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1 Ewayoyn

2 ToOmow rot avadpopn

2.1 Ot @uowoti aptdpoi
Ot puowol apripol Topdyovtol amd To ETOYwYHd oYHe
1. 1o Pndév elvor Quodg apLIpog, xot
2. 0 emdpevog xadevog PLOLKOD apLIHOD elval PUOIKOG APLIPOG.

Avt 1) enaywywn Teplypogt Tpocdiopilel Tov TOTo Nat Twv puoHev aplipeyv. Te-
V&, évag TUT0g TPoodLoplleTal artd Eva ETaywynd oI ATTOTEAODUEVO OTTO PN dEV
1 meplocoTepeg Stadacieg natoourevng, xadepid amd Tig omoleg ovopdletal pHTpa
(clause) Tov emaywywod oxUaTog 1) xaraoxrevaotis (constructor) Tov avTicTOLYOUL
tomov. Kadeti mov kataouevaletal pe tn Pordela TwV HATOOHELAGTTOV VO TOTOV
ovopdleton pédog (member) avtod tov TomovL. (Kéotol GAAor dpot yia pérog eivor
otoyeio (element), xdtowxog (inhabitant) xou onueio (point) evog tomov). Ou tomoL
ovpPolilovron pe xepohaio Aativind ypappoto A, B, C, ..., wo Tar péA TOUG pe pinpi
Aatwvied ypappata a, b, c, ..., x, y,z. Tioe va dnioocovpe 6tL To a givor pélog tol
TOnov A yphpovpe a: A.

Me awtdv Tov TuTodepPNTHKO GUHBOALGHO, 1) TOPATAV® ETOYWYLKT] TTEPLYPOPT
TOV PUOLKOV APLIPUOV TALPVEL TI HOPPT

1. 0:Nat,
2. e&v n:Nat, tote s(n) : Nat.

Emnopévwg, o tomog Nat éxel SVo nataouevactég, Tov 0, Tov dev éxel oplopata, xot
TOV s, 0 0TT0L0G €XEL VO OPLOQ TTOL elvat e T aelpd Tov pédog Tov Nat (omdte elvor
ovodPopdC HOTOoHELAGTAG). AvantoocovTag, PAémovpe 6T Ta péAn tov Nat eival
T

0, s(0), s(s(0)), ...,

Ta omoio xohoVpe 0, 1, 2 ko Aoutd.

‘Eva pélog evog tOmov A evdéyetarl vo eEopTaton Tapopetpind amd {vor péAOG
100 tOmov A’ (omtdte dev mpduertan, avotnpd ADVTAG, Yl éva péAog, aAAd yio pia
owoyévela peAdV 100 A dederypévn (indexed) ad tov A, 1), oty oporoyia mov do
viodeTooups, Yo évay petaoynuatiopd pehov To0 A’ oe péAn tod A) YU authv TV
TEPLTTWOT) XPT|CLHOTOLOVHE TOV GUHPOALOHO

(x:A) t(x): A,

f xow (x: A7) t(x) edv de cuvtpéxel Adyog avagophg otov A. (Ze cuyrenpuéveg
TEPLLTOOELG, HITOPOVHE VAL CUMITEPAVOLE TOV A amd T pop@r] Too t(x).) Opoiwg, 1
Exppoon

(x1: A1, 0, X Ap) BH(X1, 0, Xp) T A

ovpPorilel évav petacynpatiopd pe n to mAndog opicpata. (‘Evag petacynpotiopds
() t() : A pe pndév to TARdog opiopata dev eivan mapd éva pélog Tod A.) Emeldn)
otnv Tp&kn avtdg 0 GUHPOALOHOG TV HETOCYNHATION®OY xatavtael SOy pnoTog,



Jo enpetoAAevopocTe ®dde guropio TOL pog SIVETOL YLt VO YPAPOULE ATTANDG ¢ GTN)
Jéomn 1ol (x: A) t(x), nou To i8L0 yLor GANEC TEPLTTAOCELS HETACYTUATIOHOV, £XOVTOG
TAVTOTE HOTA VOU OTL TTPOUELTAL YL HOLTX PTIOT).

To oplopata evOg HETOOYNHATIONOD Pitopel va elval ta idloe peTaoyNUatLiopol:
QUTO ATOTLIIWVETAL OE EXPPACELG OTTWG

(x:A (y:B)z(y): C) d(x,2): D,

OOV 0 ONUALVOHEVOG HETATYNHATIOHOG XL VO OPICHATA, €K TV OTOLWV TO Eva
elvo pédog To0 A xo to GAAo eivan petacyNHaTIopog peA®Y Tob B oe pédn tob C.

2.2  Avodpoprn 6100g puorovg aptIpovg

O xOpLeg XPNOLHOTNTES TNG EMAYWYWHG TEPLYpaPnG evOg thmov eival 1 do-
TONWOT OPLOHAOV pe avadpopn xat amodeifewv pe enaywyrn. Oa efetdoovpe TOPA
TNV TEPINTOOT TNG AVadPOUnG: Lo TNV enaywyrn do eipacte oe Jéon va pAcoupE
HOALG EPTTAOUTIOOU}E TN YADOOO € OLKOYEVELES TOTTWV.

Eotw C tuxdv t0mog. Aodéviwv evog ¢ : C o evog (x: Nat, y : C) ¢s(x, y) : C
HITOPODUHE Vo opicovpe évav petacynpatiopd (x : Nat) t(x) : C détovtag

t(0)
t(s(n)) :

0,
cs(n, t(n)).

Aépe 6T o t opileton pe avadpoprj (recursion) artd T ¢ xow s+ 1 dvvatdTnTa So-
TOMWOTG TETOLWV OPLOUOV elva 1) apytj Trig avadpouris yia Tov Nat.

Qg TPHOTO TAPAdELYHO EPAPROYTIG THG APXTIS THG avadpopnc, ag opicovpe Evay
petaoynpotiopd (x : Nat) pred(x) : Nat mov otélvel to pndév oto pndév xon nadévay
AAAO PLOWO APLIPO GTOV TPONYOUHEVO TOL: TNV mepintwot) avtr, o Tomog C elval
0 Nat (0 p6vog TOTTOG TTOL EYOVE QLTI TN GTLYHT), KO OL OPILOVGEG OXETELG £XOLV TN
Hopom

pred(0)
pred(s(n)) :

O>

n.

[Iponerton SnAady yLor TO GTLYHOTUTIO TOV YEVIXOD GYXNHATOS THG avadpopnig Omou
TO ¢p elvat To 0 %o To ¢s(x, ) eivon To x.

MmopoOpe emiong v 0pilovpe PETAOYXNUATIOROVG TTOV EYXOVV TEPLOCOTEPA O~
70 éva oploparta, KAvovTag avadpopr oe éva atd avtd. Tétowa mepintwon eivo
n mpdoveon puowdv aptdpdv, v omoio do opioovpe pe avadpopr otov de€Ld
TPOGUETED, APIIVOVTAG TOV APLOTEPD VAL LTAPYEL WG TOLPAUETPOG:

m+0 m,

m+s(n) :=s(m+ n).
BAémovpe OtL o m + n opileton pe avadpopr] otd ta m won (x : Nat, y : Nat) s(y).
Eviote 8¢ JéAovpe va ddoOUpE OVOPX OTOV PETAGTXNHATIONO TTOL opileTon pe o-
vadpopn: avtd ovpPaiver . edv FEAOUHE VAL TOV ATTOTYUCOUHE QAPECWS 1) OTAY
eppaviletor wg dplopa wdotov GAlov petacynpatiopov. Eriong, yio tn petopodn-
potier) HeAéTn TG Yewplog TOTWV Elvol oopaiTnTo Vor LItoPOoUHE VO SLATUTTOGOUVHE
v apyn TG avadpopng e TPOTTO TOL Vo HNV tpolmodéTeL TNV Tpooinun oTN)
YA®ooa evog cLPPOAOL Yo xGDe OpLOLHO HETAOYTHATIONO. AUTO TO ETLTUYYAVOULE



LITOHOTOTOVTAG THV apXh) THG AVOSPOUNG e TO Eva Ko HOVOSIKO GTLYHLOTUTTO THG
010 omoio Ta ISl T ¢y Ko ¢ ExOouV epdoeL pEca 0TOV CUUPOALOHO G OpiopaTaL.
Opilovpe Aowmdv Tov avadpouéa (recursor)

(z:C, (x:Nat,y: C) w(x, y): C,n:Nat) recNat(z, w,n) : C

o0 Nat péow g avadpoprg

recNat(z, w,0)

recnat(z, w,s(n)) :

z,

w(n, recNat(z, w, n)).

O »bprog pdAog ToL avadpopéa eivor OTL propel va xprioipomotndel yio vo engpootel
nade avadpopnds oplopds. O mpornyolpevog evog Yuotkol apldpov, Adyouv xapLy,
propel TOp Vo ypapTel

pred(n) := recnat(0, (x : Nat, y : Nat) x, n),
EVQ TO GIPOLoPX SVO PLOLUOV APLIPOV,
m+ n := recNat(m, (x : Nat, y : Nat) s(y), n).

"Aoxnon 2.1. ‘Exovtag tnv mpdécdect), 0 TOAATAAGIOGHOG UOIHGOY XPLIPOVY o-
piletont otd TV avadpopn

m-0 :=0,

m-s(n) :=m-n+m.

Tpdjte T6 m - n ypnoyonodvrog Tov avadpopéa tov Nat. IIpooupetind, cuveyiote
pe Too m™ o n!.

2.3 'AMa mapadeiypoto TOTOV
Aloteg

O Aioteg peA@dv evog Tomov A ovyxpotolv évav timo List(A), o omoiog mept-
YPOAPETOL OTTO TO EMAYWYIUO CYTHO

1. nily : List(A), xon
2. e&v :List(A) xan a: A, t10te consa(l, a) : List(A),

omov nily elva 1) xevi} Alota xou cons4 (1, a) eivou 1) Tpoéxtaon tng I pe Tnv tpocsdnun
00 a. Xtnv mpdkn, ta subscripts Yo mapaieimovron dtav dev vapyel xivduvog
o0YXUOTG OYETIUA L€ TO TTOLOG eivat 0 A.

O List(A) eivow mapdderypo thmov mov e€aptdtal mopapetpind amnd Evav mpo-
bmépyovta Tomo. ‘'Onwg kot oTtny mepintwor tov Nat, ta péAn tov tapdyovror oamd
pio Stdieocio poéutaong: do dovpe apyodtepa 6TL 0 Nat eivon eldwnr} mepintwor
(spoiler: Iapte yio A Tov TOIO pe évar péAOG).

H apyn tMg avadpoprig yio tov List(A) éxer wg e€ng: Edv C eivou évag o-
TOLOGONTTOTE TOUTOG, KaL oG éxovv dodel éva cpjj : C no €vog PETACXNHATIOROG
(x:List(A), y : A, z: C) coons(x, ¥, 2) : C, oL oxéoelg

t(nil) Y= Gl
t(cons(l, a)) := ccons(L a, (1))



opilovv évav petaoynpotiopd (x : List(A)) t(x) : C. T map&derypa, to pfnog len(l)
pog Aotag I opileton amd tnv ovadpopn

len(nil) =0,
len(cons(l, a)) : = s(len(])),

eve 1 ouvvévwon k + 1 8o Motowv k, I,

k + nil :Ek,

k + cons(l, a) := cons(k + [, a).

"Onwg *Gvope 1o pe TOUG PLOLLOVG OPLIHOVS, PTTOPOVHE VOL «TTOUETAPOVHE» TNV
apxn g avadpopng tov List(A) oe évav avadpopéo

(v:C, (x:List(A), y: A z: C) w(x, y, ) : C, I: List(A)) recysay(v, w, ) : C

opLiopevo amd TNV avadpopr

rect ist(4)(v> w, nil) v,
recpisi(a) (v, w, cons(l, a)) := w(l, a, recyjsy ) (v, w, 1)),
OTOTE TO PUOG HLOG AMOTOG PTopel eVAAAOMTIKG VA 0PLOTEL WG
len(l) : = recjsy(4)(0, (x : List(A), y - A, z : Nat) s(z), I),
xat 1 ovvévewor) d0o AeTOV,

k+1 :=recpigay(k, (x:List(A), y : A, z : List(A)) cons(z, y), I).

"Acoxnon 2.2. H cvvévwon cat(L) : List(A) puog Aiotag L : List(List(A)) Aoty pedéov
evOg TOTTOU A €xeL TOV avadpopnd OpLopod

cat(niIList(A)) = nilA,
cat(consy jsy(4)(L, [)) := cat(L) + L.

