q#LoSe=I1*oLyoSc=1I"oTy=Q,
QA UsoS=Us0S.0l*=Tyol*=0Q,
Q#AoS=AcoScol*=T.0l*=Q,
To# TUs o Lo =ToUso Leolp=T. oIy =Tp.

We have reached a contradiction in each case. [
3.3. Clone composition theorems

Based on the previous two sections, one can construct a clone composition table which indicates for all clones %1,
%, whether the composition %1% is a clone or not, see Table 1. The correctness of the table can be verified by drawing
obvious consequences of each of the Propositions using the general rules of Section 2.

Theorem 2 summarizes the composition table. For each clone ¥ that is the composition of two proper subclones,
Theorem 3 then gives the possible decompositions = %1%5. The correctness of Theorems 2 and 3 can be verified
making use of the clone composition table and the Post Lattice, and cross-checking. (Use of a coloured pencil and a
photocopier recommended.)
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Let%1,...,%6n, 21, ..., Py bePostclasses. Asusual, [€;, Z j] denotes the set of Post classes ¢ with4; € ¢ C & ;.
The union Ui’j [€i, Z;]is denoted by [{%1, ..., Cn}. {21, ..., Zm}], where the set braces are omitted whenn =1 or
m=1.

Theorem 2. Let €1, > be Post classes. If for some i € {1,...,10}, €1 € A; and €2 € B;j or (6‘1‘ € A; and
%g € B;, where the sets A;, B; are given below, then €1%> and (6‘11(5(2‘ are not clones. Otherwise, €1¢2 =%V €> and
€143 =64 v €3 are clones.

Ay = [{lo, A}, {Q(D), A, Ua}], By = [Lc, SI;
Ay =[I*, Q()], By = [Ac, {Uz, M, T }];

A3 =[LS, S], B3 =4, Tc];

Ay =[Ae, A], B4 =[{I*, L¢}, {L, S}];

As =[lp, {L,V}], Bs=[SM, SI;

Ae¢ =[lo, M], Be = [{Lc, TcUso, Tc Wo}, T 1;
A7=1[1,4], B; =[MUx, MU3];

Ag = [M: U, Usl, Bs = {Lo};

Ag = [{ly, Ac}, Uz], Bo ={I"};

Ao ={I"}, Bijo = {SM}.

For a given clone &, there are generally several factorizations of the form ¢ = %|%>, where 4| and %> are also
clones. We say that €% is a minimal factorization of € into two clones if €1%> = % and for all subclones (5/1 C ¥
and ¥, C %>, whenever at least one of the subset inclusions is proper, we have that %", # .

It is customary to call the clones covering I, minimal. The minimal clones are Iy, I1, I*, A¢, Ve, Lc, SM. We say
that a clone is prime if it is not a composition of two proper subclones. The prime clones are the seven minimal ones
and T, Uy, TeWeo, M U, MW, forn =3, ..., co.

Theorem 3. The following list of minimal factorizations of each non-prime clone into two clones is complete up to
duality. That is, whenever we have listed a minimal factorization € = €1%>, we also have the minimal factorization
@l = fg?%g. Furthermore, for each clone € and subclones %1 and %> of €, ¢ = 212> if and only if there is a minimal
Jactorization € = €1 such that €1 C 21 and €>» S P».

e Q=M.ol*"=Solp=S.0l=SMoQ(l)=LoA.=LopoAdi=LioAdg=LSoAy=LSoA=LcoA=
Usxoli =T.Usxol =M.Us 0 Q(1) =1%0 Ty,
To=Scolp=SMoLo=LpoA.=LooVe=LcoAg=Lc.oVy=V,oUx=Us0oVe=Tc U0 Vo=T: W0 lp=M:Wx,0Ly;
To.=M.oLc=LcoA.=V.0TUso =T Ux 0 V¢;
M=M.ol=SMol=AoVe=AgoVi=A10Vg=AcoV=MUyoli =M Usxol=10M.=1y0oM;i;
My=SMoVoy=Ago Ve=AcoVog=VygoAdc.=V.oAy=MWyo 0 Io=1yo M,

M.=A:.0V;

S=SMol*=LSoSM=1*0S5;

