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1 Ewayoyn

2 Tomow not avadpopn

2.1 Ot ¢uowroi aptdpoi
Ot puowoi apripol Topdyovtal atd To enoywyud oxfipe
1. to pndév eivar Yuodg apldpog, xo
2. 0 emodpevog xadevog euowol apldpot sival Yuodg apLdpoc.

Avti) 1 emaywywr] meprypogn] tpocdiopilet Tov TOTO Nat Twv guodv aptdpdv. Te-
v, évag tUrog TpoodlopileTol armd Eva emaywynd oo aroTeAOOHEVO artd Pndév
1 meplocoTepeg Sadnacieg uaTaonevnc, xadepld amd TiIg omoieg ovopdletal priTpa
(clause) Tov emaywywold oxNHATOG 1) xaTaoKEVAOTHG (constructor) Tov AVTIGTOLYOV
tonov. Kadetl mov kataonevaleton pe tn forjdela Twv xataorevoct®v evog TOIOU
ovopdleton pélog (member) avtod tov Tomov. (Kéurotol dAdor dpot yia pélog eivor
otoyeio (element), xdroixog (inhabitant) xou onueio (point) evog tomov). O timoL
oupPorilovroar pe neparaio Aatvind ypappata A, B, C, ..., ko to péAT Toug pe pinpd
AaTwvwd ypappota a, b, c, ..., x, y,z. T va Snhocovpe 0tL 10 a eivar péAog Tod
TOmov A ypbupovpe a: A.

Me auvtdv Tov TumodewpnTind GUHPOALONO, 1) TAPATTAV® ETAYWYLKY] TEPLYPOPT|
TOV PUOLKOV APLIPOV TTaipVeL Tr Hopen

1. O:Nat,
2. g&v n:Nat, tote s(n) : Nat.

Enopévwg, o tomog Nat éyer d0o wataouevaotéc, tov 0, mov dev éxel opiopata, ol
TOV s, 0 0TT010G £XEL évaL OPLOPQL TTOV elvat pe 1) oetpd Tov péhog tov Nat (omdte elvart
ovadpopdg HoTOoHELAGTHG). AvarToccovtag, PAEmovpe 6T Ta péAr Tov Nat eivor
T

0, s(0), s(s(0)), ...,

To omtola xoAoOpe 0, 1, 2 xou Aoutd.

‘Eva pélog evog tOmov A evdéyetal vo EopTdton TapopeTpind amd £vor PEAOG
100 tOmov A’ (omtdte dev mpdueLTan, AVGTNPE ADVTAG, Yia éva pEAOG, aAAd yia pia
owoyévela pehov tod A dedetypévn (indexed) amd tov A, ), otnv oporoyio ov Jou
viodeticoupe, Yo évay petaoynuatiopd pehov To0 A’ oe péln tod A)- yuU authv TV
TEPLTWOT) X PNoLHoTolodie Tov GUHPOALOHO

(x:A) t(x): A,



N s (x 1 A7) tH(x) ekv S cvvtpéyel Adyog avapopds otov A. (Ze cUYKEXPYEVEG
TEPLLTOOELG, HITOPOVHE VAL CUMITEPAVOLE TOV A amd T poper] Too t(x).) Opoiwg, 1
Exppoot

(x1: A1, ey Xt Ap) B(xq, ..., xn) T A

oupPorilel évav petacynpatiopd pe n to tAndog opiopata. (Evog petaoynpatiopog
() t() : A pe pndév to mARdog opiopata dev eivan mopd éva pédog To0 A.) Emeldn)
otV Tpdkn avtdg 0 CUHPOALOHOG TWV HETACKNHATIOHOV KOTAVTREL SVOYPNOTOG,
Ja expetorlevopaote ke evroupio TOL pag SiveTol yio va YpaQoupe athdg t o)
9éom 1ol (x : A) t(x), ko T0 1810 yiox AANEG TEPITTMOOCELG HETAOYTHATIOPUMV, £XOVTOG
TOVTOTE XOTA VOU OTL TTPOUELTAL YL HOLTEX PTOT).

To oplopaTo EVOG HETACYNHATIGHOD PTopel var eivat Tar Sl peTaoXNHATIGHOL:
QUTO WTOTLIIWOVETAL GE EXPPATELG OTLWG

(x:A,(y:B)z(y): C) d(x,2): D,

OOV 0 CNUALVOPEVOG HETAOYNHOTIOHOG éxel SVO OPICHATA, €X TWV OTOLWV TO éva
elvon pédog To0 A xou to GAAo eivan petacyNpaTiopog peA®y tob B oe pédn tob C.

2.2  Avadpopn 6todg uoovg aptdpovyg

O xOpLeg XPNOHOTNTES TNG EMAYWYHNG TEPLYPaPnG evOg TOmov eivar 1 do-
TOTWOT OPLOP®V pe avadpopn xon aodeifewv pe enaywyr. Oa efetdioovpe TOpa
TNV TEPLTTOOT TNG AVadPOUnG: Yl TNV enaywyr do eipacte oe Jéon va pAcoupE
HOALG EPTTAOUTICOU}E TN YADOOO € OLKOYEVELES TOTTWV.

Eotw C tuxdv 10106, Aodévtwv evdg o @ C nou evog (x : Nat, y : C) ¢s(x, y) : C
HITOPODUE Vo opicovpe évav petacynpatiopd (x : Nat) t(x) : C étovtag

£(0) <o
t(s(n)) := cs(n, t(n)).

Aépe 6TL 0 t opileton pe avadpourj (recursion) amd to ¢y oL cs- 1 SvvardTnTa St~
TOTWONG TETOLWVY OPLOHAOV elvat 1) apyl tHg avadpoptjs yi Tov Nat.

Qg mPpOTO TAPASELYHO EPAPHOYTG TNG APXNG THG AVAOPOUNG, OG OPLCOUVHE EVOV
petaoynpotiopd (x : Nat) pred(x) : Nat mov otédvel o pndév oto pndév rxou nadévay
AANO PLOKO aAPLIPOd GTOV TPONYOUHEVO TOL: XTNV mepintwort) autr, o Tomog C elval
o Nat (o pbévog TOTTOG TOL EYOVHE ALUTH] TN GTLYHT), X0 OL 0PILOVGEG OXETELG £XOLV TN
Hopom

pred(0)
pred(s(n)) :

0,

n.

IIpoxerton SnAadr) yior To OTIYHOTUTO TOV YEVIKOD GXNHATOG THG aevadpopr|g Omou
TO ¢o eiva o 0 xaut o ¢s(x, y) eivon To x.

Mmopodpe emiong v 0pilovpe PETAOYXTUATIOROVG TTOV EYXOUV TEPLOCOTEPA O~
76 éva oplopata, xavovtog avadpoprn o éva arnd avtd. Tétowa mepintwon elval
N mpdoveon puowdv aplpdyv, v omoix da opicovpe pe avadpopry otov SeELd
TPOGIETED, LPTVOVTOG TOV OPLOTEPO VAL LTAPXEL WG TAPAHETPOG:

m+0 m,

m+s(n) := s(m + n).



BAémovpe OtL o m + n opileton pe avadpopr) otd ta m woun (x : Nat, y : Nat) s(y).

Eviote 8¢ JéAovpe va SOOOUpE GVOPX OTOV PETAGTYNHATIONO TTOL opileTon pe o-
vadpopr: avtd ovpPaiver . edv FEAOUHE VAL TOV ATTOTYCOVHE QAPECWS 1) OTAY
eppaviletor wg dplopa wdrrotov GAlov petacynpatiopov. Eriong, yio tn petopodn-
potier) peAETn TG Yewplog TOTWV Elvol opaiTnTO Vor LITOPOUHE VO SLATUTTOGOUVHE
™V apyn TG avadpopng pe TpOTO TOL var Py TpobmodéTel TV Tpootiun o1
YA®coa evog cLPPOAOL Yo x&De OpLOLHO HETAOYTUATIONO. AUTO TO ETLTUYYOVOULE
vrtoxatoTOVTOG THV apxr] THG vadpopng pe TO éva ko Povadnd oTLYILOTUILO TG
070 omolo Ta i3l T ¢y KA ¢ EYOLV TEPAOEL PHEGA GTOV GUUPOALOHO G OpiopaTaL.
Opilovpe Aowmdv tov avadpopée (recursor)

(z:C,(x:Nat,y: C) w(x,y): C,n:Nat) recNg(z, w,n): C

o0 Nat péow g avadpopng

recNat(z, w, 0)

reCNat(Z, w, S(n)) :

z,

w(n, recNat (2, W, n)).
O udprog porog To0 avadpopéa eivor 6TL prtopel va xproyromoindet yio va exppoctet
n&de avadpopudg opiopdg. O mponyodpevog evog puowot aptdpot, Adyov yapLv,
HItopel TOPA VO YpapTEL
pred(n) := recNae(0, (x : Nat, y : Nat) x, n),
EVQ TO AIPOLoPX SVO PLGUOV APLIPGV,
m+ n := recNat(m, (x : Nat, y : Nat) s(y), n).

‘Acxnon 2.1. 'Exovtag tmv npdodeot, 0 TOAMTAACIACHOG PUOIKOV XpIPOV O-
pileton otd TNV avadpopn

0,

m-s(n) :=m-n+m.

m-0

Tpayite 16 m - n xpnopomotwvrag tov avadpopéa tov Nat. Ilpoaipetind, cvveyiote
pe too m" o nl.