Ipdrjte T6 cat(L) xpnopomnoldvtag Tov avadpopéa too List(List(A)).

Aévrpa
O tdmog BTree towv Svadwamv dévipwv cvllapPdvetol amd to emaywynd oxipo
1. triv : BTree,
2. eav r:BTree xau s : BTree, to1e join(r, s) : BTree.

>tov BTree avtiotouyei n e€fg apyxn avadpopris: Aodévtwv evdg cyiy : C ual evog
(x:BTree, y:BTree, z: C, w: C) Cjoin(x, ¥, 2, w): C, 610v C eivou TuX®V TOTOG, PIopovje
vo oploovpe évav petaoynpatiopd (x : BTree) t(x) : C Sétovtag

t(triv) = Grivs

t(join(r,s)) := cjoin(r, s, t(r), t(s)).

"Acunon 2.3. Iepiypdyte T pop@n TOV recpTree ML SlaTUTOOTE TIG Opilovoeg
oX£0ELG TOU.



To dvaduwd Sévtpa eivon eldwr) mepinmtwon dévrpwv dedopévng dtondddwong. O
tomog Tree(A) twv dévipwv pe tomo dranhddwong A opiletor ad T0 emaywywd

oMo
1. triva : Tree(A),
2. eav (x:A) b(x): Tree(A), tote joiny (x : A) b(x) : Tree(A).

SxNHoTG, avtd mov Aéel 1 Sedtepn piTpa eivon OTL edv €xovpe éva dévtpo b(x)
yloe ke x @ A, HTTOPOVHE VAL EVOGOUHE LTA T SEVTpa pe pio xatvovpyla pilor o
va gTIREOVpE évar peydho SévTpo joiny (x 1 A) b(x), To omoio mepiéxel OAa Ta b(x)
WG Gpeca vodévtpa. o vor eEXTEIVOLHE TOV OPLOHO EVOG PETAGYTHATIGHOV ¢ GTO
joiny (x @ A) b(x), éxovrag 11dn dwdéopa ta H(b(x)) yio x : A, xpewalopaocte Evav
HETOOXNHATIONO

((x:A) y(x) : Tree(A), (x : A) z(x) : C) cjoin(y, 2) : C
onote, pali pe Eva iy : C ptopovpe var opicovpe Tov ¢ détovtag

t(triva) P= Crivs
t(joing (x : A) b(x)) : = Goin((x : A) b(x), (x : A) t(b(x))).

Mapatnpriote O0TL 0 TOTOG A ePPaVileTal XPVNTIXE GTOV HATACKEVAGTH join 4,
onote avopévetat 6tL To Tree(A) cuvaptartor avtoardoiwta pe to A. Ilphypoartt, évag

HETOOXNHATLOUOG
(x:B)u(x): A

EMAyEL VOtV PETAGYNPATIONS
(x : Tree(A)) Tree(u)(x) : Tree(B)
e 0pLopd
Tree(u)(triv4) = trivg,
Tree(u)(join4 (x : A) b(x)) := joing(y : B) Tree(u)(b(u(y))).

"Aoxnon 2.4. Ilepiypayte tov avadpopéa Tod Tree(A), nat enppote TOv Tree(u) pe
N Pordeud tov.

"Acunon 2.5. Ztov opiopd 100 List(A), o tOmog A gpgaviCetal detind. Aodévrog evog
HETAOYMHOTIONOD (X : A) u(x) : B, 0pioTe, XP1OLHOTOLOVTOG THV ap)XT] THG vadpopnig
1 tov avadpopéa tob List(A), Tov petacynpatiopd (x : List(A)) List(u)(x) : List(B) o
omoiog arewovilel pioe AMota peA@dv To0 A 6T MoTa TV EOVOV TOLG HECK TOD U.
AAndoTipég

O Bool eivar o tOmOg TOUL £)EL aUpPdg SVO péAN false uor trues emopévwg, mept-
YPOAQETOL OTTO TO EMAYWYIHO GYTIHO

1. false:Bool,

2. true: Bool.



H apyxn g avadpopng yio tov Bool exppalet To yeyovog OTL Tpoxelé vou vor 0picoupe
évoy pHETAOYNHATIOHO peADV ToU Bool oe pédn evog tomou C Sev éyoupe Tapd vo ToVpE
TL Qe pe To false o TL pe To true: ocuyrexpéva, SoFEVTWV evOg Crgise : C 1Ol £VOG
cirue © C, oL oxéoelg

t(false) := cfaises

t(true) := cirue
opilouv évav petaoynpoatiopd (x:Bool)#(x): C. "'Onwg mavta, Exoupe évav avadpopéo
(x:C,y:C, z:Bool) recgyol(x, y,2) : C

e opilovoeg oxéoelg

recgool(X, v, false) : = x,

recgool(X, y, true) :

Mia o evavdyvwotn ypagt] To0 recgyol(x, ¥, z) da ftav ‘if z then y else x”.
TNo mapddetypa, propovpe va opicovpe tov aindomivona tng didleveng péow

g avadpopng
or(b,false) := b,

or(b, true) := true,
1, evallontind, pe tn Pordeia Tov avadpopéa Tov Bool,
or(b, ¢) := recgyol(b, true, c).
"Acoxnon 2.6. Opiote todg alndomnivoreg tng o0levEng xon Tng GUVETOYWYHS.

H apyn g avadpopng H&g Tapéxel EVoy TPOTO OPLEHOD HETOCYNHUATIOHOV Qo
tov Bool. Mix xat 6to emdpevo ue@dhoio Jo puAfoovpe yior Aoynr], toptalel vo
nAeloovpe TO KEPAAOLO TNG AVAOPOTIG HE HATTOL TOPOSELYHOTA PETACYHATLOUDOY
7pog Tov Bool, dnAadn adndocuvvapticewv (aAndopetaoynpuatiop®dv, paAlov, 6Ttnv
opoloyia pag). Me v evraipio, Yo odpe vo Aoyl YLt TOAAATATY avadpopr).

2.4 TToAhomAn avodpopn

Méypt topa eidapie mowila Tapadelypato OpLoHOD HETAUGYNHATIGHOV, OL 0TToioL
elyav meplocoTepa amd éva opiopata, pe avadpopr oe éva atd avtd. Ymapyovv
Opwg nataothoelg 6mov ypetdletal va xbvovpe avadpopr) oe dVo 1) TepLoGOTEPR
oplopata ToavtdYpova. AvTh 1) aviyxn TapovctaleTal, Adyou xéptv, otov axdiovdo
«oplopod» g alndoovvaptnong (x, y : Nat)isequal(x, y) : Bool tng oot tag gpuowmmy
apLipev:

isequal(0, 0) 1= true,
isequal(0, s(n)) : = false,
isequal(s(m),0)  := false,
isequal(s(m), s(n)) := isequal(m, n).



H 3¢ ed6 eivar va aromtAéEovpe T SutAr) ovadpopr oe dbo emdAAnieg (1) Stadoyuéc)
avadpopég. T va To ethyovpe awtd, ypdyovpe To isequal(m, n) wg isequal ,,(n). Me
avTdV TOV GUUPOALORO, oL S0 TPHOTEG GYXETELS
isequalg(0)  := true,
isequaly(s(n)) : = false
amote oV avadpopnd opiopd tov isequaly. Opoiwg, edv éxovpe opicel Tov isequal,,,
oL 800 aAAeG oXECELG
isequals(m)(O) : = false,
isequalg ) (s(n)) : = isequal,,(n)
opilouv Tov isequaly(,y).

gvav avadpopind oplopd Tov isequal,,, 1, EVOAAOKTIHG, VO ETCTPATEDGOVHE TOV
VoS POpE TV PUOLHOV APLIUGDV:

Aev éxovpe toOpa mapd vo Paovpe avtd ta dvo pali oe

isequal,,, : = recnat(co, (x, y) cs(x, y), m),
OToL

Q := (n:Nat) recnat(true, (z : Nat, w : Bool) false, n),
cs(x, y) := (n:Nat) recnat(false, (z : Nat, w : Bool) y(z), n).

IMopatnpriote O6TL €86 XPNOLUOTOLOVHE Hict StoupopeTinr] Hop@r} To0 avadpopéa
oITd QLTI TTOL €YOUVHE TAPOLOLAGEL, XATWG TOGO TO debTEPO OPLOHA TOL ¢ OGO Kol
0 1810 70 recnat(co, (%, y) cs(x, y), m) eivon petacynpotiopoi. Oa propoloaye va
YEVIKEDGOUHE TOV rec XXTAAANAQ OOTE Vo CUPTEPIAGPOVHE QLT TNV TEPITTOOTN:
eneldn OPWG CVVTOUN Jol ELGOLYRYOUHE TOTTOVG CUVAPTHOEMV, TTLPOVLGLH TOV 0TIV
avTOG 0 YeEVIKOTEPOG avadpopéag opiletat amd Tov ediedTepo, dev Ja YpelaoTel va
TO #&voupe. Ao T oLlNTNOT AUTH G XPATHOOLHE HOVO OTL PHITOPOVLE, HE TOV Eval
TpOTTO 1} pe Tov AANO, Vo divoupe OpLopong pe TOAAQTTAT avadpopr).

"Aoxnon 2.7. Tpomomowdvtag tov opiopd Tov isequal opiote, pe moAAatAn avadpo-
un, évay petocynuoatiopd (m, n: Nat)isless(m, n) : Bool o omolog aipvel Tig Tipég true
nou false avéhoya pe to edv o m eivon ) dev elvou puepdtepog tou n.

2.5 Aoxnoseig

"Acunon 2.8. H npdén (almost minus) m = n opileton amd Tnv avadpopr

m-=0 =m,

m = s(n) := pred(m = n).
Tpayite TO m = n XprGLHLOTOLOVTOG TOV reCNat-
"Acoxnon 2.9. H avtiotpogn Aotag opileton omd tnv avadpopn

inv(nil) = nil,

inv(cons(l, a)) : = cons(nil, a) + inv(l).

Ipéryre t6 inv(l) pe tn Porideia Tov recy jgya).-



"Acunon 2.10 (insertion sort). O petacynpatiopdg (a: A, L:List(A))insert(a, [) : List(A)
g évieong evog péloug oe pia (ta€vopnpévn) Aiota opiletar amd Tnv avadpopr)

insert(a’, nil) cons(nil, a’),

insert(a’, cons(l, a)) : = recgye)(cons(cons(l, a), a’), cons(insert(a’, 1), a), isless(a’, a)).

XpnoLHomoLoTe VTOV TOV HETAOXNHATIONO Yl Vo seprypéfete Tov alyopLdpo
takvopnong insertion sort. (IIpoxertal yior Tov alydpLdpo o omoiog, Tpoxreévou va
ta€vopnoel pio AMiota cons(l, a), tafivopel mpwtoa v [ non petd wdvel insert to a.)

3 Owoyéveleg TOTOV HAL ETAYWOYT)

3T0 TTPONYOUHEVO HEPAALO SLOTLUTTOCOpE HATTOLEG APy EG arvadpopng, pe T Po-
Rielx TV 0moilwV HITopopE VO EXPPACOVHE HETUO X NHATLOHOVG HETOED TV SLapOpmV
TOmwv. Autd mov pTidEayie, v oAlyolg, eivor pioe artAr) cvvaptnowour] YAoooo. Ev-
SropepOPAETE OPKG ETLOTC Yot TIG LOLOTNTEG AVTOV TV HETOCYNUATIOUMV. XE QUTO
TO KEPAAOLO, AL TTOAD TEPLGGOTEPO GTO €MOUEVO, Yot SOVHE TTMOG PITOPOVUE, OTO
TAaiolo NG Jewplag TOTWYV, Vo SLATUTTOVOUHE oL VO ATtOdEUVDOVE TTPOTACELS.

e avtideon pe GAleg podnpatnég Jewpleg xot JePEALDCELS TWV HOONHOATIHOV
OmtwG 1 Fewpict cLVOAWY, 6T Fewpiot TOTWV OL HOINHATIHES TTPOTACELG, KT MG KL OL
arodeifelg Toug, eivor HOOMUOTIHG OVTIKEIHEV TTPOTNG KATYOpilaG. Zvyrenpipéva,
Ol LOOMPATINEG TTPOTAGELG AVATTAPLOTOVTOL OO TOTTOVGE, TTOL PITOPOVV VO Jewprdodv
TALTOYPOVOL LOOMPOTINEG SOPES MOl PoONpATKOL Lo VPLoHOL, pict GOAANYN yveoTh
G propositions as types. Y6 autr) T oxOM&, T PEAN £VOG TOTOL VOOOVTOL WG
TExpnpia 1 papTupes oAndelag thg avtictoyng tpdtaocng. (Mepwég popég Aéyovtal
entiong amodeielc, aAA& LT 1) oporoyia popel va eivor TopaTAaVN T, ETTOHEVWS
YeEVIKA TNV atopevyoupe.) Mia apeon pedodoloyur) cuvémeia eivor OTL TpoueLéVOL
va deifovpe OTL pia TpodTAoT aAndevdel dev £xoupe TOPE VO ELPAVIGOVHE Evar HENOG
TOU TOTOL TTOV AVTIOTOLYEL OE QLTI TNV TPOTAGT).