Sce=SMoL.=L.oSM,

L=Looli=Lool*=LSoly=Lcol=1%0Ly;

L()ZLCOI();

LS=Lcol*=1I%0Lg;

Uy=SMoUyx =Ux 0o SM,;

Up=Usx oMUy =T Uy oly=T.Usoo MU, = M Uy, 0o Uxo;

MU =8SMoly=Ayo SM,;

MU,, =1yo M. U, =M.U,, o Iy,

T.Uy=8SMoT .Uy =T Us 0o SM,

T .Uy =T.Uso o M U,y = M Uy, 0 T.Uso;

MU, =8SMoA.=A. 0 SM;

A=Apgol =Ajoly=Acol =1oA.=1Iyo A =1; o Ay;

Aog=Acoly=1Iyo Ac;
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A1 =Acoli =110 Ag;
e Q)=TIoI*"=1TI*0ly
I=1Iyol.

=

. Normal forms

It follows from Theorem 3 that every clone can be represented as a product of prime clones. In fact, the clone 2 can
be represented as a product of minimal clones. (By a product, we mean a composition of 0, 1, 2, 3, or more clones. We
adopt the convention that an empty composition of clones equals I.)

Note that each of the seven minimal clones is generated by a single function. We refer to the minimum arity of such
a generating function as the arity of the clone. For each of the minimal clones, there is a unique generating function of
minimum arity. The minimal clones, their generating functions of minimum arity, and their arities are the following:
SM, 1, 3; Le, T, 35 Ac, x1 Ax2, 25 Ve, x1 Vxp,2; 1%, x1, 15 1p,0,1; 11,1, 1.

In order to develop the concept of well-behaved factorization, we impose two simple conditions on the factorization
@ =%---%, of aclone ¢ into minimal clones.

Condition 1. The factors occur in descending order of arity with no repetitions of factors.

Condition 2. For any factorization € = %1 - -+ 9, of € into minimal clones satisfying Condition 1, there are no
integers i, j, k,l with 0<i < j<n,0<k<I<m, such that

Dy T S G-,
Diy1-- D) C(giJrl"'%j,
91+1"'=@m g(gj-l-l"'(gn-

Note that Condition 2 implies in particular that no factor can be dropped off. We say that a factorization satisfying
Condition 1 is redundant, if it does not satisfy Condition 2.

A descending irredundant factorization of the clone % is a factorization of 4 into minimal clones that satisfies
Conditions 1 and 2.

Theorem 4. The descending irredundant factorizations of Q are exactly the following:
SMol*oly, SMol*oly, LcoAcolyoly, LcoAc.ololy,
Lc.oVeolpoly, Lc.oVeolioly, AcoVeol*, Veodc.ol*.

Proof. Consider a descending irredundant factorization Q = % - - - %,,. It is obvious that n >3, because (2 is not a
minimal clone nor a product of two minimal clones.

%) cannot be I*, Iy or I1; otherwise we could only obtain a subclass of Q(1).

Consider the case that %] = A.. Itis not possible that ¥, = I*, Iy, I1, because then we could only obtain a subclass of
AcoQ(1) # Q. If 6> =V, (note that A, o V. = M_.), then we could have the factorization Q= A. o Vo I'*; but if €3 were
Iy or I, then we would still need the factor I* in order to obtain Q, and then the factorization would become redundant.

By duality, if | = V., then the only possible factorization is Q = V, o A. o I*.

Consider the case that ] = L. It is not possible that ¥> = I'*, Iy, I1; otherwise we could only obtain a subclass
of L =LcoQ(1). If €5 = A, (note that L. o A. = T¢), then %3 cannot be V. because then the factorization becomes
redundant (L. o Ac o Vo = Lc o Ac = Tp). If €3 = I'*, then we would have the factorization Q = L. o A o I*,
which satisfies Condition 1; but it does not satisfy Condition 2, because we also have that Q = V; o A, o I* and
VeoAdc =M. C Tc = L¢ o Ac. If €3 = Iy, I, then we have the factorizations Q = Lc. o Aco lpo I} = Lc o Ac o I o Ip;
any I* occurring after %3 would give rise to a redundant factorization. By duality, the only possible factorizations with
Cr=V.are Q=L.oV.olyol; =L.o V.o I oly. We will discuss later the case that ¥; = L. and €2 = SM.