2.3 'AMa mapadeiypoto TOTOV
Aloteg

O Aioteg ped®v evdg tomov A cuvyrpotovv évav tomo List(A), o omoiog mept-
YPOAPETOL OTTO TO EMAYWYIUO CYTHOL

1. nily : List(A), xon
2. eav [ :List(A) nav a: A, tOte consx(l, a) : List(A),

6mov nil4 elvan 1) xevi} Aota xou cons 4 (1, a) eivon 1) mpoéntaom tng I pe tnv tpoodnun
o0 a. Xtnv mpakn, ta subscripts Ya mapadeitovror dtav dev vmdpyer xivdvvog
oVYXUOTG OXETIUA JLE TO TOLOG eivat 0 A.

O List(A) eivow mapddetypo TOTTOL OV €EXAPTATOUL TIAPOPETPLIUA ATt Evay TTPO-
bdrépyovia Too. ‘Onwg xal otnv nepintwor tov Nat, to péAn Tov Taphyovtal ord



pioe Srxdieaoior mpoéutaong Jo dodpe apyodtepa OtL 0 Nat eivon eldinr mepintwon
(spoiler: Ilapte yio A Tov tHmo pe évar péAog).

H apyn tg avadpoprc yia tov List(A) éxer wg e€ng: Eav C eivou évag o-
TOLOGANTTOTE TOTOG, AL pog éxouv dodel éva cpjj : C no €vag PETAGXNHATIOROG
(x:List(A), y: A, z: C) ccons(X, ¥, 2) : C, oL oxéoelg

t(nil) Y= Gl
t(cons(l, a)) := ceons(l, a, (1))

opilouv évav petaoynuatiopod (x : List(A)) t(x) : C. TNa napaderypa, to prixog len(l)
pog Alotag I opileton amd tnv avadpopr

len(nil) =0,
len(cons(l, a)) := s(len(1)),
eve 1 ouvévwon k + 1 8o Motov k, I,
k + nil =k,

k + cons(l, a) := cons(k + I, a).

"Onwg #GVOLE 1AL HE TOUG PUOLKOVG OPLIPODS, HITOPOVIE VAL «TTOAUETAPOVHE» THV
apxn g avadpopng tov List(A) o évav avadpopéa

(v:C,(x:List(A), y: A z: C) w(x, y,z): C, 1 : List(A)) recy j(a)(v, w, ) : C

opLlopevo amd TV avadpoun

recy ist(A)(v, w, nil) v,

rec ist(4) (0, W, cons(l, a)) := w(l, a, recy s (4)(v, W, 1)),
OTOTE TO PUOG HLOG AMOTOG PItopel eVAAAOHTIKG VA 0pLOTEL WG
len(l) : = rec js(4)(0, (x : List(A), y : A, z : Nat) s(z), I),
%o 1) GLVEVKOGT] 800 AOTOV,
k +1 :=recyjg(a)(k, (x : List(A), y : A, z : List(A)) cons(z, y), I).

"Acunon 2.2. H ovvévwon cat(L) : List(A) piog Aiotog L : List(List(A)) Aotodv pedov
evOg TOTTOU A €xeL TOV avadpopnd OpLopod

cat(nilist(a)) = nil4,
cat(consy js(4)(L, 1)) := cat(L) + L.

Tpdrjte 16 cat(L) xpnopomnoidvroag Tov avadpopéa tov List(List(A)).

Aévrpa
O 10mog BTree twv dvadiumv dévipwv cvulapfdveton amd To emoywywd oxnpo
1. triv:BTree,

2. g&v r:BTree nou s : BTree, t61e join(r, s) : BTree.



>tov BTree avtiotouyel n €€ng apyxn avadpopng: Aodévtwv evog cyiy 1 C uo evog
(x:BTree, y:BTree, z: C, w: C) cjoin(x, Y, 2, w):C, 6mov C givar TuxdV TOTOG, PITOPOVHE
vo opioovpe évav petaoynpatiopd (x : BTree) t(x) : C $étovtag

t(triv) *= CGrivs
t(join(r, s)) := cjoin(7, s, t(r), £(s)).

"Acunon 2.3. Iepiypéyte T1) pOpPT] TOO reCBTree KO JATUNTOOTE TIG Opilovoeg
OY£€CELG TOU.

To Svadund Sévtpa eivan eldwny mepintwon dévipwv dedopévng dtonrddwong. O
tomog Tree(A) Twv dévipwv pe Tomo dtoAddwong A opiletor and To emaywyHod

oo

1. trivy : Tree(A),

2. eav (x: A) b(x) : Tree(A), tote join(x : A) b(x) : Tree(A).
SXNHoTG, avTd oL Aéel 1) delTepn prTpa eivan OTL e&v €xovpe éva dévtpo b(x)
ylo ®&de x : A, LITOpPOOVE VoL EVOGOLHE VT Tar évTpor pe pio xavoltpylo pilar xor
va gTidEoupe éva peydho dévtpo join,(x : A) b(x), to omoio mepiéxel O a Ta b(x)
WG Gpeca vodévtpa. o var ementeivovpe TOV OPLOpO EVOG PETACYTHATIOHOV ¢ 6TO

join(x : A) b(x), éxovrog 10N dwdéoa ta tH(b(x)) ya x : A, xpelalopacte évov
HETOOYNUATIOHO

((x: A) y(x) : Tree(A), (x : A) z(x) : C) cjoin(¥,2): C
omote, poli pe éva ¢y : C propovpe va opicovpe Tov ¢ détovtog

t(triva) “= Cirivs
t(join o (x : A) b(x)) = cjoin((x : A) b(x), (x : A) t(b(x))).

IMopatnpriote 6TL 0 TOTOG A ePPaVICETOL OPYNTIHA CTOV UOTACHEVAOTT) join 4,
onote avopéverar 6tL To Tree(A) cuvaptdron aviarloiwta pe to A. phypartt, évag

HETAOYXTUOTLOPOG
(x:B)u(x): A

ETALYEL EVOLY HETACYNHATIOHO
(x : Tree(A)) Tree(u)(x) : Tree(B)

He OpLopo

Tree(u)(triva) 1= trivg,
Tree(u)(join 4(x : A) b(x)) := joing(y : B) Tree(u)(b(u(y))).

"Acunon 2.4. Heprypdyte tov avadpopéa tod Tree(A), war exppdote Tov Tree(u) pe
N Pordeud tov.

"Aoxnon 2.5. Xtov opiopd To0 List(A), o tomog A eppaviletar detind. Aodévtog evdg
petacynpatiopot (x : A) u(x) : B, opicte, xpnoomotdvtag thv apy1 THG avadpopng
1 Tov avadpopéa tov List(A), tov petaoynpoatiopd (x : List(A)) List(u)(x) : List(B) o
omoiog atewovilel pioe AMloTto peA®v To0 A 6T AMoTa TV EIKOVOV TOVG PEcK TOU U.



AAndoTipég

O Bool givau 0 tomog mov éxer axpifog dvo péAn false xon true- emopévwg, mepl-
YPOAQETOL OTTO TO EMAYWYIHO GYTIHO

1. false: Bool,

2. true : Bool.

H apxr) tg avadpoprig yia tov Bool exppalel To yeyovog ot tpoxetuévou va opicov-
HE VOV HETOOYNUATIONO HeA®V ToL Bool oe péln evog tomov C Sev éyxouvpe mapd vo
moVpe TL xAvel pe To false oL TL pe To true: cuyxexpipéva, SoBEVTwV evag craise : C 1ot
evog cirye : C, oL oxéoelg

t(false) :
t(true) :

Cfalse>

Ctrue

opilouv éva petaoynuoatiopd (x:Bool)t(x): C. 'Onwg mavta, £xovpe évav avadpopéo
(x:C,y:C,z:Bool) recgyo(x, y,2): C

pe opilovoeg oxéoelg

recgool (X, y, false) := x,

recgool (X, y, true) :

Fa Tapaderypo, propovpe va opicovpe tov akndomivoxa g diblevEng pécw g
ovadpopng
or(b, false) := b,

or(b, true) : = true,
1, evolomtnd, pe tn Porjdera tov avadpopéa tov Bool,
or(b, c) : = recgyol(b, true, c).
"Acunon 2.6. Opiote To0g aAndomivaxeg tng 60LeVENG KL TNG CUVETAYWYTG.

H apyr) g avadpopng p&g mapéxel Evov TpOTO OPLOHOD HETOCYNUATIONMV Qo
tov Bool. M xow oto emdpevo xepddoto da pAjoovpe yior Aoy, toptaler va
nAeioovpe TO xe@AALO TNG AVASPOUNG e HATTOLX TAPAOELYHATO HETAGYHATIOHWOV
7pog Tov Bool, dnAadn aindocuvaptricewv (aAndopetacynuatiopmy, pdAiov, otnv
opoloyia pog). Me tnv evxaupia, Jo wodpe dvo Adyto yiar ToAAaTAr) oavadpopr.

2.4 TIToAhamAn avadpoun

Méxpt todpa eidope mowmida mapadelyloto 0pLopHOD HETOCYNIUATIONMY, OL 0TTOLoL
elyav meplocoTepa amd £va opiopata, pe avadpopr ot éva ad avtd. Ymapyovv
OHWG HOTACTAGELS OTTOL Ypeldletal va udvovpe avadpopr) e dVo 1| TeEPLEGOTEP
oplopata Tavtdyxpova. Avth 1) avayun topovotdletatl, Adyou x&pLv, 6Tov axdlovdo



«oplopd» T adndoouvaptnong (x, y : Nat)isequal(x, y) : Bool tng ioétntag puowmmv
opLIpGOV:

isequal(0, 0) 1= true,
isequal(0, s(n)) : = false,
isequal(s(m), 0) = false,
isequal(s(m), s(n)) : = isequal(m, n).