Qotdo0, autr) 1) oty oxeTvd pe TG omrodeifelg Sapépel ovoLWIWG atd TN
ouvidn. O tpdmog pe tov omoio 1 Aoy yiveton avtidnmer] otd tn Jewpio TOTWV
elvon 0TL par tpodTao dev eivar artAdg aAndng 1) Yevdrg, aAA& pdAlov propel vo
vondei wg 1 cLALOYH OAWV TV SLVATOV TEXUN PLLV AATTELXG TNG. ZOHEWVX HE AVTHY
1 cOAANYN, ot amodeielg dev eiva poOVO TO PEGO EMUOLVOVIOG TOV HOUTHATIHGOV,
OAAG atoTeAODV Ho Ol idleg avTLKElEVO PEAETNG LGOTIHO pE TTLO Olxei avTixeipeva
OTWG oL apLIpol KoL 0L GLVAPTHOELS.

3.1 Owovyéveleg TOTOV

Oa PAcovpE TOpa Yia TO éva ad Tar SO SOpHIKA OTOLYEL TWV TPOTACEWY, TaL
HOTNYOPTHATO: TO GANO, OL AOYWHEG OTADEPEG, ELVOL TO QLVTIXEHEVO TOV ETTOUEVOD
rne@oroiov.

Mia ooyéveia timwv (type family) eivon évag peTUOXTUATIOPOC HEADY HATTOLWV
TOMWV o€ TOTOVG. Xe pio owoyévera (x1 : Ag, ..., xp @ Ap) A(x1, ..., Xp), OL Ag,..., Ap
Aéyovtan tOmol Sewtdv (indexing types), ko ot empépoug TomoL A(Xy, ..., Xn) AéyovToal
oTLyLOTUTI: (instances) NG owoYEVELXG.

Ot owcoyéveleg TOMWV, TTOL eTtiong Aéyovtan eEaptopevol tomol (dependent types),
foow pio ard TIG OHAVTIKOTEPES HOUVOTOLEG TNG Jewplog TowY Tob Martin-Lof.
Tomud TopadelypaTo OKOYEVELOV TOTWV ATOTEAOVV TO SLAPOPa HATHYOPTIHATO



(x,y: A) x = y, (x: Nat) Prime(x) ».Amt. Tov cuvavtipe oto podnpatnd. Evo
oTOLYELOOES, AAA opavTKd, Tapddelypo owoyévelag eiva 1 otadepr] owoyévelo
(x : A) B 6mov A xon B eivon tomot. Ko BéPouar, pior owcoyévera () A() pe pndév to
A VoG opiopata dev eivon mapd Evag TOTOG.

3.2 Iootnta

O amrhoboTepog TPOTOG VoL OPIGOULHE Pick OLKOYEVELDL VAL TTPOSLOLY PAPOVTOG HOL-
TAOHEVAOTEG OTO OLAPOPA TTLYHLOTUTTA TNG, OTTWG HAVOE AL VIO PEPHOVWREVOULG
TOIoVG. BOa YXPrCYOTOLCOVHE AVTOV TOV TPOTO YL VO OPIGOUVHE TNV TAEOV KOV
%o TAEOV GTHAVTIHT] GXECT) OTO HOUTHATNG, TNV LGOTNTA.

‘Eotw a: A, 6mov A tdnog. H iodtnra mpog a eivon 1) owoyével

(x:A)a=4x
70V opileton amd T povadiur priTpa
refl;:a=4 a.

Qg ovvidwg, dtav dev vtdpyel xivdvvog ovyyxvong Ja mapaleinovpe to subscript
rot Ja ypagovpe ahovotepa a = b.

H woétnta npog a Aéyetou emiong Paciopévy (based) .odtnTa, S10TL TO v oHéNOG
(to aploTepd oTOV GUPPOALOHO pHaG) KpaTIETOL GTOTEPO, GE AVTLOLXGTOAT HE TNV
(aTAidq) wdTNTA TTOL Yo 0picovpe 0TO eMOPEVO HEPEAOLO, 1] OTTOLAL Eivo OWOYEVELo
WG TTPOG opPOTEPOL TOL oHEAN. OL S0 droupépouv doov apopd 1) Hop@T} TOL avadpopéa,
oAAG eivon LoodVvopeg: yia Tov Adyo awtdv, dtav dev cuvtpéyel Adyog duduepiong da
Mépe amAdG lodTNTO

SXETWA Pe TV apyT] TNG Avadpopng, TapatnprioTe OTL 1) LGOTNTA TPOG a eival
OWXOYEVELX, OTTOTE ALUTO TTOV Yo OPLGOVE ELVOUL HETATYNHOTIOHOL TTPOG OLLOYEVELES WG
71pog Tov 1810 TOMO dewTAV, Kol emtiong OTL £XOVE HOVO VAV XUTAOUEVAOTT], OTTOTE
opuel vou TOOPE TL KAVEL £VAG TETOLOG HETAOYNHATIOROG He UTOV. AVaAvTndTEp, OG
Jewpricovpe OtL pag éxouvv Sdodei

1. pia owoyévela (x : A) C(x) tOnwv, xou
2. éva PENOG Crefl, TOU C(a).

Torte, n oxéon
t(a,refly) 1= crefl,
opilel évav petaoynpatiopd (x: A, y:a = x) t(x, y) : C(x).

Iapatnpriote 0TI, Ge OXECT HE TNV TEPUTTWOT) TOV HELOVOUEVWV TOTTWV, €3G
EYOUVHE EVOL TTOPATTAV®D OPLOHA, TO OTOL0 XPNOIHEVEL OTO VA TPOGILOPICEL GE TTOLO
oTiypotLTto BpLondpacte kdde popd. Evag dAhog Tpdmog va meprypagel avtd eivon
Aéyovtag 0Tt avtd Tov opiletan pe avadpopr oTnv LodTNnTA TPOG a eivor pia Séoun

(y:a=Db)t(b,y): C(b),
(y:a=0b)tb,y): C(b),
(y:a=0b")tb",y): C(b"),

QITOTEAOVUEVT) QTTO VOV HETAOYNHATIGHO Yo ke péA0g To0 TOTTOL deuTdv A.
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O avadpopéag TG LoOTNTAG TPOG a eivat 0 HETATYNHATIOHOG
(x:A,c: C(a),p:a = x) recax(c, p) : C(x) ()
70V opiletal amtd TNV avadpopr
recq-q(c,refly) := c.

"Evag &Ahog tpomog ypoeng ol (1) eivar vitd popeiv xavova:

x:A c¢:Cla) pra=x

recar(e. ) Cx) @

Avth 1 énppaon ovopdleton xavévas oynuatiopot Tob avadpopéa g LodTNTog, dSi-
OtL mepLypduper Tov TPOTO pe Tov 0moio avtdg ocuvthooetal, SAadY T pHoper TV
OPLOUAT®WV TOL Kol TOV TUTO (1] TOTOVG GTNV TPOKELUEVT) TEPITTWOT]) TWV TILMOV TOV.
Avahoyol xavOveg GYNIATIOHOD HTTOPODY VA YPOAUPTOVV YO TOUG AAAOUG HETOCYTHO-
TIGHOUG.

"Acunon 3.1. Tp&yte T00G *OVOVEG OYNUATIOHOD TWV HATAOHELAGTOV TOV List(A).

Eév otov (2) féhovpe, yio Adyoug cuppetpiog, otn déon tod x éva péhog a’ 100
A nou xpatriooLpe HOVO TOVG TOTTOVC, TALPVOLE TOV AOYLKO xavOva

Cla) a=d

o) ()

YvwoTo xou wg indiscernibility of identicals, o omoiog exppalel To yeyovog OTL Ta loa
potpalovton Tig idieg dLoTNTEC,

‘Eva dpeco mopiopa tov xovova (3) eivar 6t n wodtnta Swatnpeitan and peto-
OXNHOTIOHOVG" TTPOUELUEVOL VIO VOV HETOOYNHATIONO (x : A) u(x) : B, To {nTodpevo
npoxvntel Yétovtag C(x) := u(a) = u(x). H mAnpng tomodewpntuy dtatdmwaon tov
YeyovoTog arvto eivan 1) e€ng:

Aqppa 1. Eorw (x: A) u(x): B petaoynuatiouds. Téte, yio omowadnote a, @’ : A vrdpyet
Evag UETAoYNUATIONGS

(p:a=4 d)ap,(p): u(a) =p u(a’)
0 orrolog 1xavomoiel T oyéon ap,(reflg) = refl,(q).

Amodeitn. Ed®, 6mwg uaw atnv mAetovotnta tev amodeifewv otn dewpio TOTWV, 1)
expavnon vrodewviel Tov Tpdmo dpaong. Zvyxexpipéva, noxéon ap,(reflq) = refl, g
pég nododnyei va opicovpe to ap,(p) pe avadpoprn oto p. Oewpolpe Aoutdv v
owoyévew (x : A) u(a) =g u(x) xou o péhog refly,) T00 u(a) =p u(a), xou opiovpe
TOV peTacNHatiopd (x: A, y:a =4 x) t(x, y) : u(a) =g u(x) péow g avadpopng

t(a, reflg) : = refl,(g).

Aev éyovpe mhéov mapd va déoovpe ap,(p) 1= t(d’, p).
Evodhotind, propovpe vo opicovpe am’ evdelag tov ap, emivaloOpevol Tov
avadpopéva g LodTNTOG:

ap,(p) := recq-y (refly(q), p)- O

‘Onwg avapéveton, 1 woodTTA eival oxéon wwodvvapiag. To axdAlovdo Afjupo
astotelel TV TuodewpnTinr] exdoxr TG CUHHETPLOG.
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Aqppa 2. Tix onowabijrote a, a’ : A vrdpyer évag petaoynuatiopds
(p:a=d)plid=a
0 orolog 1xavomotel T oyéon refl, ™! = refl,.

Amddeitn. Bewpolpe tnv owoyévela (x : A) C(x), 6mov C(x) := x = a, nou opilovpe
Tov petacynpatiopd (x: A) tH(x) : C(x) péow g avadpopung

t(a,refly) := refl,.

TéAog, détovpe p ! := t(a’, p). To Sebrepo {nTovpEVO eivon dpeco:

refl,”! = t(a, refly) = refl,. L]

Me 0 Porjdelax Tov avadpopéa TG LlodTNTAC, TO p~ yphpeTan

p’l 1= recg- g (refly, p).

opatnprioTe OTL T OPOLOTNTA TOV p~ ! jie TO ap (x : 4) x(P) Elvou povo pouvopevu: Xn
pio TEPITTWET) 1) OLKOYEVELX WG TTPOG TV OTTOLX XAVOULE arvadpopr eivann (x: A)a = x,
eV otV GAAN ) (x: A)x = a. To didaypa eivon OTL elval onuoavtind, dtav Sivovpe Evay
OPLOO He avadpopT) 1) ETLXOAOVHAGTE TOV AVOOPOHEN TG LOOTITAGC, VO LVAPEPOULE
TNV OXOYEVELQ GTNV OTTOLX 0 OPLLOHEVOS HETATYNUATIOHOG TTALPVEL TULES,

TN petaPoatindtnTa £xovpe To axdAovdo:

Afppa 3. Tia orowadijrrote a, d’, a”’ = A vrdpyer évag petacynpuariopds
(pra=d.q:d =d")p-q:a=d"
o0 omoiog ueavomotel ) oyéon refl, - refl, = refl,.

Amddeitn. Bewpolpe tnv owoyévelx (x : A) a = x, no 0pilovpE TOV PETACYNHATIONO
(x:A) t(x): a = x ptow TG avadpopng
t(d, refly) := p.