Consider the case that 61 = SM.If €, = I*, Iy, I}, then we could have the factorizations Q=SM o I* oIy =SM o
I*olgy=SMolyol ol*=SM oI olyo I*. But the last two do not satisfy Condition 2, because we also have that
Q=AcoVeol*and AcoVe=M. CM=8SMolyoli =SMo I ol
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It is not possible that ¥ = SM and %> = A (note that SM o A, = M. U,). If €3 = V,, then Condition 2 is not
satisfied, because SM o Ac. o Vo = M. = A. o V.. If €3 = I*, Iy, I, then we could obtain the factorizations:
Q=SMoAcol*oly=SMoAcol*olij=SMoAcolpolyol*=SMoAcoljolyol*,

but here we also have redundancy because of the factorizations mentioned in the previous paragraph. By duality, it is
not possible that ¢; = SM and > = V..

Consider then the case that 41 = SM, $> = L., or that 41 = L., €2 = SM (note that SM o Lo = L. o SM = §.).
Because S. o I = Q is a minimal factorization of € into two factors, we could have the factorizations:

Q=SMoL.olpolj=SMoL:.oljolpy=LcoSMolpolij=L.oSMololy.

But these do not satisfy Condition 2, because we also have that Q=SM o I*olp=LcoAcolyolj,and I*olnp=Q(1) C
L=L.olpolij=Lcoljolyand Acolpoly =ACM=SMolyol{ =SMolioly. If 3= A.or%3=V,,then
Condition 2 is not satisfied, because

SMoLioAc=SMoL.oVe=LcoSMoA.=LcoSMoV.,=T.=L.oA.=Lco V..
If 3 = I'*, then Condition 2 is not satisfied, because
SMolLcol*=LcoSMol*=S=8SMol".
Thus, we only have the eight factorizations:
Q=AcoVeol*=V,odcol*=LcoAcolpoli=LcoA.ol10oly
=LcoVeolpoli=LcoVecoljolg=SMol*oly=SMol*ol

that clearly satisfies Condition 1. It is straightforward to verify that these do not violate Condition 2. [J

Replacing the sequence of unary clones by their composition in the eight descending irredundant factorizations of
Theorem 4, we get the following five factorizations of Q:

Q=V.oAc.oI*, (1)
Q=A.0V.oI", 2)
Q=L.oA.ol, 3)
Q=L.oV.ol, @)
Q=58M o Q(1). 5)

Factorizations (1) and (2) express the representability of every Boolean function in DNF and CNF, respectively.
Factorization (3) expresses the existence of the Zhegalkin polynomial representation for every function. We shall see
that the other two factorizations express representability of functions in other normal forms.

The factorization Q = L. o V; o I relates to Q = L. o A o I in the same way as CNF relates to DNF. Essentially the
same as Factorization (4) is expressed by 2 = L o V. = Lq o Vj. These latter factorizations express the fact that every
function can be represented as a sum of terms, where each term is a disjunction or 1. It is not difficult to prove that this
representation is unique up to permutation and repetition of terms and permutation and repetition of variables within
terms.

The factorization Q = SM o (1) expresses the fact that every function can be expressed by repeated applications of
the ternary majority function y to variables, negated variables, and constants. (For early research on the role of ternary
majority (median) and a related ternary rejection in Boolean algebra, see [2,8,9,17,20].)

To make a formal comparison between the various expressions of functions corresponding to these factorizations,
we need the following definitions.

Let Q=% -- - 6r_1% be a factorization into clones. Let % contain only variables, negated variables, or constant
functions. Let €, ..., €x—1 be generated by single functions y;, ..., y,_;, where the y;’s are pairwise distinct and
none of them is in %. The pair of sequences 41, ..., ¢ and yq, ..., y,_; is called a normal form system. In this
case, ‘6‘1‘, ey (62 and y‘li, ey y%_l also constitute a normal form system called the dual system and the factorization
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Q= (é‘f . (61‘3 is called the dual factorization. Note that (1) and (3) are dual to (2) and (4), respectively, and that (5)

is self-dual. An n-ary formula corresponding to the system %y, ..., 6k and y;, ..., y;_; is defined as a string over
(61((") U{ys--+, Yk—1}, where (61((") denotes the set of the n-ary functions of &y, by the following recursion:

(1) The elements in %" are n-ary formulas.
k y
(2) If y; ism-ary and ay, .. ., a,, are n-ary formulas and none of the g;’s starts with Vj with i > j, then y;ay - - - ap, is
an n-ary formula.