H W3éa ed6 etvar va aomtAéEovpe T SutAr) avadpopri oe dbo emddAnieg (1) Stadoyueéc)
avadpopég. T va To methyovpe avtd, Ypdpoupe To isequal(m, n) wg isequal ,,(n). Me
auTOV TOV GUHUPOAGHO, OL SO TPHOTEG CYETELG

isequaly(0) @ = true,

isequaly(s(n)) : = false

amote oV avadpopind opiopd tob isequaly. Opoiwg, edv éxovpe opicel Tov isequal,,,,
ot 800 GAAeg oxEoELG

isequalg(,(0)  := false,
isequalg( ) (s(n)) : = isequal,,(n)

opilouv Tov isequaly(,y,). Aev £xovpe TOpa Tapd v Pédovpe autd T dvo pali oe
évav avadpopind oplopd Tov isequal,,, 1, EVOAAOKTIHG, VO ETLGTPATEDGOVHE TOV
VoS POpEX TV PUOLKOV APLIUGDV:

isequal,,, := recnai(co, (x, y) cs(x, y), m),
Omov

o := (n: Nat) recng (true, (z : Nat, w : Bool) false, n),
¢s(x, y) := (n:Nat) recnq(false, (z : Nat, w : Bool) y(z), n).

Iopatnpriote 6Tt €8¢ xprotpomotovpe pice StoupopeTinr] pop@er} To0 avadpopéa
o auTH TTOL £XOVHE TAPOVOLACEL, KOADMG TOGO TO SeDTEPO OPLOHA TOV €5 OGO UL
o 1810 TO recngt(co, (x, y) cs(x, y), m) eivan petaoynuatiopol. O propovoape va
YEVIKEDGOUNE TOV rec XATAAANAX OCTE Vo GUPTEPLAGPOVIE QLTY TNV TEPITTWOT):
eneldr) OHWG GOVTOR Yo ELGAYQYOUE TUTOVS GUVOPTIGEWYV, TTAPOVGLN TV 0oLV
avtdg 0 YevindTEPog avadpopéag opiletor amd Tov eldindTepo, dev Ja xpetaotel va
T0 &vovpe. Amod T oulhTnoT AUTH G XPATHOOVHE HOVO OTL HITOPOVLE, PE TOV EVal
TPOTO 1) pe TOV GAAO, var SiVOLpE 0pLoPOVG He TTOAAATTAN avadpopr.

"Acunon 2.7. Tpomomnoidvrag tdv oplopd oo isequal opicte, pe ToAAaTAY avadpo-
un, évav petocynpoatiopod (m, n: Nat) isless(m, n) : Bool o omolog aipvel Tig TIpég true
rou false avadoyo pe to edv o m eivan 1§ dev eivon pxpdtepog tov n.

2.5 Aoxnoeg

"Acunon 2.8. H npdén (almost minus) m = n opileton amd tnv ovadpopr]

m=0 m,

m = s(n) := pred(m = n).

Tpayite TO m = n XpPrGLHLOTOLOVTOG TOV reCNyt -



"Acunon 2.9. H avtiotpogn AMotag opiletal ard tnv avadpour

inv(nil) = nil,

inv(cons(l, a)) := cons(nil, @) + inv(l).
Ipéryre t6 inv(l) pe tn Porideta Tov recy jgy(a)-

"Acunon 2.10 (insertion sort). O petaoynuatiopdc (a: A, I:List(A))insert(a, [):List(A)
TG évdeong evog péroug oe pia (takvopnuévn) Alota opiletot amd tTnv avadpopn

insert(a’, nil) := cons(nil, a’),

insert(a’, cons(l, @)) : = recgyor(cons(cons(l, a), @), cons(insert(d’, I), a), isless(a’, a)).

XpNoIHOTOLGTE QVTOV TOV HETACYNHATIOHO Yl Vo sepLtypiyete Tov alyopLdpo
takvopnong insertion sort. (IIpdxertal yior Tov adydpLdpo o omoiog, TPoreéVoL va
takvoproel pio AMoto cons(l, a), takvopei TpoTa TNV [ o petd wdvel insert to a.)

3 Owoyéveleg TOTOV ®OL ETAYOYT

370 TPONYOUUEVO HEPAALO SLATUTTOGCOYLE HATIOLEG OPXES vadpOopng, pe T Po-
el TwV 0TOiWwV PITOPOVE VO EXPPAGOVHE HETATYNHOTLOHOVG HETAED TV SLotpOpwv
TOmwv. Autd mov @pTiaEaye, €v oAiyolg, eival pio amtAr) cuvaptnowour YAoooo. Ev-
SrapepopacTe OPWG eiong Yo TIG OLOTNTEG AUTOV TOV HETACYXNHATIOHOV. 2g QUTO
TO UEPAAOLO, AL TTOAD TEPLGGOTEPO GTO EMOUEVO, Yo SOVHE TTMOG HITOPOVUE, GTO
mAaiclo tng Fewplag TOTWV, VO SIATLITOVOLE KL VO OTTOSEVDOUHE TTPOTATELS.

Ye avtideon pe dAheg podnpatéc Jewpieg now JePEADOELS TV POOHATIHOV
O6mwg 1 Fewpio sLVOAWY, 0T Fewpia TOTWV OL HOOMHATIHEG TPOTATELS, KOTDG KL OL
aodeifelg Toug, eivor HOIMUATIHG OVTIKEIHEV TTPOTNG KATNYOPLaG. Zvyreupipéva,
Ol LOOMPATIUEG TTPOTAGELG AVATTAPLOTAVTOL OO TOTTOVGE, TOV PITOPOVV VO Jewpndodv
TOALTOYPOVO LOOMHATINEG SOHES MOl POOTpHATIHOL Lo VPLOHOL, pHiot GOAANYN yvwoTh
G propositions as types. Ymd avtr] tn oxomid, to péAN evog TOTOL VooVl WG
TexpTpla Y paptupes ahndelog thg avtiotoryng tpotaons. (Mepuég popég Aéyovton
entiong amodeielc, aAA& aLTH 1) opoloyia popel va eival ToPATAQVN TN, ETOHEVWS
yevid Tnv aropevyovpe.) Mia dpeon pedodoroynr} cuvémela elvo OTL TPORELPEVOD
va det€oupie 0TL piot TpOTOGT) aAnTedel Sev £XOUHE TAPR VO EPPOVIGOVE Evar HEAOG
TOU TOTTOL 7OV AVTLOTOLYEL GE AVTH) TNV TPOTACT).

Qot600, auTh 1) oTKY oXETKA pe TG otodeifelg Sopépel oVoLWIMOG ad TN
ouvidn. O tpdTog pe tov omoio 1 Aoy yiveton avtiAnmtr] amtd n Jewpio TOTWV
elval OTL pua TpoTOao dev elvar armAwdg aAndng 1 Yevdng, aldd pdAlov propei vo
vondel wg 1 cLAAOYH OAWV TV SLVATOV TEXUN PLLV XATELXG TNG. ZOHOWVX HE QVTHV
T cOAANYM, oL arodeielg Sev elva PHOVO TO PEGO EMUOLVOVIOG TWV HATNHATIHGV,
OAAG OTTOTEAODY MaL OL 1SLeG OVTIXELHEVO HEAETNG LOOTLHO JE TTLO OLKELQ OVTIXELEVDL
O6mwg oL aptdpoi ko oL GuVapTHoELS.

3.1 Owoyévereg TOTOV

Ou PAcovpe TOpa Yo To éva ad Tar dV0 SOpHIKA OTOLYEL TWV TPOTACEWY, TaL
HOTNYOPTHATO: TO GANO, OL AOYWHEG OTADEPEG, ELVOL TO QLVTIXELHEVO TOV ETOUEVOL
nepataiov.

Mia oxoyéveia timwv (type family) eivou évag PHETAOYXTNHATIOUOG HEADY HATTOLWV
TOMWV o€ TOTOVG. e pioe owoyévela (x1 @ Ax, ..., Xn : An) A(X1, .05 Xn), OL Ag,..e, Ap



Aéyovton tOmol Sewetdv (indexing types), xot ot empépoug oot A(Xy, ... , Xp) AEyovTot
oTypoTUn (instances) TG OKOYEVELOG.

Ot owoyéveleg TOWV, TTOL emtiong Aéyovtal eEaptopevol tomol (dependent types),
foav pio awd TG onpavTdTEPEG *ALVOTOIEG TG Yewpiag TOTWY Tob Martin-Lof.
Tomud TopadelypaTo OMOYEVELOV TOTWV aTOTEAOVV Ta SLdpopa KaTYOpriHoTa
(x,y : A) x = y, (x : Nat) Prime(x) w.An. mov cvvavtdpe oto podnpotnd. Evo
OTOLYELWOES, OANG ONHOVTING, TTaApPadeLYHO OLKOYEVELOS elval 1) GTOIEPT] OLOYEVELX
(x : A) B 6mov A nou B eivon tOmor. Kou BéPonar, pia owcoyévera () A() pe pndév to
mAnY0g opiopata dev eivoun mapd évag TOTOG.

3.2 Iootnta

O atAooTEPOG TPOTOG VO OPLGOVHE it OLKOYEVELDL VAL TTPOOLOLY PAPOVTOG KoL
TOOHEVAOTEG OTA JLAPOPO CTLYHLOTUTTA TNG, OTMG HAVOHE HOL YL LEHOVOUEVOUS
TOIoVG. BOa YPrOYOTOLoOVHE AVTOV TOV TPOTO YO VO OPLGOUVHE TNV TAEOV KOV
%o TAEOV GTHOVTIHT] GXECT) OTO HOUTHATING, TNV LoOTNTA.