/

Télog, détovpe p - q := t(a”, q). Ztnv nepintwon mov a = a’ = @”/, éxovpe

refl, - refly = t(a, refly) = refl,. O

MmopoOpe emionNg Vo EXPPAGOVHE TO P - q XPNOLHOTOLOVTAG TOV avadpopéR TG
LloOTNTAG:

pqi=recy-g/(p q)

I Aéyoug opoLlopopPiag, SLATUTOVOLHE XL TO TETPLUHEVO ATjppo ToL dtevdetel
TNV avorAao TIedTnTaL:

ANppo 4. o omoiodijrote a : A vrdpyet éva
l:a=a

70 omoio avorroiel ™ oxéon 1 = refl,. O
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3.3 Ezmayoyn
H npocinun owoyeveldv tonwv otn Jewpio pég divel tn SuvatdTnTo Vo loyvpo-
TOUOOVHE TIG aPYEG VadPOUNG TOV StapOpwV TOTTWV. Oa Tapovpe WG Tapaderypo
ToLG PLoLKOVG apldpovg: H évvola evog avadpoptnod oplopod
t(0) c,
t(s(n) == fu(t(n),

6mov ¢: C nou (n:Nat, x: C) fu(x) : C, eivon 611 0 t propei va vohoyioTel oe Pripoton:

t(0) = ¢,
t(1) = fo(£(0)),
1(2) = f1(x(1)),

%o 00T® KOJEENG. TYNUATIHG, OL TUEG TOV t AApPAVOVTOL «XUVIYOVTAG» TO ¢ HOTA
HAX0G TOU SLory pAHOATOG
fo h f2

C—C—C— -

H S, 0pwg, dadacio vIroAoyLlopod epapproletol Kot 6To YeVinOTEPO dLiyporpjLo

fo fi f2

Cp = €1 =5 G = -,

omov, avti yux évav tOmo C, éyoupe pia owcoyévela tomwv (n:Nat) C,. Odnyodpaote
étoL otV apylj tr¢ eraywytc tob Nat: Aodévtwv

o piag owoyévelag tomwv (x : Nat) C(x),

« evOg o : C(0), xou

« evOg petaoynpatiopoo (x : Nat, y: C(x)) cs(x, y) : C(s(x)),
oL O)YEO0ELG

t(0)
t(s(n)) :

€0,

cs(n, t(n))

opilovy évav PeETOGYTHATIONO
(x : Nat) t(x) : C(x).

Me avéhoyo tpodTo yevinebovTal oL apxég avadpopng twv dAiwv tomwv. H apyn
g emaywyng yi tov BTree, mt.x., Stopoppdvetal wg e€nig: Aodévtwv

+ pog owoyévetog (x : BTree) C(x),
o €VOG Cyiy : C(triv), xou
+ €VOG HETACYNHATIOHOD

(x : BTree, y : BTree, z : C(x), w: C(¥)) Goin(X, ¥, 2, w) : C(join(x;, ),
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oL O)YE0ELG

£(triv) 1= CGrivs
t(join(r, s)) == cioin(7, s, 1(7), £(s))

opilovv évav petacynuatiopd (x : BTree) t(x) : C(x).
"Acunon 3.2. Awtundote TG apxég enaywyng tov List(A) xow Bool.

H apyn) tg emaywyng tod Nat ogeilel Tnv ovopacio TnG 6To OTL EPIEPLEXEL TNV
oweior pédodo amodet&ng WotnTwv Twv uowny pe enaywyn: Eav ¢(x) eivon pio
WBLoTNTA PLOIUGOV APLIPOVY, atd pio addeln ¢ TG P(0) xon pioe amddeén cs(x, )
g P(s(x)) amd v ¢(x) AapPdvouvpe, pécw TOO HETAOYNHOATIOHOD ¢ TTOL opileTal pe
emOywyn amd To ¢y raiL cs, pioe amddel€n t(x) To0 P(x) yro toxdvTa YuoKd apLdpd x.

H yevixevon tov avadpopéa yo TN apyn g enoywyng ovopdleton exaywyéag
no oVpPoAileton ind- yia TOLG PLGWOVG APLIROVG, £XEL TN HOPPT)

(z: C(0), (x:Nat, y : C(x)) w(x, y) : C(s(x)), n: Nat) indNat(z, w, n) : C(n).

Qg map&derypo epopproynNg TG XPYNG TNG ETAYWYNG, oG LITOVECOULE OTL JéAOLLE
va dei€ouvpe 0TL 1) TPdoTeoT PLOUOV APLIPOV elvar avTipeTodeTIN,

n+m=m+n,

He eTarywyn oTo n. Ag’ evog éxovpe va dei€ovpe 6TLO+ m = m+0, To omoio, dedopévou
otL m+ 0 = m, ypapetar tlcodOvopo

0+m=m. 4)

A’ etépov, éxovpe va deifovpe OTL e&v n+ m = m + n, ToTe s(n) + m = m + s(n), 10
omoio, dedopévov 6tL m + s(n) = s(m + n), ko AELOTOLHVTOG THV ENAYWYLKY LTOTEDT),
yphpeton looddvaypa

s(n) + m = s(n + m). (5)

Hopatnprjote 6tL ot oxéoelg (@) won (5) eivan o1 opilovoeg oyxéoelg g mpdcdeong
QAVTECTPOPPEVES: LTO PaiveTon xahbTepa edv decovpe m+' n := n+ m:

m+0 =m,
m+" s(n) = s(m +" n).
Avto ov poAig dwamotdoae eivar eldnr mepintworn tov eEng amoteAéopaToC.

Oesmpnpa 5 (povadieotnta tov definiendum). Ag Jewpriocovpe Tov avadpopusxd opiopd

t0) :=co,
t(s(n) := cs(n, t(n)),

omov ¢y : C nau (x :Nat, y: C) cs(x, y) : C, »a1 ag vrodéoovue 6T1 pag Eyer dodei évag
petaoynuariopds (x : Nat) u(x) : C pali pe ta eéric Sedopéva:

1. éva po: u(0) = o, xau

2. évav petacynpartious (x : Nat) ps(x) : u(s(x)) = cs(x, u(x)).
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Tote, vapyel Evag HETACYNUATIOUOS
(x : Nat) p(x) : u(x) = t(x).
Amddeitn. O opicovpe Tov p pe emaywyn. H pia pritpa 1o opiopot eivar mpopovig:
p(0) :=po:u(0) = co = +0). (6)
"Ocov agopd v &AL, ebv p(n) : u(n) = t(n), T0TE Taipvouvpe
ps(n)  u(s(n)) = cs(n, u(n))
no
3P (y: C) cs(n,y) (P(M)) * cs(n, u(n)) = cs(n, t(n)) = t(s(n))
07IOTE PTTOPODVHE VoL ETHAAEGTOVHE TN PETAPaTNOTNTA TNG LEOTNTOG KOl VO FEGOUVHE
p(s(n)) := ps(n) - ap . ¢) ¢,(n.y)(P(1) : u(s(n)) = £(s(n)). (7)
O p opiotnue pe emarywyn omd tig (6) xou (7). O
"Acxnon 3.3. Awxtunodote o anodeiére 16 avéhoyo Tov Jewprparog 5y Motec.

"Aoxnon 3.4. ZupmAnpooTte T artddeln g avtipetadeTindTnTAG TNG TPOoYECTC.
Svuynenpyéva, opioTe, e ETOYWOYT GTO M, HETAOYTHATIOHOUG

(m:Nat) po(m):0+ m=m

no
(n, m: Nat) ps(n, m) :s(n) + m = s(n + m)

HOL PETE eQappoOcTe To Jewpnpa 5]y va svpmepévete, yio omotodrmote m: Nat, tnv
OTapEn £VOG HETAOXNHATIOHOD

(n:Nat) p(n):n+m=m+n.

3.4 Aoxnoseig

"Acoxnon 3.5. Aei€te 6TLn TpOGYeoT) MOTOV Elvol TPOGETOLPLOTINY, TTEPLY PAPOVTAL,
yio omoradnmote j, k, [ : List(A), éva péhog tod thmov

G+k)+1l=j+(k+1).
[Yrodeitn: Kavte emaywyr oto 1]

"Acunon 3.6. Aodévtog evdg petaoynpatiopod (x: A) u(x) : B, dei€te 611, yio omolo-
dfmorte k, [ : List(A),

List(u)(k + I) = List(u)(k) + List(u)(I).
[Yrodeitn: Kavte emaywyr oto 1]

"Acunon 3.7 (PuowdtnTa TOL cat). Aodévtog evog petaoynpatiopod (x: A) u(x): B,
Sei€te 011, yi omorodrimote L : List(List(A)),

cat(List(List(u))(L)) = List(u)(cat(L)).

[Yrodertn: Kavte emaywyr oto L.]
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4 Aoywn

Yrépyel otevr oxéon avapeca ot dewpio OOV xow T Aoyud, Wiaitepa
Jewpla amodeiewv. Mio mTuyn TG oxéong auTrg, 1) omoia oxtoypapiinxe dn oto
TPOTYOVHEVO HEQAAOLLO, AUPOPA TNV EPUNVELR TWV TIPOTACEWV WG TOTTWV, YVOOTH oL
wg avtiotoyio Curry-Howard. Qotdc0, e8¢0 vtoxpimtetan éva onpavtnd Bodvtepo
YEYOVOG, TTOL €XEL VO XAVEL HE TNV aviyvwoT) TG dewplog TOTwv g dewplog vorpo-
TOG TWV VAALTIKOV TTpoTAcewv. To {NTnuae Tov TPocdloploHod TWV AVOALTIHGOY
npotdoewv éxel mAovola otopia xow ovvdéetar pe Sthpopa dAAo eEonpetind ev-
Sropépovta PLAOCOPE EPWTHHATA, T) TTPAYHATELGT) TV OTolwV EePedyel amd TOVG
OXOTOVG VTMV TWV GTHELOCEWY. O TPOoTATT|GOVHE HOVO VX OHLXYPOPTICOVLE TO
oxentd ot Paon Tob omoiov owodopeitar ) oxéon peTafd Aoyng xor dewpiog
TOTOV.

4.1 H évvola Tov texpunpiov ainderog

H amodewtinn diadiwacio éxel amoldtwg xevipwr] déon ota podnportied. Ko
dwaiwg, ool eival 0 TPOTTOG e TOV OTOLO ATTOUTOVHE YVOOT) TOV HOUHATIHDV
npotdoewy. Ilowx eival, OpwG, 1 oxéon avipeco TNV atddelEn KoL T yvaor;
>to [2]], o Martin-Lof meprypdget To orodetnviely pio TpdTacTt ¢ wg tnv TpdoKTno
1 xotaourevn 1) cOAANYN evog texpnpiov odndeiag tng ¢. Tote, To yvwpilew tnv ¢
VoelTal g To éxelv amodeifel tnv @, SnAadn wg 1 xatoxn evog texunpiov aifideog
™mg ¢.

Mio amodeln evdéxetal, eXTOG IO GUUTEPAGHOL, VAL £XEL KOl VTTOYECELS. XTNV
TEPITWOT QLTH, 1] YVOOT) 1) omoia xoptleton elvon xatd cuvdnun. "AAAwg eumrelv, pio
arddelkn pe vodéoelg mapéyxel oe xATTOLOV OV YVwpIleL TIg LITOTETELS Evay TPOTO
Vo YVwpioel To cupmépacpa. Aodévtog 0Tl To Yvwpilelv ouvioTaTol GTNV KATOXY
evog texpnpiov aindelag, odnyovpacte oty e€ng

Awarictoon. Mia anddeiln mapioTavel EVav UETAOYNUATIONG TV TEXUNpPioV aldeiag
®dmolwv TPoTdoewv (Twv vrodéocwv) oe Texunpie adeias xdmwowag npdéracng (Tov
OUUTEPAOUATOG).

Kat" autév tov tpomo, éxovpe dievxpivicelr tn oyxéon peta€d omddeléng uan
yvoong. Mével audpo va Tovpe Tota eival Tor Texpriplae aAfdelag Twv tpotioe-
WV. ZYETWA pE QUTO, TOPATNPHOTE OTL TO TL GLVIGTR TEXPNPLO aAfdelag kadeptdg
npoTooNg elvon oaupeg 0,TL xpetdletar vor YVwpllel Kovelg TPOXEWEVOL Vo elvort
oe Jéomn 1600 va datvndver amodeifelg, 600 o v watavoel Tig aodeifelg ov
Sratumdvouvy dAAoL wg Tétoteg. AvTr, OGS, eivat 1) Aertovpyia ToO VOrjHaTog:

Opropdg 6. Amoderntind 1j Jetixnd vonuoe (1), AmAOG, VONHO) HLOG TPOTACTG OVORATETOL
TO TL CUVIOTK TEXHNPLO aAfjdelng avThG.

To ouenTed avto TOL OPLoOD eival OTL oTO PO pATL, AAAX KoL o€ vGDe GANO
nedio oto omoio 1 aodewtiny Sradwacio éxel xevtpd poAo, oL TPOTAGELS «HOVL-
BaroOv» 10 JeTd TOLG VONUX, HODOG aVTO ivat TTOL TTPocdLopilel TOVG TPOTOULG HE
TOLG 0TT0LOVG GUUHETEXOVLY G€ aTodeikels.