By a formula corresponding to the system we mean an n-ary formula for some n, and the length of a formula f as a
string of symbols is denoted by | f|. If the generators 7, ..., y,_; are clear from the context, then we only refer to the
factorization %1 - - - €} and to formulas corresponding to € - - - 6.

Clearly every n-ary formula represents an n-ary function, and every n-ary function is represented by an n-ary formula.

For illustration, we consider representations of the n-ary function X; by formulas of different lengths corresponding
to various factorizations Q@ = € - - - 6. If € contains negated variables, as in Factorizations (1), (2), (5), then the
function X; can be represented by the formula X; of length 1. On the other hand, if one of the clones %1, ..., k— is
generated by a negated variable, i.e., it is the clone I*, then the function X; can be represented by the formula —x; of
length 2, where — denotes the unary function O — 1, 1 > 0. Finally, X; can be represented by the formula 701x; of
length 4 corresponding to Factorizations (3) and (4) (t generates L. and 0, 1, x; € I).

Factorizations (1)—(5) together with the generators Vv, A, 1, u for the clones V., A¢, L., SM will be called disjunctive,
conjunctive, polynomial, dual polynomial, and median normal form systems, denoted D, C, P, P M, respectively, and
the corresponding formulas will be called disjunctive, conjunctive, polynomial, dual polynomial, and median formulas.
The term median is motivated by the fact that (B, p) is the only possible median algebra on the two-element set B, see,
e.g., [1,10,19].

Representation of functions by disjunctive and conjunctive formulas are just variants of the well-known DNF and
CNF representations. Polynomial formulas are just variants of Zhegalkin polynomial representations. Representation
by dual polynomial formulas relates to polynomial formulas just as CNF relates to DNF. In the remainder of this paper,
we will compare the efficiency of these five formula representations, and we will show that median formulas are in
some sense more efficient than the others.

For a normal form system A, denote by F4 the set of formulas corresponding to A. For a function f € £, we define
the A-complexity of f, denoted C4(f), as

minf{|P| : ® € Fy, D represents f}.

For normal form systems A and B, we say that A is polynomially as efficient as B, denoted A< B, if there is a
polynomial p with integer coefficients such that C4 (f) < p(Cp(f)) for all f € Q. Indeed, the relation “polynomially
as efficient as” is a preorder on any set of normal form systems. In fact (Theorem 5, below) it is also anti-symmetric
on {D, C, P, P4, M}, and thus it is a partial order on that set. If neither A< B nor B<A holds, we say that A and B
are uncomparable or, to be more descriptive, that A and B provide representations of uncomparable complexity. In the
case of A< B but BAA, we say that A is polynomially more efficient than B, or that A provides a representation of
lower complexity than B.

Theorem 5. The disjunctive, conjunctive, polynomial, and dual polynomial normal form systems provide represen-
tations of pairwise uncomparable complexity. The median normal form system M provides representations of lower
complexity than the other four normal form systems D, C, P, P4,

Proof. We shall make use of the basic theory of disjunctive and conjunctive normal forms and implicants and implicata.
To prove that DAC, let n be an even positive integer and let f,, be the n-ary Boolean function

(x1 Vo) A A (X1 V X2i) A A (Xp—1 VX)),
The C-complexity of f, is less than 3n. But f, has 2"/ prime implicants and each has to appear as a separate term

in any DNF. Since each implicant has n/2 variables, Cp( f,) > (n/2)2"/?. Therefore, there can be no polynomial p
such that Cp(f,) < p(Cc(f,)) would hold for all f,’s. The proof of CAD is similar but based on the dual family of
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functions
(X1 AX2) VsV (X2i-1 AX2i) VoV (Xp—1 A X))

Next we show that D AP, P9 and CAP, P4, For each odd n > 1, consider the n-ary function
fo=x1+-+xn.