‘Eotw a: A, 6mov A tdnog. H ioétnra mpog a eivon 1 owoyéveln

(x:A)a=4x
70V opiletal amd T povadur) prTpa
refl,:a =4 a.

Qg ovvidwg, dtav dev vtapyel kivdvvog ovyyvong Ja mapaleimovpe to subscript
not Ja ypagpovpe amhovotepa a = b.

H wotnta npog a Aéyetou eniong Paciopévy (based) .odTnTR, S10TL TO Evar oHENOG
(to aplotepd 6TOV GUPPOALOHO pag) upaTiETon oTodepd, 08 AVTIOLGTOAY pE TNV
(aTAidq) wodTnTa TOL Yo Opicovpe 6TO EMOPEVO HEPAAALO, 1) OTTOLCL EfvOr OLOYEVELL
WG PG oppdTEPa TOL oUEAT). OL VO SLapépovv HGov apopd TN HopPr) TOL avadpopéa,
oAAG eivan LloodVvopeg: Yo Tov Adyo awtdv, dtav dev cuvtpéyel Adyog Suduepiong da
Aépe amA®OG LlooOTNTO.

SXETWA Pe TNV apyT] TNG AVAdPOpG, ToPATNPHOTE OTL 1] LGOTNTA TPOG a eival
oWwoY£éveln, 0TOTe LT TTOL Yo OPLGOUE ELVOIL HETATYNILATIOHOL TTPOG OULOYEVELEG WG
P0G TOV {810 TOTTO demT®V, KoL £TTLoNG OTL EXOUHE HOVO VOV HATOOHELAGTH], OTTOTE
opuel vou TOOE TL KAVEL EVAG TETOLOG HETAOYNHATIOROG He AUTOV. AVaALTIHOTEP, OG
Jewprioovpe 0TL pag éxovv dodei

1. pio owoyéverx (x : A) C(x) tomwv, xou
2. éva pENog crefl, T0O C(a).

Torte, ) oxéon
t(a,refly) = cref,
opilel évav petooynpatiopd (x: A,y :a = x) t(x, y) : C(x).
IMopatnpriote 0TI, o0& OYEOT HE TNV TEPUTTWOT TOV HEHOVOREVODY TOTWV, £5G)
éyoupe éva mopamdvew OpLopa, TO 0Tolo XPNoLpedEL 0TO va TPocdlopicel oe TOLo
otypdtuno Pprondpacte xade opd. ‘Evog dAlog tpdmog va meprypagel autd eivon
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Aéyovtag 0TL avTd oL opileTan e avadpopn otV LIOTNTH TPOG a elval pia Séopn

(y:a="Db)t(b,y): C(b),
(yra=b)tb',y): C(b),
(yra=b")1b",y): C(b"),

QTTOTEAODHEVT OTTO VLY PETAOYNHATIONO Yot #&de péAog To TOTTOL dettdov A.
O avadpopéag THG LOOTNTAG TPOG a ELVAL O HETATYXTUATIOHOG

(x:A,c:C(a),p:a=x)recg=x(c, p): C(x) (1)
70V opiletal atd TNV avadpopr)
recq-q(c,refly) := c. (2)

"Evag @AAog tpémog ypagrig tov (1) eivar vitd popenv xavova:

x:A c¢:Cla) pra=x

recar(e: p) C(x) ®

Avtr) 1) éuppact ovopdletan xavévag cYNUaTIopoy ToL avadpopéa TG LoOTNTAG, dL-
OTL TepLyphupeL Tov TPOTO e TOV 0Toio avTdg cuvthooetal, SAadY Tn HopYY) TV
OPLOHAT®V TOL KoL TOV TUTO (1] TOTOVG GTNV TPOHELUEVT) TTEPITTWOT]) TWV TILMOV TOU.
Avahoyol xavOveg GYNIATIONOD PITOPODY VA YPOUPTOVVY YLO TOUG GANOVG HETOCYTIHO-
TIopOUG.

"Acunon 3.1. Tpdiite To0g *oVOVEG OXNUATIOHOD TWV KATAOHELAOTGDV TOU List(A).

Edv otov (3) Bdroupe, yia Adyoug cuppetpiog, otn déomn tob x éva péhog @’ tov
A nou ®paTrioovpe HOVO TOLG TOTOVG, TALPVOUIE TOV AOYLKO HAVOVKL

Cla) a=d

4
@) 4)

yvwoto o wg indiscernibility of identicals, o omolog enppd&lel To yeyovog Ot Ta oo
potpélovron Tig idieg dLdtnteg.

‘Eva dpeco mopiopa tov xovova (4) eivar 6t n wodtnta Swatnpeitar and peto-
OXNHATIOHOVG: TPOXELLEVOL Yot Evay pHeTaoXNUATIoO (x : A) u(x) : B, To {nTodpevo
npoxvntel détovrog C(x) := u(a) = u(x). To endpevo Appa elodyel Evay Xprioio
oupPoAlopo.

Afqppa 1. Eoro (x: A)u(x): B petacynpaniopds. e orowadijnote a,a’ :Axarp:a =4 d
vmapyet Ever

ap(p) : u(a) =p u(a’)
70 omolo 1xavomoel T1) oyéon ap,(refla) = refly ).
Anddeitn. Ed®, 6Twg uan otnv mAelovotnta twv armodeifewv otn dewpio TOTOV, 1)
expavnon vrodewvoeL Tov Tpomo dpaong. Zvyxexpipéva, noxéon ap,(reflq) = refl, g
pég xododnyei va opicovpe to ap,(p) pe avadpopn oto p. Oewpolpe Aoutdv TV
owcoyévewa (x : A) u(a) =p u(x) xou to péhog refl, ;) T00 u(a) =g u(a), xou opifovpe Tov
HETOOXNUOTIONO (x: A, ¥ :a =4 x) H(x, y) : u(a) = u(x) péow g avadpopnc

t(a, reflg) := refl,(g).
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Aev éyovpe mhéov mapd va déoovpe ap,(p) 1= t(d’, p).
Evodhoxtind, propovpe vo opicovpe am’ evdelag tov ap, emivaloOpevol Tov
avadpopéa TG LodTNTOG:
ap,(p) : = recy_y (reflyq), p). O

'Onwg avapévetal, 1 ooty eivan oxéon wodvvapiog. To axdlovdo Afppo
astotelel TV TumodewpnTinr] exdoxr TG CUHHETPING.

Afqppa 2. N oowadiimote a, a’ @ A vdpyer évag ueTaoynuaTionds

(pra=d)plid=a

0 omoiog ixavomotel T oyéon refl, ™ = refl,.

Amddeitn. Bewpolpe tnv owoyévelx (x : A) C(x), émov C(x) := x = a, nou opilovpe
TOV peTacXNpatiopd (x: A,y : a = x) t(x, y) : C(x) péow g avadpopng
t(a,refly) := refl,.
TéAog, détovpe p ! 1= t(a’, p). To Sebrepo {nTovpevo eivon dpeco:
refla_1 = t(a, refly) = refl,. O
Me 1 Borjdelax Tov avadpopéa TG LIodTNTAC, TO p ' yphipeTon
1 = recyy (refly, p).

Tapatnpriote 6TL 1 OpoLdTH T TOL p~ ! pE TO ap(x : a) x(p) elvou povo pouvopevuiay: Ltn
pio TePUTTWOT) 1) OLKOYEVELX WG TTPOG TNV OTTOLX KAVOULE avadpopr elvain (x: A)a = x,
eve otV GAAN 1 (x: A)x = a. To didarypa eivon OtL elval onpovtind, dtav divovpe Evay
OpLopo pe avadpopr] 1 emuaAoVHOCTE TOV AVAdPOPEX THG LEOTN TG, VO ALVOUPEPOUVLLE
TNV OWOYEVELX TNV OTT0lL O OPLLOUEVOG HETAOYXNUATIOUOG TTOLPVEL TUEG.

T ) petaPatedtnta éxovpe to aundAovdo:

Afppoa 3. TN oowadijmote a, a’, a”’ = A vrdpyer évag petacynuariouds
(p:a=d,q:d =d)p-q:a=d’
0 omoiog ueavoroiel i oxéon refl, - refl, = refl,.