4.2 IIpotaciaxn Aoywn

"Oc0ov apopl ToV TPOGSLOPLOHS TOV VOTHATOG TV SLLPOPpWV TTPOTACE®V, TAPOL-
TnpnoTe 0Tt évag oplopdg eivan pio TpGEN amddoong vorfpatog oe éva cOpPolro, Evay

16



6po 1 pic omoladrjote GAAT, evdexopévwg ovvIeTn, YAwoowr) éxppact). Avtd or)-
Hoivel, avtioTpo@a, OTL 1) GXECT) AVAHESH O POl YAWOGIUY EXPPOCT] KoL GTO VONIK
NG propel va elva avtixeipevo oplopol, kL avtd oxveL Wiaitepo yio npotc’xcst
AT TNV GAAN pEPLY, 0 TPOGSLOPLEPOS TOD VOTIHATOG TWV TPOTACEWV HLOG TPOUTTap-
xovoog YAwooag de pmopei va eivar avdaipetog, adAd do mpémel v otnpiletal o
pio vonpati avélvon avtig tng YAwooog. IIpoxeyévou yia tn xprnon twv Aoyt-
OV OTOTEPDOV GTA HATAOUEVACTIUA HATNHATIHG, ) OXETIKY avaAvoT) cuvoyileTo
otv epunveie Brouwer-Heyting-Kolmogorov (BHK), 1 omolia, yio Toug cuvdEGHOUG,

éxeL g e&ng:

« 'Eva texpripro afdetog g ¢ & i amoteleiton otd éva texprplo alfdelog g
¢ nou éva texprplo aifdelog g .

« Texpnpla oaAndelag g @ v ¢ eivon o Texprploe ahndelag g ¢ xodog no
exeiva tng .

o Texprpro aifidelag g ¢ > ¥ eivon €vag PETACXNHATIOHOG TOV TEXpNPiwV
oAndeog g ¢ oe Texprpla akndelag g .

o H 1 dev éxerL teupnpra adfjderog.
« HT éxel éva tenprnpro adndetog.

Téhog, 1 Gpvnor ¢ pog TPOTAoTG ¢ opileTan WG N TPOTAGT ¢ O L.

H BHK &ievxpvilel tov tpdmo e ToV 0moio oL AoyréG oTadepég Y Pr)OLHOTOLO-
VVTOL 0T KATAUOREVOO TG podnpated. To wdvel, e, avtd, TepLypdpovtog To vonpa
rnodepLdg ovVIETNG TPOTACTG CUVOPTHOEL TWV VONHATOV TV ATAOVDCTEP®VY TPO-
Thoewv and TG omoieg éxel ovvtedel. MaAlota, nodepid ad Tig pritpeg g BHK
elvan éva emaywywd oxfipa. Zvvereio ouToU, PITOPOVHE VO TTOVHE OTL TO VOT|HOL KO-
JepLdg mpodTOong elvat 0 TOTTOG TV TExpNpinv aAfdelag avtig. Avtd pog emTpénel
VOU X PT|OLHOTTOLOVHE TUTTOTEWPTTIXT] 0POAOYiQ KO TUTTOVEWPTTIKO GUHPOALGHO Oty
HIAGpE YL TPOTAOELG HETOED GAAWV, YPAPOUHE X : ¢ yiot vor SNADGOUUE OTL TO X
elvon Texpnplo adndelog g @. Oo eEeTAGOUVHE TOUG GLUVOEGHOVS HATA GELPAV.

3 0CevEn

Ytnv BHK, oi rataorevaotéc towv (texpnpiov adjdeiag tov) diopdpwv mpo-
Thoewv éxovv amociwnndel. Qotdoo, TPOg XApLv THS TLTOTEWPNTINNG TPAYRUATED-
ong, xpewleton va Touvg eppavicovpe. Etot, opilovpe tnv oOlevEn ¢ & @2 do
TPOTACEWV 1 HOlL P2 PEGW TOD HATOOHELAGTH (TEUUN PlV aADELRG)

« E&v a; : ¢1 xan ap : ¢, tOTE pair(ay, az) : 1 & o,
1, VIO HOPPNV HAVOVOL CYNHATIGHOD,

ar:dr ax:ig
pair(ar, az): 1 & do

10 épog mpdracy avticToryel, oTa cryyAued, 6Tovg S0 HPOLG Sentence uan proposition, o TPHTOG eX TWV
OTOLWV AVAPEPETAL OTNV TPOTACT] WG YAWOTXT) EXPPACT), EVGD 0 SEVTEPOG GTO VONHA 1) TN OTHAGIO HLOG
TETOLOG YAWOO WG éxgpaocTg: L.oodvvapa, pia tpdtaon-proposition eival éva mpotaciond vonpa, kot pia
npéTacn-sentence eivat pice Yhwooud éxgpact evog téTolov vorjpartog. ‘Otav pddype yioe To vonpa 1y Tov
oplopd pag Tpdtacng evvooipe, Eenddapa, v Tpdtaot wg YAwoown éxppaot).
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IMopodeimovtag To Texprplor AAIELAG TTOLPVOUHE TOV HAVOVOL OTTOYWYTG

$1 ¢
P1 & P2

7OV enPPalel TO GTOLYXELDODEG Aoyl yeyovog OTL amd S0 mpoTdoelg PItopolpe va
oupmepavoupe Tr o0levEn Tovg. O xavoVaGg AVTOG OVOPALETAL #AVOVOS ELCAYWYTS
(introduction rule) g 60levEng, S1OTL mepLYplPeL TOV (KOVOVIKO) TPOTTO e TOV OTTOL0
pioe o0CevEn eppavifetol wg CUUTTEPACHA PG ATTOSELENG.

"Onwg 1dde thmog, 1 o0levEn wavomotel pioe apyr) avadpoprc, 1 ool Aéel o1,
d00évTog evog PETAOXNUATIOHOD (X1 : @1, X2 & P2) Cpair(1, X2) : 0, ) O)YéOM)

&1

t(pair(ay, az)) := cpair(al, az)

opilel évav petaoynuatiopd (x: ¢y & ¢o) t(x) : 6. H apyr) avtr cvvoyiletar oe évay
avodpopéa

(1 = 1, x0 1 ¢p2) z(x1, x2) 1 0, x = 1 & ¢p2) rec¢1&¢2(z, x): 0
1, VIO HOPPTV HAVOVAL CYTNILALTIGHOD,

(x1: 1, x2: )

z(x1,x2): 0 x: & o
recg, &¢,(2, %) : 0

optlopevo amtd tn oxéon
rec¢1&¢z(z, pair(ay, az)) := z(ay, az).

E&v amd tov xavove oxnpatiopod tod recy g4, mopoeiyovpe To Texprpio o-
ANOEL0G TALPVOLE TOV XOVOVOL OTTOYWYTIG

(¢1,_¢2)

0 &
—jl % ge

5

0 omoiog exppalelL Tov TpoHTO pe TOV omoio pia oV evEn popei va xpropomondel wg
vrddeon, wo yU autd Aéyetal xavévag anarowpric TG oOlevEng.

AvdlevEn
"Opotat, 1) S1&leven £xel Tov eTayOYWd 0pLopod
ai: ¢ az : o
iny(a1): ¢1 v ing(az): 1 v gz

Ki €8 pmopovpe v mapaieipovpe Tor TEXppLo aAdelog xo vou TAPOULHE TOVG
HOVOVES eloaywYNG TG dLdlevEng

$1 ¢2 y
1V P2 1V o

1,
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oL ormtoiot exppalovv To yeyovog OTL piopolpe voo cLpTTEPAVOUpE i dtdlevén amd
enatepn Towv SolevuTéwv.
H apyn g avadpopng yio tn Staleven éxel wg e€ng: Aodévtwv dvo petaoynpo-
TIOPOV (X1 : P1) Ciny (x1) 2 0 not (x2 1 P2) cin, (x2) : B, 0L oXéCELG
t(iny(a1)) := cin, (a1),
t(inz(az)) <= ciny(az)

opilouv évav HETAOXNUATIGHO (x 1 ¢ v ¢2) H(x) : 0. O avadpopéag trig dialevEng éxet
TOV XOVOVOL CYNHATIOHOD

(x1:¢1)  (x2:¢2)

200): 0 20 x:divé

rec¢1v¢2(zl, Z3,%x): 0

no opileton amod TG OYECELS

rec¢1v¢2 (Zl’ 22’ inl(al)) ‘= Zl(al)a

recy, v, (21, 22,in2(az)) := z2(az).

Awrypapovtag o Texpriploe ahdelog amd Tov xavova SYXNHATICHOD TOD recy, g,
moipvoupe tov xavova araowprig T didlevEng

(¢1) (%)

6 0 v

vE
0

0 omoiog meptypdupel Tnv amddelfn pe SLbupLon TEPLTTOCEWV.

Svvemaywyn

H mepintwon g cvvenaywyng topovotdlet Alyo peyahdtepo eviiapépov. Edw,
0 OpPLOPOG EXEL TN HOPOT

« Edv o (x: @) b(x) : ¢ eivou petacynpatiopds towv texpnpiov oAndeog g ¢
ot Teupplo adfderog tng ¥, tote To A(x : P) b(x) eivon Teupnpro alndelog tng
$=>9.

H Soutepotnta tng (Rovadiig) pritpag avtod 1o oplopod elval 0T, oe avtideon
He OAOVG TOVG EMAYWYIHOVG OPLOHOVG TV AAA®Y GULVIECHWY, ELGAYEL EVOV KOTO-
oxevaoTh, TNV A-apaipeon, o omoiog déxeTot éva OpLopa Tov dev eivor pEAOG HAITOLOL
TOov, opd eivar To iSLo peTacNUATIONOG. AUTO AVTOVOHAGTOL KOL GTOV AVTIGTOL-
X0 HOVOVA CYNUATIGHOD, O 0TTOL0G EXEL TN HOPYPT|

(x: )

b(x): ¢
A(x:¢)b(x): ¢=y
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To teupn ploc adrjdelag Tev cuveraywyov ovopdlovtal cuvaptioels. Qo taiplole,
eMOpEVWC, vau ypupaype function (x : ¢) b(x) awvti yior A(x : @) b(x), proe ko owtd 7OV
dnAodveton ed elval pia cuvaptnon pe dpopa x ko cope b(x). Qotodco, To cOpPoro
A elvan nadepwpévo otn Aoywen xou T Jewpio TOTOVY, Ko Oe Yo emiyepricovpe va
TO aAAGEOL E.

Iopateimovtag To Texpnplo aAfdelag TAPVOLHE TOV KOVOVO ELCAYWYNG THG

OLVETOLYWYNG
(¢)

4
¢y

0 070i0G, 68 GAAEG SLATLTTOCELG TAG AOYIUTG, VAL YVOOTOG WG FeDdPTHO Aoy YNG.

H apxr) thg oavadpopng yia tn cuvemoywyr) artotelel Alyo peyadOtepn tpoduAnon,
yU avt6 T Sratvvoupe avodvtnd: ‘Eotw 6 tuxodoa tpdTact, xo og vtodécouvpe
ot pag éxer dovei évag petaoynpotiopds ((x: @) y(x): ) c)(y) : 6 o omoiog déxeton
WG OpLopa Evay PETATYNHATIOHO Texpnpiov aAndelag g ¢ oe texprplo aifideog
™G ¥ xou emoTpéPel éva Texprnplo aindetog tng 6. Me avtd ta dedopéva, 1 oxéon

HA(x : §) b(x)) = cy(b)

opilel évav petacynuatiopd (x: @ > ¢) t(x): 6.
'Qg ovvAdwg, o avadpopéag TG cuveraywyng Aapfdveton eppoavilovtag wg
OPLOHOL TNV TTAPAHETPO C), OTTOTE £XEL TOV KAVOVA CYNUATIGHOD

(5r%)
Yy

2):0  fipoy
rec¢3¢(z,f) : 0

=y A

5

noL opileton outd ) oyéon
recgsy(z, A(x : ¢) b(x)) := z(b).

Kou ahL, Sraypdpovrtag ta texpnpro ainderog AoapPpdvovpe Tov xovova oarodoteng

TNG CLVETAYWYNG
;)
(5

E&v ovpPoricovpe X + 6 to yeyovog ot i) 6 émeton (sivar Aoywur) cuvémeila) twv
TPOTACEWV KO XAVOVWV TTOL AVAXOLY 6TO 60UVOAO X, 0 (o) AéeL dtLeav X u{—} I 0,

tote Zu{¢po ¢y} 0.