Both the P- and P9-complexities of f, are less than 2n. However, f, has 2"~! prime implicants, each of which
is a product of n variables or negated variables. Therefore, Cp( fy) 2}12"_1. This shows that DAP, Pd. Similarly,
Ce(fn) >n2""! which shows that CAP, Pd.

To see that PAD, C, P9, consider for each n > 2 the n-ary function

L=XLV VX,

The D-, C- and PY-complexities of f, are less than 2n. However, the (unique) Zhegalkin polynomial of f, is the sum
of all 2" — 1 non-constant monomials in n indeterminates. This implies that the P-complexity of f;, is at least 2" — 1.
The proof of P4£D, C, P is similarly based on the dual family of functions f, =x; A - - - A x,,.

Next we show that D, C, P, pd AM. Foreach k > 1, let n =2k + 1, and consider the n-ary self-dual monotone function
[k defined inductively as follows:

f1 = pulxy, x2, x3)
=1 AX2) V(2 AX3) V(X3 AX1) = (X1 Vx2) A (x2Vx3)A (X3 Vx1)
=(x1 Ax2) + (x2 Ax3) + (X3 Axy) = (x1 Vx2) + (x2 Vx3) + (x3Vxp),
Sirr = u(frrs X2k41, X2k43)5

where fir denotes the (2k + 3)-ary cylindrification of fi. The M-complexity of f; is at most 3k + 1. By induction we
see that the number of prime implicants is 2¥*! — 1, which is also the number of prime implicata. Thus, the D- and C-
complexities of f;, are atleast 2X*! — 1, from which it follows that D, CAM. Also by induction, the Zhegalkin polynomial
of fi has 281 — 1 terms and thus Cp( f;) >2%+! — 1, and hence P£AM. Similarly, we can see that Cpa( fi) =21 — 1,
and hence P4 £M.

To see that M<D, let us define the map T : Fp — Fwm recursively as follows:

(1) T(a) = a, whenever a is a variable or a negated variable,
2) T(N®Y) = uT (®)T (V)0, for @, V¥, A®Y € Fp, and T(VOY) = uT (®)T (P)1, for &, ¥V, VDY € Fp.

Clearly, for every @ € Fp, T(®) € Fy represents the same function as @, and by induction it follows that
|T (P)| < 2|®|. This shows that M<D. Similarly, it follows that M<C.
Finally, we show that M<P, PY. Forn >0, consider the functions

fa=x1+ -+ x3m.

We define the median formulas @,, for n > 0 recursively as follows: @g=x1, and for n >0, we obtain @,,; | by substituting
X3 =2 X3 — 1 X3; X3 —2X3j— | X3; 1X3; —2X3i—1X3;

and
X3 —2 X3 —1 X3 [IX3{—2X3i—1X3i HX3i—2 X3 —1X3i

for each occurrence of x; and X; in @,, respectively. It is easy to prove by induction that @, represents f,, because
u(x, y, z) = u(x,y,z) and

T(x,y,2) = wux, y, 2), u(x,y,2), px, y,2)).

Denote by |®|, the number of occurrences of the symbol a in the formula @, and for any variable x;, denote ||z =
|®|y; + |®@|5. We prove by induction on n that |®, |5 =3" fori =1,...,3" and [D,], = (3%" — 1)/2. 1t is clear that
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the claim holds for @(. Assume that it holds for ®,,, and then consider @, 1. By the inductive hypothesis, |®@, |z = 3"
fori=1,...,3" andso |®,11|g =3" ' fori=1,...,3"  and [@yi1]y = |Pnl, + 432" = (322 — 1)/2. We also
conclude that |®,| = 3%+ —1)/2.

Let f € Qand let O be the shortest polynomial formula representing f. Then f is a sum of m =14-2|©®|; monomial
terms. For i = 1,...,m, let ©; be the polynomial formula (occurring as a substring of @) that represents the ith
monomial term. Since the monomial terms are conjunctions of variables, each @; is in fact a disjunctive formula,
and by the previous proof that M<D, there is a median formula =; representing the ith monomial term such that
1Zil <2]0;].