Amddeitn. Bewpolpe tnv owoyévewa (x : A) a = x, wou opilovpe TOV PETACYNHATIONO
(x: A y:d =x)t(x,y):a=x péow g avadpopr|g

t(a,refly) := p.
Télog, Yétovpe p - q := t(a”’, q). Ztnv nepintwon mov a = a’ = a”/, éyovpe
refl, - refly = t(a, refly) = refl,. O

MmopoUpe emiong vo ELPPACOLUE TO P - q XPTOLHOTOLOVTOG TOV avadpopén TG
LloOTNTAG:
p-q :=recy_g/(p,q)
T'ioe AOyoug opotopop@iag, SLTUTTOVOULE KoL TO TETPLUHEVO Afjppa TTov Stevdetel
TNV VosAACTIHOT T

Anppo 4. T omrorodijmote a: A vrdpyer éver
l:a=a

70 omoio avortoiel T oxéon 1 = refl,. O
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3.3 Ezmayoyn

H npocinun owoyeveldv tonwv otn Jewpio pég divel tn SuvatdTnTo Vo loyvpo-
TOUOOVHE TIG aPYEG VadPOUNG TOV StapOpwV TOTTWV. Oa Tapovpe WG Tapaderypo
ToLG PLoLKOVG apldpovg: H évvola evog avadpoptnod oplopod

t(0) c,
t(s(n)) := fu(t(n)),

6mov ¢: C xou (n:Nat, x : C) fr(x): C, eivan 6T 0 t prtopei va vmohoylotei oe Pripoton:

t(0) = ¢,
t(1) = fo(£(0)),
1(2) = f1(x(1)),

%o 00T KOJEENG. TYNUATIHG, OL TUEG TOV t AApPAVOVTOL «XUVIYOVTAG» TO ¢ HOTA
HAX0G TOU SLory pAHOATOG
fo h f2

C—C—C— -

H S, 0pwg, dadacio ItoAoyLopod epapproletol Kot 6To YeVIHOTEPO dLiyporpjLo

fo fi f2

Cp = €1 =5 G = -,

omov, avti yia évav tomo C, éxovpe pio owoyévelo tOnwv (n: Nat) C,. Odnyodpacte
étoL otV apylj trj¢ exaywytc ot Nat: Aodévtwv

o piag owoyévelag tonwv (x : Nat) C(x),

« £vOg o : C(0), xou

o evOg petaoynuatiopov (x : Nat, y : C(x)) ¢s(x, y) : C(s(x)),
oL O)YE0ELG

t(0)
t(s(n)) :

€0,

cs(n, t(n))

opilovy évav PeETOGYTHATIONO
(x : Nat) #(x) : C(x).

Me avéhoyo tpdTo yevirnebovTal oL apxég avadpopng twv dAiwv tomwv. H apyn
g emaywyng yioe tov BTree, m.x., Stapoppovetar wg e€ng: Aodévtwv

« pog owoyévetog (x : BTree) C(x),
o €VOG Cyiy : C(triv), nou
+ €VOG HETACYNHATIOHOD

(x:BTree, y : BTree, z: C(x), w : C(¥)) Cjoin(x, ¥, z, w) : C(join(x, y)),
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oL O)YE0ELG

t(triv) Y= Ctrivs
t(join(r, s)) := coin(7, s, t(r), £(s))

opilovv évav petaoynuatiopd (x : BTree) t(x) : C(x).
"Acunon 3.2. Awtvndote TG apyég emaywyng twv List(A) ko Bool.
Avon. Awtur®dvoupe TNy apyn eroywyng yio tov List(A): Aodéviwv
o pag owoyévelag (x : List(A)) C(x),
o £vOG cpji = C(nil), uort

« €vOg petaoxnpatiopov (x : List(A), y : A, z: C(x)) coons(x, ¥, 2) : C(cons(x, y)),

Ol G)YECELG
t(nll) i= Chils
t(cons(l, a)) := ccons(L, a, 1(1)),
opilouv évav petaoynpatiopd (x : List(A)) t(x) : C(x). O

H apyn g emaywyng tov Nat o@eilel TNV OVOpXGLX TNG 0TO OTL EPTTEPLEXEL TNV
owelor pédodo arddelng WoTHTwV TV ooV pe enaywyn: Eav ¢(x) eivon pio
WOt PLOUGV aPLIPGOY, atd pio addeln ¢ TG P(0) xon pioe amdden cs(x, y)
™G P(s(x)) amd v P(x) AopPdvouvpe, pécw TOV HETATYNHATIOHOD ¢ OV opileTal pe
emOywYN amd Tow ¢y ot Cs, pioe amddel€n t(x) To0 P(x) yro TuxOVTA PUOLKO APLIPO X.

H yevixevon tov avadpopéa yoe TNV apy ThHG eToywyng OVOUAleTon exaywyéas
xot cupPoAriletal ind- yio Tovg LGOS oPLIPOVG, EXEL TN LOPYPT|

(z: C(0), (x : Nat, y : C(x)) w(x, y) : C(s(x)), n: Nat) indNqt(z, w, n) : C(n).

Qg mopaderypa epappoyng thg apxng TS emaywyng, oG vtodécovpe OTL JéAovpe
va Sei€oupe 0TL 1) TPOGUEST) PLOUOV APLIPGV elvar avTIpeTOTETIN,

n+m=m+n,

pe emorywyn oto n. Ag’ evdg éxovpe va dei€ovpe 6TLO+ m = m+0, To onoio, dedopévou
6t m+ 0 = m, yphpetar LcodOvopo

O+m=m. 5)

A’ etépov, éxovpe va dei€ouvpe OTL e&v n+ m = m + n, ToTe s(n) + m = m + s(n), 10
oroio, dedopévov 6TL m + s(n) = s(m + n), xou AELOTOLOVTOG THV ENAYWYLKY LITOTEDT),
yphpeton .ooddvapa

s(n) + m = s(n + m). (6)

Hapatnpriote 611 ot oxéoerg (5) xon (6) eivon ov opilovoeg oxéoeig g mpdcdeong
AVTECTPOPPEVES: aLTO PaiveTon xahbTepa edv decovpe m+' n := n+ m:

m+0 =m,

m+" s(n) = s(m +" n).

Avto Tov poALg Samotdoape eivar eldur mepintwon tov ng amoteAéGpaToG.
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Ozmpnpa 5 (povadikotnta tov definiendum). Ag Jewpriocovue Tov avadpopusxd opioud

t0) :=co,
t(s(n) := co(n, t(n)),

6mov ¢y : C xau (x : Nat,y : C) ¢s(x,y) : C, xar ag vrodéoovue 6mi pag éxer dodei évag
petaoynuartiopog (x : Nat) u(x) : C pali pe ta eérjc Sedouéva:

1. éva po : u(0) = cp, xaut
2. évav petaocynpatioud (x : Nat) ps(x) : u(s(x)) = cs(x, u(x)).
Torte, vdpyel Evag PHETACYNUATIOUOS
(x : Nat) p(x) : u(x) = t(x).
Amddeitn. O opicovpe Tov p pe emaywyn. H pio pritpa 100 opiopot eivar mpopovig:
p(0) = po: u(0) = ¢ = £(0). (7)
"Ocov agopd v &AL, edv p(n) : u(n) = t(n), T6Te Tatipvouvpe
ps(n) = u(s(n)) = cs(n, u(n))
no
3By ) sy (M) : s, u(m)) = cs(m, £(m)) = £(s(m))
OTOTE PITOPODVHE VoL ETHOAEGTOVHE TN PETAPaTOTNTA TNG LOOTNTOG Mol VO FEGOVHE

PS(m)) = ps() - @P(y . ) () (1)) : u(s(m)) = £(s(m)). (®)

O p opiotnue pe emarywyr omd tig (7) xou (8). O
"Acxnon 3.3. Awtundote xou anodeiére 16 avéhoyo Tov Jewprparog 5y Motec.

"Aoxnon 3.4. TupmAnpooTe TV artddelEn g avtipetadeTindTnTAG TNG TPOoEOTC.
Svynexpipéva, opioTe, e ETAYWOYT) OTO M, HETAGYXNHATIOHOVG

(m:Nat) po(m):0+ m=m

no
(n, m:Nat) ps(n, m) :s(n) + m = s(n + m)

HOL PETE eQappoOoTe To Jewpnpa 5]yl va suptepévete, yio omotodrjmote m: Nat, Ty
OTtapEn £VOG HETHOXNHATIOHOD

(n:Nat)p(n):n+m=m+n.

3.4 Aoxnoeig

"Acunon 3.5. Acifte 611 ipdodeon MoTOV elvol TPOSETALPLOTINT, TTEPLYPAPOVTOC,
yo oowadnmote j, k, I : List(A), éva péhog to0 thmov

G+k)y+1=j+(k+1I).

[Yrodeitn: Kavte emaywyr oto 1]
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AUon. Oo uivoupe emaywyn oto . Avtd onpaiver 0Tt da XproLHLOTOLOOLHE TNV
apxn TG eoywyng Tov toumov List(A) yio va opicovpe évav petacynpatiopd

(I:List(A) t(D): G+ k) + L = j + (k + ]).
Katd mpotov, mpémel va opicovpe to
t(nil) : (G + k) + nil = j + (k + nil).
A6 TOV 0pLopod TNG TPOGIESTG, OUMG, TTAPATIPOVHE OTL
(+k)+nil=j+k=j+(k+nil),

01oTE PIopolpe va Féoovpe
t(nil) : = reflj, .

Kata devtepov, ag vrodécoupe 6t éxovpe to t(l): (G + k) + [ = j + (k + I), o IéAovpe
Vo 0ploOUHE TO

t(cons(l, a)): (j + k) + cons(l, a) = j + (k + cons(l, a)).
Ot vtoAoylopoi TV oxeA®V aUTHG TNG LodTnTAg divouv

(j + k) + cons(l, a) = cons((j + k) + I, a),
j+ (k +cons(l,a)) = j+ cons(k + [, a)
= cons(j + (k + 1), a).

Eg" 6cov t(l): (j+ k) + [ = j + (k + I), prropodpe v epappdcovpe To Arjppe [1] wat vor
Jéoovpe

t(cons(l, @) := ap(y: List(4)) cons(x,a)(t(1)) : cons((j + k) + L, a) = cons(j + (k + I), a).

Ao v apyn g emaywyng tov List(A) AapPdavoupe, yi omowdrmote Aiota
I:List(A), to pérog t(l) to0 (j+ k) + I = j + (k + ).

"Acunon 3.6. Aodévrtog evog petacynuatiopod (x @ A) u(x) : B, dei€te 611, yia omoo-
dfmorte k, I : List(A),

List(u)(k + I) = List(u)(k) + List(w)(1).