Yevdig

To Yevdég, un éxovrag Texpnpia aAnIelac, £XeL TOV TETPLUPEVO, 1) KEVO, ETTAYWYLKO
OPLOO TTOL Sev TTePLEXEL KOO PTITPAL: AT GUVETTELOL OEV EXEL KL HAVOVEG ELGAYWYTIG.
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Eg’ 6cov dev éyel tenpnpra ardeiag, n avtictoryn apxr avadpopic Aéel amhmg 6Tt
yioe xéde mpdtaon 0 opileton Evag peTaoyNUATIOROG Texpnpiov aindelog g L ot
Texprploe oAndetag tng 0, wov eivon ko o avadpopéog

(x:L)rec,(x): 0
oV Yevdoig: VIO HOPPTV KAVOVOL CXNHATLGHOD,
x:L
rec (x):0

Aoty paOoOvVTOg T TEUHT PLO XAT|IELXG TTALPVOUE TOV HOVOVOL aTtaloLprig ToV Pevdoig

L,
0
OV ivat YvoTog xou wg ex falso (sequitur) quodlibet.

AAndég
To aAndég éxeL Tov oplopd
. ! :T,

1 povadinn priTpa ToL omoiov yphgeton emtiong

1T

1oL Vel TOV #ovOVaL ELCAYWOYNG
- T1
T

7OV Aéel, aTA®G, 0TL 1) T aAndedeL.

IIpoxeévou var OploOVHE VAV HETOOYMHOATIONO TV Texpnpiov aifideiag Tov
aAndovg dev éxovpe apd va TOOHE TOG AVTOG dpa 6TO povadind Texprplo aifdetog
11T autd anplpadg exppaletot amd v apxn avadpoung tob aindovg: Aodévtog
evog ¢ : 0, n oxéon

t()) := ¢

opilet évav petaoynuoatiopd (x:T) t(x) : 6. "Etol xar o avadpopéag To0 aAndoig
(x:60,y:T)recr(x,y):0
opileton amd ™ oxéon
rect(x,!) := x.
O recT €xeL TOV VOV GYTHATIOHOD
x:0 y:T

E]

rect(x,y): 0

aTTO TOV 0700 AUPALPAOVTOG TA TEXUTPLA AAIELOG TTAULPVOURE TOV HAVOVAL ATTOAOLPTIG
o0 aAndoig
0 T
0

TE.
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4.2.1 EwWdwol xavoveg amalorpng

Eav évag oVvdeopog éxel auplPodg évav wavova eloaywyng, o povadundg awtdg
novovag elcaywyng popei eriong va Stafactel amd udtw mpog ta enavw. Ta wpo-
iovVTa VTG TG AVTIETPOPG AéyovTat eidixoi (special) sxavoves amadowpric (nou, eviote,
ylot avTIOLGTOAT), oL @AAoL xavoveg amahotprig ovopdlovton yevixoi). Ilpoxeyévou
yta T o0lev€n, avtol eivat ot

d1 & ¢ $1 & ¢ &S

$1 2
T T cuvemaywyn €XOULE TOV XOVOVXL
29 4 ¢
4

YVwoTo o wg modus ponens. TéAog, yia to aAndég éxovpe pndév to TAndog eldinotg
HOVOVEG QTTOAOLPTIG.

T xodévoy amd Toug TPeLg Tapotdve oLVIEGHOUG, oL EL3OL KAVOVES Tt OLPTIG
eivon Lloodvvagiol pe Tov (yevind) navova astorotpnc. T va to dei€ovpe avtod yiow T
oVLevEn), JewPOVIE TOVG HETATYHATIGHOVG

x:d & o x:91 & P
pri(x) : ¢ pry(x) : ¢o

oL oroiot 0pifovTan PEGK TWV AVASPOPOV

pri(pair(ai, az2)) := a,

pry(pair(ai, az)) := as.

'Onwg now #éde GANOG peTacXNRaTIopdg mov opiletor pe avadpopr, oL pr; xo pry
HITOpODV Vo exppacTobV pe Tn Porideta Tov recy, g4, AVILOTPOPWG, O recy, &4, OPICe-
TOL QTG TOUG Pry 0L pry HEG® THG GXECTG

recg, &g, (2, x) = z(pry(x), pry(x)).

‘Acxnon 4.1. Erodndetote 0TL 0 £T0L 0pLOPEVOG recy, g ¢, WHAVOTIOLEL TIG Opilovoeg
oxéoelg Tov avadpopéa g oVLEVENG.

Tt VoL TOXTOTIOLGOUHE T CUVETTYWYT], JEWPOVUE TOV HETOLOYTHOTLOHO
fi¢oy x:4
applyf(x): ¢
0 omoiog opileton pécw NG Avadpopng
apply i (x : ¢) b(x)(@) 1= b(a).
O recy,y opiletou amd Tov apply péow Trig oxéomg
recgoy (2. f) 1= 2((x : §) apply¢(x)).

‘Acxnon 4.2. EnaAndedote 6T 0 €101 OPLOpEVOG recy,y wavorolel Ty opilovoa

oxéon 100 avadpopéa THG CLVETAYWYNGC.
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T v mepintwon tov aindoic, apuel vo mTapatnprcovpe OTL o rect opileto
noL xwplg oavodpop:
rect(x,y) := x.

Avtd avtavaxrd& To YeYovog OTL 0 xavovag omalolprig Tov aAndoig eival mepLtTog.

"Aoxnon 4.3. Enadndedote 6110 ét01 0pLopévog rect weavomotel tnv opilovoa oyéon
00 avadpopéa To0 aindoic.

Avvaper o0 mapambve deopipatoc, eivar xadlepopévo oTn uo aTaywy
VO XPT|GLHOTTOLODVTOL OL £1dol xarvOveg atalotprig 6mov eivan Stadéoyot.

4.2.2 Topoadeiypoarto
Qg mpdrTo maphderypa, ag dodpe mTOG otd TS ¢ > Y now ¥ o O pmopodpe va
OGUPTTEPAVOLE TNV ¢ D 6:
p=2y (9
| |4
0
$=0

>S

=X
=y A

"Onwg cuvndileton ota padnpatwd, ypdlape thv artddelén xwpic va avagépoupe
TOL TEUP PL AN TELAG TWV EPTTAEROPEVOV TTPOTATEWV. QOTOCO, AVATPEXOVTOG GTOVG
HOVOVEG OXTHATIGHOD O TOUG OTTOLOVG TTPOEPXOVTAL OL SLAPOPOL AoyLKol xavOVeC,
propovpe amod pior armddelfn vo eXHOIEDGOVE TOV HETACXNHATIOHO TOV OToil0 TTo-
ptotavel. IIpoxeyévov yiox tnv amodelén Tov Tapadelypatog, o HETACYNHATIOHOG
oLTOG elval o

(f:9=9.8:9=20)g-f
omov
geof 1= Alx: ¢)applyg(applys(x))
elvou 1 ovdeon cuvaptricewy. Ydpyouv eniong TAVTOTIHEG CUVPTIGELS:
G
idy :=A(x:P)x: 29 .

4.3 Koatnyopnpatixi Aoywn
I tovg mocodeinteg, oL oxeTwég prjTpeg g BHK eivon ot e€njg:

« 'Eva tenpipro alideag g 3(x : A) ¢(x) asmotedeiton amd éva pélog a tov
TOmov A xou éva Texpnpro andelog tng tpdtacng ¢(a).

o Texpripro alfiderog g V(x : A) ¢(x) eivon évog pHeTATXNHATIOPOG TTOV OUITELKO-
viler xadéva pélog a tov thmov A oe éva texprpla aAndelag g tpdTaong

$(a).
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Yroprtindg mocodeintng

Eotw (x: A) #(x) owmoyévewx mpotdoewv. H mpdtaocn I(x : A) ¢(x) éxeL tov
HUTOGHEVAICTT]

« E&v a: Ao b: @(a), tote pair(a, b) : 3(x : A) ¢(x).

Xpnoomolovpe To 510 GVORX YLl TOV XUTACKEVAGTH TOV LITAPUTIHOD TOCOdEiINTT)
HE QLTO TTOL XPTCLUOTIOLCUHE YL TOV XATAGHELAOTH THG oVLeVENG. AuTO eivor
eoueppévo: Amd tumodewpnTinr] dutoyn, 1 vaprtinn TocddelEn dev elvon Topd pice
eEaptadpevn (dependent) ovlevtn.

Qg xovdvog CYXNUATIGHOD, 1] PHTPA TOV TOPATAV® OPLGHOD YPAPeTOL

a:A  b:¢(a)
pair(a, b) : 3(x : A) ¢(x)

[Mopadeimovtag o Texpriploe cAndelag amd Tov Topamive KovOvo TALPVOLHE TOV
HOVOVAL ELGAYWYTG TOV LITOPUTHOD TOCOdEiNTN

a:A g o
3(x: A) d(x)

0 omoiog pog Aéel 0Tl dodeiong TG P(a) yia #&ITolo a PITOPOVIE VO GUPTTEPAVOULLE

v 3(x: A) (x).
H apxn g avadpoprng tobd vraputivod mocodeintn Aéel 0TL, dodévtog evog

HeTaoXNHATIOHOD (x : A, y : $(X)) Cpair(x, ) : 0, 1 oxéom
t(pair(a, b)) := Cpair (@, b)

opilel évav petaoynpoatiopd (w:(x: A) ¢(x)) t(w): 6. H apxr) avtr) cuvoyiletal o€
évay avadpopén

((x: A, y:¢(x)) 2(x, ) : 0, w) recy(y : 4) g(x) (2 W) : 0
1, VIO HOPPTV HAVOVAL CYNUATIGHOD,
(x: A y: 9(x))

269):0  wia(x:A) d(x)

recs(x : A) g(x)(2 W) : 0

5

optlopevo amd tn oxéon
recs(x : A) 4(x)(%: pair(a, b)) := z(a, b).

E&v and tov xavove sYMPaTIGHOD TOU rec(y : ) ¢(x) Topakeijovpe Ta Texprploc
aAfdelag Taipvoupe Tov xavova aalolprig TOO LITAPHTIHOD TOCOdEiNTN

(x: 4, ¢(x))

0 3(x: A) ()
0

€.
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KodoAndg tocodeintng

Eotw (x : A) ¢(x) owmoyéveia mpotdoewv. H mpdtaocn V(x : A) ¢(x) éxer tov
HOTOGHEVAICTT]

« E&v o (x: A) b(x) : ¢(x) eivon petaoynpatiopdg, tote 1o A(x : A) b(x) eivon
Teupnplo aAndelog tng V(x : A) ¢(x).

Kot otnv mepintwon tov xadoAnod moocodeintn cupPoAilovpe TOV KOTAOHEVAOTH
OmwG Tov xatacxevaoTh TG ovvenaywyng: H xadoAiwur mooddeln eivar n efap-
topevn (dependent) exdoyn g ocuvenaywyng. O A éxel Tov xavova oXNHATIGHOD

(x:A)

b(x) : p(x)
A A) b(x) v (x: A) plx)

o TOV 070l TALPVOULE, TAPAAELTOVTAG T HEAT], TOV KOVOVX ELGAYWYNG TOD KO-

Yoot mocodeintn:
(x:A)

) g
V(x:A) (x)
Amo hoywr} &moym, awtdg o navovag Aéet 6tL atd pia amddelén tng d(x) yioe Tuxdv
x : A pmopolpe Vo GUPTEP&VOLHE TNV Y (x : A) P(x).
H apyn g avadpopng yia tov xadoAnd mocodeintn eivan eniong yevikevon g
avtioTolyng apyxng yio tnv cvvemaywyn: Eav n 6 eivail tuyodoa mpodTaon, wot pog
éxer dodel évag petaoynpuatiopog ((x : A) y(x) : ¢(x)) ci(y) : 0, tote n oxéon

tH(A(x 2 A) b(x)) := cr(b)

opilel évav petaoynuatiopd (f:V(x: A) ¢(x)) t(f): 6.
'Qg ovvidwg, o avadpopéag Tod xadoAod mocodeintn AapPdveton eppavilo-
VTOG WG OPLOHA TNV TXPAUETPO €}, OTOTE £XEL TOV HAVOVY CYTUATIOHOD

(o)
y(x) : $(x)

200 Fv(x:A)gx)
reCy (x : A) g(x)(2:f) : 0 ’

no opileton pe avadpopn amd tn oxéon
reCy (x : A) §(x) (2 A(x : A) b(x)) := 2(b).