For any median formula I', denote by I'" the median formula obtained from I" by substituting X; for x;, x; for X7, 0
for 1, and 1 for 0. It is clear that |I'| = |I”'|, and I'"" represents the negation of the function represented by I'. Hence, the
M-complexity of any function is equal to the M-complexity of its negation.

Let n be the smallest integer such that m <3". Fori =m + 1,...,3", let 5; = ®; = 0. Now, we can construct a
median formula = that represents f by substituting Z; for x; and =} for X; in @, fori =1, ..., 3". We have that
3)7

CM()SIEI = [Buly+ D 1@l |Zi]
i=1

32"— —1 -
+Z3” 200 => +2- 3"Z|@|+2 30l
i=1 i=m+1
32 ] “ 5.3 ] “
< +2'3"Z|@i|+2'3n'3"=T+2'3"Z|@i|-

i=1 i=l1
If |®|; # 0, then using

m
Ce(f)=101=10:+ ) _ |0
and |@|; >3""1/2, we have that

m m 2 m
(Ce(f)* = (01" +210: ) 16;| + (Z |@i|> > (101 +2(61: Y 10;]
i=1 i=1 i=1
32n 2

| 32n 2.3n m
+3" Z|@| + = loil,

i=1

and so

+2-3" " 10;]<180(Cp (/).

i=1

5 32n
Cm(f) <

Also, if |@|; = 0, then clearly Cm(f) < 180(Cp(f))2. We conclude that M<P. A similar argument proves that
M<P!. O

The above proof of Theorem 5 actually provides algorithms for converting DNF, CNF, and Zhegalkin (Reed—Muller)
representations into a generally more efficient median normal form.

Appendix A. Post classes

We make use of notations and terminology appearing in [7] and in [11].

o (2 denotes the clone of all Boolean functions;
e Ty and T denote the clones of 0- and 1-preserving functions, respectively, i.e., 7o = {f € Q : f(0,...,0) =0},
={feQ:fd, ....) =1}
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T, denotes the clone of constant-preserving functions, i.e., 7. = To N 7.

M denotes the clone of all monotone functions, i.e., M = {f € Q: f(a) < f(b), whenever axb};
Mo=MNTy, Mi =MNT, M. = MNT

S denotes the clone of all self-dual functions, i.e., S = {f € Q: fd =f}

Se=8SNT.,, SM =SNM,

L denotes the clone of all linear functions, i.e., L = {f € Q : f = col + c1x1 + -+ 4+ ¢c,x, for some n and
co,...,cp € B);

e Lo=LNTy,Li=LNT,,LS=LNS,L.=LNT,.

Leta € {0, 1}. Aset A C {0, 1}" is said to be a-separating if there is i, 1 <i <n, such that for every (aj, ..., a,) € A
we have a; =a. A function f is said to be a-separating if f~'(a) is a-separating. A function f is said to be a-separating
of rank k =2 if every subset A C f~!(a) of size at most k is a-separating.

e Form >2, U, and W, denote the clones of all 1- and 0-separating functions of rank m, respectively;

e Uy and W, denote the clones of all 1- and O-separating functions, respectively, i.e., Uss = ﬂk>2Uk and Wy, =
k=2 Wi

o T.U,=T.NU, and TW,, =T, N W, form =2, ..., 00;

o MU, =MNU, and MW,, =M N W, form=2,...,00;

e MUy, =M.NU, and MW, = M. N W,,,form =2, ...,00;

e / denotes the clone of all conjunctions and constants, i.e., A ={f € Q: f =0,1,x;; A--- Ax;, forsomen>1

andi;’s};
o No=ANTy, Ay =ANT, A = ANT;
V denotes the clone of all disjunctions and constants, ie., V ={f € Q: f =0,1,x;, v...Vx; forsomen=>1
and i;’s};
Vo=VNTy,Vi=VNnT,V.=VNT,
(1) denotes the clone of all variables, negated variables, and constants;
I* denotes the clone of all variables and negated variables;
I denotes the clone of all variables and constants;
Io=I1INTy, I, =1NTy;
I denotes the smallest clone containing only variables, i.e., I = I N T¢.
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