[YrodeiEn: Kavre emaywyn oto 1]

"Acoxnon 3.7 (PuowdtnTa Tou cat). Aodévrog evog petocynpotiopod (x @ A) u(x) : B,
deite 011, yio omorodnjmote L : List(List(A)),

cat(List(List(u))(L)) = List(u)(cat(L)).

[YrodeiEn: Kavte emaywyr) oto L.]
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4 Aoywn

Yrépyel otevr oxéon avapeca ot dewpio OOV xow T Aoyud, Wiaitepa
Jewpla amodeiewv. Mio mTuyn TG oxéong auTrg, 1) omoia oxtoypapiinxe dn oto
TPOTYOVHEVO HEQAAOLLO, AUPOPA TNV EPUNVELR TWV TIPOTACEWV WG TOTTWV, YVOOTH oL
wg avtiotoyio Curry-Howard. Qotdc0, e8¢0 vtoxpimtetan éva onpavtnd Bodvtepo
YEYOVOG, TTOL €XEL VO XAVEL HE TNV aviyvwoT) TG dewplog TOTwv g dewplog vorpo-
TOG TWV VAALTIKOV TTpoTAcewv. To {NTnuae Tov TPocdloploHod TWV AVOALTIHGOY
npotdoewv éxel mAovola otopia xow ovvdéetar pe Sthpopa dAAo eEonpetind ev-
Sropépovta PLAOCOPE EPWTHHATA, T) TTPAYHATELGT) TV OTolwV EePedyel amd TOVG
OXOTOVG VTMV TWV GTHELOCEWY. O TPOoTATT|GOVHE HOVO VX OHLXYPOPTICOVLE TO
oxentd ot Paon Tob omoiov owodopeitar ) oxéon peTafd Aoyng xor dewpiog
TOTOV.

4.1 H évvola Tov texpunpiov ainderog

H amodewtinn diadiwacio éxel amoldtwg xevipwr] déon ota podnportied. Ko
dwaiwg, ool eival 0 TPOTTOG e TOV OTOLO ATTOUTOVHE YVOOT) TOV HOUHATIHDV
npotdoewy. Ilowx eival, OpwG, 1 oxéon avipeco TNV atddelEn KoL T yvaor;
3o [3]], o Martin-Lof meprypaget To orodetnviely pio TpdTact ¢ wg tnv TpdoKTno
1 xotaourevn 1) cOAANYN evog texpnpiov odndeiag tng ¢. Tote, To yvwpilew tnv ¢
VoelTal g To éxelv amodeifel tnv @, SnAadn wg 1 xatoxn evog texunpiov aifideog
™mg ¢.

Mio amodeln evdéxetal, eXTOG IO GUUTEPAGHOL, VAL £XEL KOl VTTOYECELS. XTNV
TEPITWOT QLTH, 1] YVOOT) 1) omoia xoptleton elvon xatd cuvdnun. "AAAwg eumrelv, pio
arddelkn pe vodéoelg mapéyxel oe xATTOLOV OV YVwpIleL TIg LITOTETELS Evay TPOTO
Vo YVwpioel To cupmépacpa. Aodévtog 0Tl To Yvwpilelv ouvioTaTol GTNV KATOXY
evog texpnpiov aindelag, odnyovpacte oty e€ng

Awarictoon. Mia anddeiln mapioTavel EVav UETAOYNUATIONG TV TEXUNpPioV aldeiag
®dmolwv TPoTdoewv (Twv vrodéocwv) oe Texunpie adeias xdmwowag npdéracng (Tov
OUUTEPAOUATOG).

Kat" autév tov tpomo, éxovpe dievxpivicelr tn oyxéon peta€d omddeléng uan
yvoong. Mével audpo va Tovpe Tota eival Tor Texpriplae aAfdelag Twv tpotioe-
WV. ZYETWA pE QUTO, TOPATNPHOTE OTL TO TL GLVIGTR TEXPNPLO aAfdelag kadeptdg
npoTooNg elvon oaupeg 0,TL xpetdletar vor YVwpllel Kovelg TPOXEWEVOL Vo elvort
oe Jéomn 1600 va datvndver amodeifelg, 600 o v watavoel Tig aodeifelg ov
Sratumdvouvy dAAoL wg Tétoteg. AvTr, OGS, eivat 1) Aertovpyia ToO VOrjHaTog:

Opropdg 6. Amoderntind 1j Jetixnd vonuoe (1), AmAOG, VONHO) HLOG TPOTACTG OVORATETOL
TO TL CUVIOTK TEXHNPLO aAfjdelng avThG.

To ouenTed avto TOL OPLoOD eival OTL oTO PO pATL, AAAX KoL o€ vGDe GANO
nedio oto omoio 1 aodewtiny Sradwacio éxel xevtpd poAo, oL TPOTAGELS «HOVL-
BaroOv» 10 JeTd TOLG VONUX, HODOG aVTO ivat TTOL TTPocdLopilel TOVG TPOTOULG HE
TOLG 0TT0LOVG GUUHETEXOVLY G€ aTodeikels.

4.2 IIpotaciaxn Aoywn

"Oc0ov apopl ToV TPOGSLOPLOHS TOV VOTHATOG TV SLLPOPpWV TTPOTACE®V, TAPOL-
TnpnoTe 0Tt évag oplopdg eivan pio TpGEN amddoong vorfpatog oe éva cOpPolro, Evay
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6po 1 pic omoladrjote GAAT, evdexopévwg ovvIeTn, YAwoowr) éxppact). Avtd or)-
Hoivel, avtioTpo@a, OTL 1) GXECT) AVAHESH O POl YAWOGIUY EXPPOCT] KoL GTO VONIK
NG propel va elva avtixeipevo oplopol, kL avtd oxveL Wiaitepo yio npotc’xcst
AT TNV GAAN pEPLY, 0 TPOGSLOPLEPOS TOD VOTIHATOG TWV TPOTACEWV HLOG TPOUTTap-
xovoog YAwooag de pmopei va eivar avdaipetog, adAd do mpémel v otnpiletal o
pio vonpati avélvon avtig tng YAwooog. IIpoxeyévou yia tn xprnon twv Aoyt-
OV OTOTEPDOV GTA HATAOUEVACTIUA HATNHATIHG, ) OXETIKY avaAvoT) cuvoyileTo
otv epunveie Brouwer-Heyting-Kolmogorov (BHK), 1 omolia, yio Toug cuvdEGHOUG,

éxeL g e&ng:

« 'Eva texpripro afdetog g ¢ & i amoteleiton otd éva texprplo alfdelog g
¢ nou éva texprplo aifdelog g .

« Texpnpla oaAndelag g @ v ¢ eivon o Texprploe ahndelag g ¢ xodog no
exeiva tng .

o Texprpro aifidelag g ¢ > ¥ eivon €vag PETACXNHATIOHOG TOV TEXpNPiwV
oAndeog g ¢ oe Texprpla akndelag g .

o H 1 dev éxerL teupnpra adfjderog.
« HT éxel éva tenprnpro adndetog.

Téhog, 1 Gpvnor ¢ pog TPOTAoTG ¢ opileTan WG N TPOTAGT ¢ O L.

H BHK &ievxpvilel tov tpdmo e ToV 0moio oL AoyréG oTadepég Y Pr)OLHOTOLO-
VVTOL 0T KATAUOREVOO TG podnpated. To wdvel, e, avtd, TepLypdpovtog To vonpa
rnodepLdg ovVIETNG TPOTACTG CUVOPTHOEL TWV VONHATOV TV ATAOVDCTEP®VY TPO-
Thoewv and TG omoieg éxel ovvtedel. MaAlota, nodepid ad Tig pritpeg g BHK
elvan éva emaywywd oxfipa. Zvvereio ouToU, PITOPOVHE VO TTOVHE OTL TO VOT|HOL KO-
JepLdg mpodTOong elvat 0 TOTTOG TV TExpNpinv aAfdelag avtig. Avtd pog emTpénel
VOU X PT|OLHOTTOLOVHE TUTTOTEWPTTIXT] 0POAOYiQ KO TUTTOVEWPTTIKO GUHPOALGHO Oty
HIAGpE YL TPOTAOELG HETOED GAAWV, YPAPOUHE X : ¢ yiot vor SNADGOUUE OTL TO X
elvon Texpnplo adndelog g @. Oo eEeTAGOUVHE TOUG GLUVOEGHOVS HATA GELPAV.

3 0CevEn

Ytnv BHK, oi rataorevaotéc towv (texpnpiov adjdeiag tov) diopdpwv mpo-
Thoewv éxovv amociwnndel. Qotdoo, TPOg XApLv THS TLTOTEWPNTINNG TPAYRUATED-
ong, xpewleton va Touvg eppavicovpe. Etot, opilovpe tnv oOlevEn ¢ & @2 do
TPOTACEWV 1 HOlL P2 PEGW TOD HATOOHELAGTH (TEUUN PlV aADELRG)

« E&v a; : ¢1 xan ap : ¢, tOTE pair(ay, az) : 1 & o,
1, VIO HOPPNV HAVOVOL CYNHATIGHOD,

ar:dr ax:ig
pair(ar, az): 1 & do

10 épog mpdracy avticToryel, oTa cryyAued, 6Tovg S0 HPOLG Sentence uan proposition, o TPHTOG eX TWV
OTOLWV AVAPEPETAL OTNV TPOTACT] WG YAWOTXT) EXPPACT), EVGD 0 SEVTEPOG GTO VONHA 1) TN OTHAGIO HLOG
TETOLOG YAWOO WG éxgpaocTg: L.oodvvapa, pia tpdtaon-proposition eival éva mpotaciond vonpa, kot pia
npéTacn-sentence eivat pice Yhwooud éxgpact evog téTolov vorjpartog. ‘Otav pddype yioe To vonpa 1y Tov
oplopd pag Tpdtacng evvooipe, Eenddapa, v Tpdtaot wg YAwoown éxppaot).
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IMopodeimovtag To Texprplor AAIELAG TTOLPVOUHE TOV HAVOVOL OTTOYWYTG

$1 ¢
P1 & P2

7OV enPPalel TO GTOLYXELDODEG Aoyl yeyovog OTL amd S0 mpoTdoelg PItopolpe va
oupmepavoupe Tr o0levEn Tovg. O xavoVaGg AVTOG OVOPALETAL #AVOVOS ELCAYWYTS
(introduction rule) g 60levEng, S1OTL mepLYplPeL TOV (KOVOVIKO) TPOTTO e TOV OTTOL0
pioe o0CevEn eppavifetol wg CUUTTEPACHA PG ATTOSELENG.