Ko ahL, Sraypdpovrtag ta texpnpio ainidetog AoapPpdvovpe Tov xavova amodoteng
o0 xoJoAol mocodeintn
()
P(x)

é V(x: A) (x)
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Kavoveg etoaywyrig

Kavoveg amaroiprg

(Ewdueot)

(¢1,.¢2)

b b 0 pad &  h&d
& & ¢y 0 o) )
@) @)
b b 0 0 fv
d1V o h1V P2 0
(7)
) v
v 0 poy 6oy ¢
6oy 0 "
1
0
0 T
T 0 o)
(v 4,9(x)
@A da) o 3(x s A) B(x)
3(x: A) $lx) 0
(%)
(x: A) 5(x)
$(x) 6 Vix:A) ¢(x) | V(x:A)$(x) a:A
v(x: A) $(x) 0 )
b:A ¢a) a=0D
a=a #(b)

IMivorag 1: Kavoveg puowrg amaywyng.
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O »adolwdg mooodeintng éxel emiong évay eldnd xovdva amalolprg,
V(x:A) o(x a:A
(x: A) $(x) vs
$(a)

0 0TL0L0G, OTLWG KO GTNV TEPUTTWOT) TNG CUVETXYWYTG, AAHUPAVETOL CTTO TOV KOVOVKL
GXNHATIOHOD

>

fiv(x:A) P(x) a:A
apply(a) : §(a)

TOV petaoynpatiopot apply mov opiletal amd Tnv avadpopr

apply ) (x: A) b(x)(@) := bla).

Ko i, ot 800 uavoveg amarotpnig eivar toodvvapol cuvereia Tod evaAlonTinod
OpPLoHOD
reCy(x: A) g(x)(%f) 1= z((x : A) applyf(x))

00 avadpopéa To0 xodoAot mocodeintn.

IootnTa

EAéyyxeton naté mOoOV 1) lodTnTO Elvor Aoywer} évvota. QoTdoo0, éxel apuetd Ao-
ywd yopartnplotind ©ote va Sixatoloyeital 1) 9€on tng 6To ke@dAoto Tng Aoyiric.
Mo ko yio tnv 1looTnTo EXOUpE ATGEL IOT) GTO PO YOOHEVO HEPAALO, HTTOPOVHE
va tephoovpe an’ evdeing oto da tadTa.

H wo6tnta mpog a éxeL Tov xavova eL.oaywyng

HOUL TOV HAVOVOL ATTAAOLPTIG
b:A ¢(a) a=0b
$(b)

omov n (x : A) ¢(x) elvon oLxoyEveld TPOTATEWV.
"O)oL oL xavdveg puong aaywyng Ppiockovton cuyrevipwpévol oTov Tcivomoc

5 Otwpia TOTO®V

H xathepopévn moréta tonwv g MLTT mepihapfavel, extdg amd tnv 1ooTnTa,
Sipopovg memepaopévovg tomovg (0, 1, ¥AT.), ywopevo A x B wou adpoicpato
A + B tonwv, Tomovg cuvaptricewv A — B, adpoicpata Y, (x : A) B(x) wou yvopevo
T1(x : A) B(x) owoyeveudv, tomovg W, Tov TOTO TV QUOKOV aptdpodv, xat, xatd
TEPITTOOT), AAAOVG YELWHEVOUG TOTTOVG (TOTTOVG ALOTOV HATL.).

5.1 Iootnta

TNo v wotta éxovpe pAfoel Ndn oe mponyolpeva xepdhoua. Topa Ja o-
ploovpe T&AL TNV LGOTNTA, AUTH TH POPA WG OLKOYEVELX (G TTPOG AUPOTEPO TX OHEAT).
AvTOG 0 «GUHHPETPIKOC» OPLOHOG THG LOOTNTAS, HOAOVOTL elval LGOdVVOOG HE TOV
GANOV, £XeL TTEPLEGOTEPO TUITOVEWPTTILD VOTHA.
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Tomog IIpoTao

Mélog | Teupnpro adndeiog

Ul<|&|-|F

(M ] ] x

=

Nat

IMivaxog 2: Avtiotoyio peTaED TUTOTEWPTTIHOV KAl AOYIHDV EVVOLOV.

‘Eotw A tonog. H 1odrnta tod A eivon 1 owcoyévela
(r.y:A)x=ay
IOV €)YEL TOV XATAOHEVOCTH)
(x:A)refly:x =4 x,
0 omoiog, amtd Aoy dmoym, Aéel OTL 1) LO0OTNTA eiva oxéon avauhaoTinr. Yo
HOPPT|V xavOVaL GXTHATIoROD, o refl ypdpeton
(x:A)
refly : x =4 x.
H apyn g avadpopng yia tnv iodtnta éxel og e€ng: Aodévtwv
o piag owoyévelag (x, y: A) C(x, y), xou
o £vOG peTacXNHATIoHOD (x @ A) crefi(x) : C(x, x),

n oxéon
t(a, a,refly) = cefi(a)

opilet évav petaoxnuatiopo (x, y: A, p:x =4 y) t(x, y, p): C(x, y). O wg &vw oplopodg
YpapeTot, eVOANUTINA,
(a,b,p) := recq_y(cren. ).

0ELOTTOLOVTAG TOV GXETIHO AVOOPOLLEQ
((x:A) y(x): C(x,x),a,b: A,p:a=4 b) recaC:b(y,p) :C(a, b).
O avadpopéag avtdg €xel TOV »otvOVaL GYXTUATIOHOD

(x:A)
y(x):Clx,x) ab:A pia=pb

recaczb(y, p):C(a, b) ,
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0 071010G, AVAYVOOREVOG AOYd, AéeL OTL 1) LOOTNTA €lVOL 1) HIKPOTEPT] AVOHAXGTINT)
oxéon, xow opileton péow TG avadpopnig
recg:a(y, refly) := y(a).

Ozopnpoa 7 (Indiscernibility of identicals). Edv (x : A) B(x) oxoyéveix nau p:a =4 b,
TOTE VIAPYEL CUVEPTHON
pe: B(a) — B(b).

Amodeitn. H p. o opiotel pe avadpopry 6to p. Oewpolpe TNV oKoyévelo TOTWV

(x,y:A) Cx, y) pe
C(x,y) := B(x) — B(y),

nou Yétovpe

(reflg)« 1= A(x: B(a)) x. O

H o6tnta cuvodetetal eniong amd pia apyn emaywyng, n omoia Aéel 6tL, do-
Fvtov

o pag owoyévelag (x, y: A, p:x =4 y) C(x, y, p), now
o £VOG peTAOXNHATIGHOD (x @ A) crefi(x) : C(x, x, refly),

n oxéon
t(xa X, reﬂx) ‘= crefl(x)

opilel évav petaoynpatiopd (x,y: A, p:x =4 y) t(x, y,p) : C(x, y, p). Exovpe évav
emoywyéa

((x: A) y(x): C(x, x,refly),a,b: A,p:a=4 b) indac:b(y,p) :C(a, b, p),
0 070l0gG £XEL TOV XAVOVA CYNHATIGHOD

(x:A)
y(x): C(x, x,refly)  a,b:A  pia=4b

indgzb(y, p):C(a, b) ,

row opilovoa oyéon
indaC:a(y, reflg) := y(a).

5.2 ToOmot cuvapTNoE®V

Aodévtwv Yo Tomwv A xou B, 0 TOt0g A — B TV cvvaptjocwv pe medio opLopon
A nou edio TIH®V B €YEL TOV XATAGHEVAOTH

((x:A) b(x): B) A(b): A — B,

1, WG XOVOVAG GYXNHATIOHOD,
(x:A)
b(x):B
A(b):A— B.

H apym) emoyoyng tov A — B eivan évag Tpomog 0plopol HETACYNHATIOHOV oTd TOV
A — B mpog owoyéveteg g popyrg (f : A — B) C(f): Aodévtog evOg PeTAOXNHATL-
opov

((x: A) b(x) : B) ¢3(b) : C(A(D))
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N oxéon
t(A(D)) := ci(b)

opilet évav petaoynpatiopd (f : A — B) t(f) : C(f). O opiopdg avtdg pmopel va
exppaotel ko pe tn Porjdela Tov emaywyéo tob A — B:

f) :=indi_p(cr.f)-
o indg_,B €XEL TN pHopYT
(((x: 4) y(x): B 2(y) : CQAY)).f = A — B)ind§_ (. f) : C(F),
1, VIO HOPPTV HAVOVAL CYTNILALTIGHOD,
x:A
< y(x): B )
2(y):CAy) f:A—B
ind§{_p(z.f): C(f)
no opileton amd Ty avadpopn
indS_, 5(z, A(b)) : = z(b).

o recf:;_>B elvou 1 elduer) mepinTwon tov indg_,B natd TNV omoia 1 owoyévela C eivan
otadepn.

H epappoyrj apply ¢(x) Tg ouvaptnong f oto dpiopa x opileton amd v avadpopr

apply () (x) := b(x).

3TO TTPONYOUHEVO HEQAANLO ElYOHE TOPATNPTOEL OTL O rec4,p Jou PIopovoe va
oplotel péow ToL apply. Zvyrexpipéva, o HETAOYNUATIOHOG

reca—p(z, f) = z(applyy)
wovoroLel Tnv opilovoa 6xéot OO rec4—, g,
recs—p(z,A(b) = z(apply,(p))
= z(b),

HOL ETOPEVOG, pE var emttyeipnpa avéloyo pe autd Tob Jewpriparog 5] propoivpe va
GUUTTEPAVOLE OTL
recao—p(z, f) = z(apply)

Yo ortowadrjitote z uon f. H amdmelpa eméntaong Tov yeyovotog arvtod 6Tov ind4—, B
TPOCUPOVEL GTO OTL VITOPYEL ACVPPOVIO TOTWV:

z(applys) : C(A(applyy)),
inda—p(z, f) : C(f).

O tpdmog va cuoyeticovpe avtd Ta dvo otiypdtuna g C pbg mapéxetal amnd To
ETOUEVO ATJUpCL.

Anppa 8. L omowadijmote f : A — B vmapyer éva

na—s(f) : Aapplyy) = f.
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AnédeiEn. Me emaywyn oty f+ edv 1 f eivon g poperig A(b), tote
Aapply p)) = A(b)

(ard Tov oplopd o0 apply), omdte propovpe vo décovpe

nA—B(A(b)) : = refly). 0
Svvoyilovtag, éxovpe To e€ng:
applyp = b
Aapplys) = f.

Todpo prropodpe va odoxAnpodcovpe TNy amonepa: Ao to Fewpnpaf7] o na—p(f)
emayel plo cuvapTnon

(na—B(f))= : C(A(apply)) — C(f),

07t0Te OpileTal O HETAOXNHATIOUOG

inda—p5(z,f) := apply(,, (). (2(applyy)).
Eivou edxolo va eleyydel 611 0 inds_, g eavomolei Tnv opifovoa oxéon ol ind4_, p:
ind4_, p(z, A(D)) = z(b).
Hopopa 9. Oind4—, g opilerau oo Tovg apply xai na—,p. O

EE outiag awto, eivar cuvndiopévo o indg—,p val AITOCLOTATAL TTPOG XAPLV TRV
apply xaw ng—,p. Avtd do ypnoylonolodpe ut gpeic oto e€ng paAlota, Ja viode-
toovpe tov xadepwpévo ot padnpatind cupPoAlopd xor doo Yp&Povpe, HATWG
ooy pnotixd, amhog f(x) oty Héon o0 apply (x).

"Exovtag eyradidpioel avtdv ToV GURBOALGHO, O HETACYTHOTLOPOG applyy Yp&e-
Tou

(x: A) f(x).