"Onwg 1dde thmog, 1 o0levEn wavomotel pioe apyr) avadpoprc, 1 ool Aéel o1,
d00évTog VoG PETAOCYXNUATIGHOD (X1 : P1, X2 © P2) Cpair(x1, X2) : 0, 1) OYEOM)

&1

t(pair(as, az)) := cpair(al, az)

opilel évav petaoynuatiopod (x: ¢ & ¢p) t(x) : 0. H apynf avtr ovvoyiletal oe évav
avodpopéa

((c1 = P1,x2 2 P2) 2(x1, x2) : 0, x = 1 & o) recy, g, (2, %) - 0
1, VIO HOPPTV HAVOVAL CYNILATIGHOD,

(x1: 1, x2: )

z(x1,x2): 0 x: & ¢
recg, &¢,(2, %) : 0

optlopevo amtd tn oxéon
rec¢1&¢z(z, pair(ay, az)) := z(ay, az).

E&v amd tov xavove oxnpatiopod tod recy g4, mopoeiyovpe To Texprpio o-
ANOEL0G TALPVOLE TOV XOVOVOL OTTOYWYTIG

(¢1,_¢2)

0 &
—jl % ge

5

0 omoiog exppalelL Tov TpoHTO pe TOV omoio pia oV evEn popei va xpropomondel wg
vrddeon, wow yU autd Aéyetal xavivag analoiprc (elimination rule) trg 60levEnc.

AvdlevEn
"Opota, 1) SL&leven £xel ToV eTaYOYWO 0pLoHO
ai: ¢ az : o
iny(a1): ¢1 v ing(az): 1 v gz

Ki €8 pmopovpe v mapaieipovpe Tor TEXppLo aAdelog xo vou TAPOULHE TOVG
HOVOVES eloaywYNG TG dLdlevEng

$1 ¢2 y
1V P2 1V o

1,
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oL ormtoiot exppalovv To yeyovog OTL piopolpe voo cLpTTEPAVOUpE i dtdlevén amd
enatepn Towv SolevuTéwv.
H apyn g avadpopng yio tn Staleven éxel wg e€ng: Aodévtwv dvo petaoynpo-
TIOPOV (X1 : 1) Ciny (x1) 0 o (x2 2 P2) Ciny (x2) : 6, 0L OXéoELS
t(iny(a1)) := cin, (a1),
t(inz(az)) <= ciny(az)

opilouv évav PHeTaoXNUATIOHO (x @ d1 Vv ¢o) t(x) : 6. O avadpopéag trig SilevEng éxet
TOV XOVOVOL CYNHATIOHOD

(x1:¢1)  (x2:¢2)

200): 0 20 x:divé

rec¢1v¢2(zl, Z3,%x): 0

no opileton amod TG OYECELS

rec¢1v¢2 (Zl’ 22’ inl(al)) ‘= Zl(al)a

recy, v, (21, 22,in2(az)) := z2(az).

Awrypapovtag o Texpriploe ahdelog amd Tov xavova SYXNHATICHOD TOD recy, g,
moipvoupe tov xavova araowprig T didlevEng

(¢1) (%)

6 0 v

vE
0

0 omoiog meptypdupel Tnv amddelfn pe SLbupLon TEPLTTOCEWV.

Svvemaywyn

H mepintwon g cvvenaywyng topovotdlet Alyo peyahdtepo eviiapépov. Edw,
0 OpPLOPOG EXEL TN HOPOT

« E&v o (x: @) b(x) : ¥ elval peTaoXNUATIONOG TV Texpnpiov adndelog g ¢
oe Teupplo adndelog g ¥, tote 1o A(x : @) b(x) eivon Texpnpro aindetog tng
$=>9.

H Soutepotnta tng (Rovadinig) pritpag avtod 1o oplopod elvat 0T, oe avtideon
He OAOVG TOVG EMAYWYIHOVG OPLOHOVG TV AAA®Y GULVIECHWY, ELGAYEL EVOV KOTO-
oxevaoTh, TNV A-apaipeon, o omoiog déxeTot éva OpLopa Tov dev eivor pEAOG HAITOLOL
TOmov, opd eivar To 1810 petaoNUATIONOG. AVTO AVTOVOHAGTOL KOL GTOV AVTIGTOL-
X0 HOVOVA CYNUATIGHOD, O 0TTOL0G EXEL TN HOPYPT|

(x: )

b(x): ¢
Mx: @) b(x):¢poy
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To teupn ploc adrjdelag Tev cuveraywyov ovopdlovtal cuvaptioels. Qo taiplole,
eMOPEVWC, v Ypapape function(x : @) b(x) avti yioe A(x : @) b(x), pa kot qvTd 7OV
SnAoveton ed elval pia cuvaptnon pe dpopa x ko copa b(x). Qotodco, To cOpPoro
A elvan nadepwpévo otn Aoy xou T Jewpio TOTOVY, Ko Oe Yo emiyepricovpe va
TO aAAGEOL E.

Iopaieimoviag To Texpnplo aAfdelag TAPVOLHE TOV KOVOVO ELCAYWYNG THG

OLVETOLYWYNG
(¢)

4
¢y

0 070i0G, 68 GAAEG SLATLTTOCELG TAG AOYIUTG, VAL YVOOTOG WG FeDdPTHO Aoy YNG.

H apxr) thg oavadpopng yia tn cuvemoywyr) artotelel Alyo peyadOtepn tpoduAnon,
yU avt6 T Sratvvoupe avodvtnd: ‘Eotw 6 tuxodoa tpdTact, xo og vtodécouvpe
ot pog éxet dodel évag petaoynuatiopds ((x : @) y(x) : ) ca(y) : 0 o omoiog déxeTon
WG OpLopa Evay PETATYNHATIOHO Texpnpiov aAndelag g ¢ oe texprplo aifideog
™G ¥ xou emoTpéPel éva Texprnplo aindetog tng 6. Me avtd ta dedopéva, 1 oxéon

tH(A(x = ¢) b(x)) = ¢y(b)

opilel évav PeTOOYNUATIONO (x: P> ) H(x) : 6.
'Qg ovvAdwg, o avadpopéag TG cuveraywyng Aapfdveton eppoavilovtag wg
OPLOHOL TNV TTAPAHETPO C), OTTOTE £XEL TOV KAVOVA CYNUATIGHOD

(5%)
Yy

2):0  fipoy
rec¢3¢(z,f) : 0

=y A

5

noL opileton outd ) oyéon
rec sy (2, A(x : §) b(x)) <= z(b).

Kou ahL, Sraypdpovrtag ta texpnpro aindetog Aoappdvovpe Tov xavova oarodotenig

TNG CLVETAYWYNG
;)
(5

E&v ovpPoricovpe X + 6 to yeyovog ot i) 6 émeton (sivar Aoywur) cuvémeila) twv
TPOTACEWV KO XAVOVWV TTOL AVAXOLY 6TO 60UVOAO X, 0 (o) AéeL dtLeav X u{—} I 0,

tote Zu{¢po ¢y} 0.

Yevdig

To Yevdég éxeL Tov TETPYUPEVO, ) HEVO, ETTOLYWDYIHO OPLOHO TTOV SeV TTEPLEXEL HOHLLOL
phTpa: noté cuvémela dev Exel uan xavoveg eloaywynig. Eg  0cov dev éxel texprpla
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oaAndelog, n avtiotoryn apyn ovadpopng Aéel atAdg 6Tt yia xdde mpodtaot 6 opileto
évog petacynpuatiopds texpnpiov alideiog g L oe texppro aindetog tng 0, ov
elvo xan o avadpopéog

(x:L)rec,(x): 60

o0 Yevdoig: VIO HOPPTV HAVOVOL X NHATIGHOD,
x:1l
rec (x): 0

Aoty paPOVTOG ToL TEXHT PLOL OAT|IELXG TTALPVOULE TOV HOVOVEL aTtaloLprig ToV Pevudoig

Le,
6

7OV €lval YVwoTog ko wg ex falso (sequitur) quodlibet.

AAndég
To aAndég éxel Tov oplopod
o 11T,

1 povadinn priTpa ToL omoiov yphpeton emtiong

1T

rou Sivel Tov xavova eloaywyng
=y
T
7oL Aéel, amA®G, 60TL 1) T aAndeveL.