Ot Tiég evOG PETACYNHUATIOHOD HITOPODY Vo eivor péAT SLLPOPETIUOV GTLYHLO-
TOMOV oG owoyévelas. Avth eivol 1) Tepintwor pe TovG HETACYNUATIGHOVG TOV
opilovton pe avadpopr) otnv ooTnTe (KoL o€ omoladrmote GAAN owoyévela), OTWG
XOL HE TOUG EMAYWYELG TV SoPOpwv TOT®V. Xe VOV TETOLO HETAOXNHATIOUO
(x : A) b(x) : B(x) avtiototyei pioa ovvépnon f pe f(x) : B(x) ye x : A. Ou ov-
VOPTNCELG HE QUTI) TN YEVIKOTEPT €Vvola, OL ormoieg Aéyovtor xon «eEopTOUEVES»
ouvopTHoELs, eivor To péAT evog TOITOV, TOU (EapTauevov) yivopévov THG OLKOYEVELOG
(x : A) B(x), o omolog cupfoAiletal

[1(x:A)B(x),

%Ol O OTTOL0G €XEL TOV XA TACHEVOGTH)

((x:A) b(x):B(x)) A(b) : T (x : A) B(x),

HE XOVOVX CYMHATICHOD
(x:A)
b(x) : B(x)

Ab): TI(x - A) B).
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Eivan @avepd amd v meprypoaen o0 [ (x : A) B(x) 6L 0 A — B elvon 1 eldwery
nepintwon otnv ool 1 owoyévela (x : A) B(x) eivan otodepr]. Ioybovv mapdpoia
TPAYHOLTA e TNV TEPINMTWOT TWV AITADY CUVAPTHOEWV- 1) apxf THS ETAYWYNHS, Pep’
euelv, pog emitpénel vo opllovpe HETATYNHATIGHOVG THG HOPYPTIG

(f : I1(x: A) B(x)) «(f) : C(f),
omov (f : T (x: A) B(x)) C(f) owoyévelra, détovtag
t(A(b)) := cy(b)

yloo xéutolov xatdAAnio petacynpatiopd ((x @ A) b(x) : B(x)) ci(b) : C(A(b)). O
EMOYWYEAG

(((x: 4) b(x) : B(x)) 2(b) : C(AB)), £+ TT (x: A) B(x)) ind . a) 5wy (%) - C(F)
€XEL TOV XOVOVOL CXTHATIGHOD
x:A
( b(x) : B(x) >
2(b): C(A(D))  f:TI(x:A)B(x)
indf] () B () €

row v opilovoa oxéon
indIC—I(x: 4 B (7 AB)) 1= 2(b).

H epappoyn cvvaptnong oe dpiopa opiletal OTOG KoL OTNV TEPITTWOOT] TOV OTTADY
GLVOPTHOEWY, Xat Lo DEL TO aviAoyo Tov Ajpparog 8

AfRppa 10. Na orowadijmoze f: [ (x : A) B(x) vrdpyer éva
M (x: 4) Beo)(f) : A(x 2 A) f(x) = f.

5.3 Tomot {evynv

To Cedyn ta oototelobpeva omtd éva pédog tod TOmov A xal éva Tov TOTTOU
Az amotehovv évav tomo A; x Ay (To yivduevo twv A; now Az), 0 omoiog €xel Tov
HATAOHEVAOTY)
(x1: A1, x2 1 Ag) pair(xy, x2) : Ay x Aa,

1, VIO HOPPTV HAVOVAL CYNILATIGHOD,

X1 Aq Xyt Ag

pair(xy, x2) : A x As.
Amd TV Tapamdve mepLypogr) ocovayetal 1) eEfg apyn emaywyng yia tov Ay x Ag:

AoBévtov puog owoyévelng
(x: Ay x Az) C(x)

%Ol €VOG HETOOXHOATIOHOD

(%1 : A1, x2 1 A2) Cpair(x1, x2) : C(pair(xy, x2)),
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HITOPODVHE VoL OPiGOLE Evay PeTaoXNHATIon (x 1 Ay x Ag) t(x) : C(x) détovtog
t(pair(ai, az)) := cpair(a1, az).
AT v apy avadpopng AapBaveTol 0 emaywyEéag
((x1: Av,xz : Ag) 201, %) - Clpair(xt, x2)), x 2 Ap x Ag)ind§,, 4, (2, %) : C(x),
HE HOVOVO GYTHATIOHOD

(x1: A1, x0 1 Ag)
z(x1, x2) : C(pair(xy, x2))  x: A1 x Ay

indglez(z, x): C(x)

rat opilovoa oyéon
indglez(z, pair(as, az)) := z(ay, az).
O tpoPolég opilovtal amd TiG avadpopég
pry(pair(ar, az)) := ai,
pro(pair(ai, az)) : = az,

"Ontwg cuVEPT 1AL e TOVG TOTTOVG CLVUPTHCEWY, TIPOXEWEVOL VO TAPOLE TTiow TOV
ind 4, x4, QIO TIG Pry XOiL pry XPELX(OPNACTE TO EMOHEVO XTTOTEAEGHC, TO OO0 EXEL MOl

aveEpTnTn XpNoHOTNTAL.
ANppoa 11. T omowodrjmote x : Ay x Ay, vmdpyet éva
NA; <Az (X) ¢ pair(pry (x), pra(x)) = x.
Amddeitn. Me emoywyr) oto x, détovtog
Ay <Ay (Pair(x1, X2)) <= reflogice x)- O

"Acxnon 5.1. Opiote, pe 0 Porideiar TV pr; uaL Na,xA,, EVOV HETACXNHATIONO O
omoiog earvorrolel TNV opiovca ox€ct) T ind4, x4,

"Exouye, emiong, Tov Tomo 1 pe éva péA0G, 0 0T0i0G £XEL TOV HATAGHEVATTH
01:1,

%Ol TOV OO0V 0 EMAYWYEQS
(z:C(01),x:1) indf(z, x): C(x)

elvou xatdT Xpnopdtepog amd tov avadpopéa Tov.

Afppo 12. O timog [T (x : 1) 01 = x eivau xaronuévog.

AnédeiEn. Mmopolpe va yp&povpe am’ evdeioag éva péhog tod Tomov 01 = x:
indix:l) Olzx(reflol, x):01 = x.

To {ntovpevo AapPdaveton epoappodlovrag Tov xataorevaoth o0 [ (x:1) 01 = x:

Alx:1) indix: 2 01 (refly, , x) : [T (x: 1) 01 = x. O
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"Acxnon 5.2. Aodeiong pag f: [J(x:1) 01 = x, propodpe va opicovpe tov indg
pécw TG oxéong
ind1(z, x) := (f(x))«(2).

Aei€te OTL 0 éTOL OpLOpPEVOG emaywYEng teavorolel TV opilovoa oxéor tov indg.

Ed&v éyoupe pio omoyévewa (x : A) B(x), propovpe entiong va oxnportiCovpe Cévyn
pair(a, b) pe a: A xan b: B(a). Avté ta {ebyn, Ta omoia eviote xahovvtal eéapraueva
Cebyn, cuyrpotovy évav Tomo Y, (x : A) B(x), To (efaprapevo) dIpoioua g (x : A) B(x),
HE HOTAOHEVAGTY)

(x: A, y: B(x)) pair(x, y) : 3. (x : A) B(x),
1, LITO HOPPTV HOVOVAL CYNHATIGHOD,
x:A y:B(x)
pair(x, y) : 3. (x: A) B(x).

Duowd, eav n (x : A) B(x) elvan otadepr, avtd mov meprypdjope eivar To yvopevo
A x B.
"Exoupe pio apyt] emorywymng, mov Aéel Ot Sodéviwv piag owmoyévelog

(v: X(x:A) B(x)) C(y)

1oL €VOG HETACYHATIGHOD
(x: A,y : B(x)) cpair(x, y) : C(pair(x, y)),

1 oxéon
t(pair(a, b)) := cpair(as b)

opilel évav PETAOYXNUATIOUO
(v: X(x:A) B(x)) t(y) : C(y)-
Opiletat, emopévwg, Evog emaywyéog
((r: A+ B) 2(x. y): Clpair(x, y) w2 X (x: A4) B IndS. .y ey (2 W) : C(w),
0 omolog £XEL TOV XAVOVA CXNHATIGHOD

(x:Ay:B(x)
2(x,y): Clpair(x,y)  w: ¥.(x: A) B(x)

ind$. (.. 4) Bz X C(x) ,

not opileton otd v avadpopny
indg(x:A) B(x)(z, pair(a, b)) := z(a, b).

O indy (x: 4) B(x) WTOpel xou €30 v exppactel pécw twv TPoPoAdv, duvijer Tob
ETOHEVOL ATJHHATOG.

Afqppa 13. Na omowodtjmore y = Y, (x = A) B(x), vrdpyer éva

1y (x: A) B(x)() : pair(pry(y), pra(y)) = -
AndSeifn. 'Onwg oto Mjppal[l] O
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54 Adpoiocparta

To ddpoiopa A1 + Ay 800 1OV A1 KoL Az glval To TUTOTEWPNTIHDG AVAAOYO TNG
Eévng évwong ot Jewpia GLVOAWYV, TOL GLV-YIVOPEVOD GTN Fewpiot XATNYOPLOV KOl
g dualevéng otn Aoywer. ‘Eyet dvo nataonevaotés

(x1: A1) in1(x1) s Ay + Ay,
(x2: Az) ing(x2) : Ap + Az,

HE HOVOVEG OYNHATIGHOD

ay: ¢y a: o
inf(ar):g1ve  ing(ax): v .

H apxn g emaywyng yux tov A + Ay eivol 0 0plopog pe Sinplon TepUTTOCEDV:
AoBEVTOV oG OoYEVELRG

(x: Ay + Az) C(x)

XU PETACYNHATIOPUDV

(%1 1 A1) €iny (30) = C(ing (x)),
(22 1 A2) Giny () + Cinz(x)),

HTTOPOVpE Vo OplCOLHE EVay HETAOXNUXTIONO (X : A + Ag) H(x) : C(x) déTtovTog
t(in1(a1)) := cn,(a1),
t(inz(az)) := cin,(az)-
O avadpopéag
((x1: A1) z1 (1) : C(in1(x1)), (32 : Az) z2(x2) : C(in2(x2)), x : Ay +A2)i”dgl+Az(Zl, 22, x): C(x)
ToU A1 + Ay €XeL TOV HAVOVO CYNHATIOHOD

(x1: Ay) (%2 : A2)
z1(x1) : C(in1(x1))  z2(x2) : Clin2(x2))  x: A1+ Az

indgﬁAz(zl, 2, x) : C(x)
no opilovoeg oxéoelg
indgﬁAz(zl, z,in1(ay)) := z1(ay),
indgl+Az(Zlﬁ z3,in3(az)) := za(ap).

Yrépyel emtiong évag TOmog 0 oL dev el xataouevaoTéS (no eTopévag dev £xel
HEAN), 1 apxT) ETaywYTG ToV omoiov divel, yia omoladriote owoyévelo

(x:0) C(x)

EVOLY HETACYNHATIGHO
(x:0) t(x) : C(x)

Xwpig opilovoeg oxéoelg (Hia xo dev LITAPYEL TITTOTA GTO OTOL0 VX UITOPEL VO OPLOTEL).
AvTOG 0 HETAGYNHATIOROG ELVAL XOIL O ETAYWOYENRG

(x:0)indo(x): C(x)
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700 0- 0 ®aVOVaG CYNUATIGHOD TOV indg EXEL TN HOPYT)
x:0
ind§ (x) : C(x)
o (%): .
O tumwdg TpdTOg Yo va deiel waveig 0TL évag TOTOG A dev £xel péAn eivou va opicel

EVOLV HETACYMHATIOHO
(x:A)t(x):0

(M, wodVvapa, pic cvvaptnon f: A — 0). H dmapén evog TéTolov HETAoYNHOTIOHOD
onpaivel 0tL edv 0 A eixe éva pélog a, tote 0 0 da eiye To pélog t(a).

"Aoxnon 5.3. 'Eotw E o T0mog 1ov éxel ig Hovadind *oTaoHELAGTY] TOV
(x:E)e(x):E.

Aeikte 6L 0 E Sev éyxel péAn. [Ymddelkn: Alatundote TpodTor TNV op)r) ovadpopnig
To0 E.]

5.5 Aoxnosig

"Acunon 5.4 ([4, "‘Acunon 1.4]). Mix eldwn mepintwon g avadpoprc ctov Nat
eivou 1 emavdaAnyn (iteration), 1 omoia avoupépeton o€ OpLoROVG THG HOPPTIG

t(0) :=cp,
t(s(n) := cs(t(n)),

6mov C tomog, ¢y : C uan (x: C) cs(x): C.
O iterator tov Nat opiletat and tnv emavaAnym

iterNat(CO> CS’ 0) ‘= CO’
iterNat(cos Cs, (1)) = cs(iternat(co, cs, 17)).

Aodévtov evog tomov C, evdg pélovg ¢ o0 C, not €vOG HETAOYNHOTIOHOD
(x:Nat, y: C) cs(x, y) : C opioTe, YpNOYLOTOLOVTOG TOV iterNat OVTL TOO recnat, £VOV
petaocynpotiopd (n:Nat) r(n): C o omoiog wavomolel TIG OYECELS

r0) = oo,
r(s(n)) = cs(n, r(n)),

X0l GUUTTEPAVETE OTL YO OTOLOVONTTOTE PUGIKO apLIpd n, r(n) = recNat(co, Cs, N).
[Yrodein: pota xpnoiponotote TOV iterNat YL VAL OPLOETE EVALY PETACYNHATIORO
(x :Nat x C) t(x) : Nat x C, uou ev ovvexeia epappdoote Levyn uat Tpoforég yio vo
napete Tov r. T tn devtepn LodThTO, KAVTE ETOYWYT OTO N.]
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