IIpoxeyévou var OploOVE EVAV HETOOYMHOTIONO TV Texpnpiov aifideiag Tov
aAndovg dev éxovpe apd va ToOE TOG VTOG dpa 6To povadind Texprplo aifidetog
11T autd onpiog exppdleton amd tnv apxn avadpopis tov aindoids: Aodévtog
evog ¢ : 0, n oxéon

t()) :=q

opilel évav petacynuoatiopd (x : T) t(x) : 6. "Etol kot o avadpopéag 100 aindoig
(x:6,y:T)recr(x,y): 0
opileton amd ™ oxéon
rect(x,!) := x.
O rect €&l TOV ®aVOV GYTUATIOHOD
x:0 y:T
rect(x,y): 0 ’

Lo TOV 0TTOL0 AUPALPDOVTOG TA TEXUTPLA AAIELOG TTAULPVOURE TOV KAVOVAL ATTOAOLPTIG
o0 aAndovg
0 T
0

TE.
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4.2.1 EwWdwol xavoveg amalorpng

Eav évag oVvdeopog éxel auplPodg évav wavova eloaywyng, o povadundg awtdg
novovag elcaywyng popei eriong va Stafactel amd udtw mpog ta enavw. Ta wpo-
iovVTa VTG TG AVTIETPOPG AéyovTat eidixoi (special) sxavoves amadowpric (nou, eviote,
ylot avTIOLGTOAT), oL @AAoL xavoveg amahotprig ovopdlovton yevixoi). Ilpoxeyévou
yta T o0lev€n, avtol eivat ot

d1 & ¢ $1 & ¢ &S

$1 2
T T cuvemaywyn €XOULE TOV XOVOVXL
29 4 ¢
4

YVwoTo o wg modus ponens. TéAog, yia to aAndég éxovpe pndév to TAndog eldinotg
HOVOVEG QTTOAOLPTIG.

T xodévoy amd Toug TPeLg Tapotdve oLVIEGHOUG, oL EL3OL KAVOVES Tt OLPTIG
eivon Lloodvvagiol pe Tov (yevind) navova astorotpnc. T va to dei€ovpe avtod yiow T
oVLevEn), JewPOVIE TOVG HETATYHATIGHOVG

x:d & o x:91 & P
pri(x) : ¢ pry(x) : ¢o

oL oroiot 0pifovTan PEGK TWV AVASPOPOV

pri(pair(ai, az2)) := a,

pry(pair(ai, az)) := as.

'Onwg now #éde GANOG peTacXNRaTIopdg mov opiletor pe avadpopr, oL pr; xo pry
HITOpODV Vo exppacTobV pe Tn Porideta Tov recy, g4, AVILOTPOPWG, O recy, &4, OPICe-
TOL QTG TOUG Pry 0L pry HEG® THG GXECTG

recg, &g, (2, x) = z(pry(x), pry(x)).

‘Acxnon 4.1. Erodndetote 0TL 0 £T0L 0pLOPEVOG recy, g ¢, WHAVOTIOLEL TIG Opilovoeg
oxéoelg Tov avadpopéa g oVLEVENG.

Tt VoL TOXTOTIOLGOUHE T CUVETTYWYT], JEWPOVUE TOV HETOLOYTHOTLOHO
fi¢oy x:4
applyf(x): ¢
0 omoiog opileton pécw NG Avadpopng
apply \(x : ¢) b(x)(@) = b(a).
O recy,y opiletou amd Tov apply péow TG oxéong
recg-y (2, f) = z((x : ¢) apply(x)).

‘Acxnon 4.2. EnaAndedote 6T 0 €101 OPLOpEVOG recy,y ttavorolel Ty opilovoa

oxéon 100 avadpopéa THG CLVETAYWYNGC.
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T v mepintwon tov aindoic, apuel vo mTapatnprcovpe OTL o rect opileto
noL xwplg oavodpop:
rect(x,y) := x.

Avtd avtavaxrd& To YeYovog OTL 0 xavovag omalolprig Tov aAndoig eival mepLtTog.

"Aoxnon 4.3. Enadndedote 6110 ét01 0pLopévog rect weavomotel tnv opilovoa oyéon
00 avadpopéa To0 aindoic.

Avvaper o0 mapambve deopipatoc, eivar xadlepopévo oTn uo aTaywy
VO XPT|GLHOTTOLODVTOL OL £1dol xarvOveg atalotprig 6mov eivan Stadéoyot.

4.2.2 Topoadeiypoarto
Qg mpdrTo maphderypa, ag dodpe mTOG otd TS ¢ > Y now ¥ o O pmopodpe va
OGUPTTEPAVOLE TNV ¢ D 6:
p=2y (9
| |4
0
$=0

>S

=X
=y A

"Onwg cuvndileton ota padnpatwd, ypdlape thv artddelén xwpic va avagépoupe
TOL TEUP PL AN TELAG TWV EPTTAEROPEVOV TTPOTATEWV. QOTOCO, AVATPEXOVTOG GTOVG
HOVOVEG OXTHATIGHOD O TOUG OTTOLOVG TTPOEPXOVTAL OL SLAPOPOL AoyLKol xavOVeC,
propovpe amod pior armddelfn vo eXHOIEDGOVE TOV HETACXNHATIOHO TOV OToil0 TTo-
ptotavel. IIpoxeyévov yiox tnv amodelén Tov Tapadelypatog, o HETACYNHATIOHOG
oLTOG elval o

(f:9=9.8:9=0)g-f,
omov
g°f 1= Mx: ¢) applyg(applys(x))
elvou 1 oOvdeon cuvaptricewy. Ydpyouv eniong TRVTOTIHEG CUVPTICELS:
G
idy ;= AMx:¢9)x:9p2¢ .

4.3 Katnyopnpatixi Aoywn
I tovg mocodeinteg, oL oxeTwég prjTpeg g BHK eivon ot e€njg:

« 'Eva texprpro adfdeiag g 3(x : A) ¢(x) amoteleiton and éva pélog a tov
TOmov A xou éva Texprpro aindeiog tng tpdtacng ¢(a).

o Texpripro andetog g V(x : A) @(x) eivan évag HETACYTHATIGHOG TTOV OUITELKO-
viler xadéva pélog a tov thmov A oe éva texprpla aAfdelag g tpdTaoNg

$(a).
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Yroprtindg mocodeintng

Eotw (x : A) ¢(x) owoyéveir mpothoewy. H mpdtaocn I(x : A) ¢(x) éxer tov
HOTOGHEVAICTT]

« E&v a: Axou b: @(a), tote pair(a, b) : I(x : A) H(x).

Xpnoomolovpe To 510 GVORX YLl TOV XUTACKEVOGTH TOV LITAPUTIHOD TOCOdEINTT)
HE QLTO TTOL XPTCLUOTOLCUHE YL TOV XATAGHELAOTH THG oVLeVENG. AuTO eivon
eoueppévo: Amd tumodewpnTinr dutoyn, 1 vaprtinn TocddelEn dev elvan Topd pic
e€aptadpevn (dependent) ovlevtn.

Qg xovdvog CYXNUATIGHOD, 1] PHTPA TOV TOPATAV® OPLGHOD YPAPETOL

a:A  b:¢(a)
pair(a, b) : 3(x : A) ¢(x) '

[Mopadeimovtag o Texpriploe cAndelog amd Tov Topamive KovOvo TALPVOLHE TOV
HOVOVAL ELGAYWYTG TOV LTLOPUTHOD TOCOdeiNTN

a:A g o
3(x : A) $(x)

0 omoiog pog Aéel 0Tl dodeiong TG P(a) yia #&ITolo a PITOPOVIE VO GUPTEPAVOULLE

v 3(x : A) §(x).
H apxn g avadpoprng tobd vmaputinod mocodeintn Aéel 0TL, dodévtog evog
HETOOXMUATIOHOD (X : A, ¥ : $(X)) cpair(x, ¥) : 0, 1) o)XEOM

t(pair(a, b)) := Cpair (@, b)

opilel évav petaoynpatiopd (w:3(x : A) ¢(x)) t(w) : 6. H apyn avt cvuvoyileton o€
évay avadpopén

((x: A,y (x) z(x, ) : 0, w) recy(x . 4 p(x)(2. W) : 0
1, VIO HOPPTV HAVOVOL CYNUATIGHOD,
(x: A y: (x))

26110 wid(x:A) g)

>

reCa(x : A) ¢(x)(% W) : 0
optlopevo amtd tn oxéon
recy(x : ) ¢(x)(% pair(a, b)) := z(a, b).

E&v améd tov xavove GYMHATIGHOD TOD recy(x : ) g(x) TOPAAEIYOLpE TO TEXPTPLOL
aAfdelag Taipvoupe Tov xavova aalolprig TOO LITAPHTIHOD TOCOdEiNTN

(x: 4, ¢(x))

0 3(x : A) $(x)
0

€.
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KodoAndg tocodeintng

‘Eotw (x : A) #(x) owmoyévewn mpotdoewv. H mpdtoon V(x : A) ¢(x) éxel tov
HUTOGHEVAICTT]

« E&v o (x : A) b(x) : #(x) eivon petaoynpatiopodc, tote to A(x @ A) b(x) eivon

Texpriplo adfdetag tng V(x : A) ¢(x).

Kot otnv mepintworn tov xadoAnod mocodeintn cupPoAilovpe TOV KOTAGHEVAOTH
OMwg Tov xataokevaoth TG cuvemaywyng: H xadoAiud mocddeln eivon n ekop-
topevn (dependent) exdoymn TG cuvenTaywYNG.

O A éxeL Tov navoOvo GYNUATIOROD

(x:4)

b(x) : p(x)
A0 A) bx) v(x: A) $x)

td TOV 0700 TALPVOULE, TAPAAELTOVTAG T HEAT], TOV KAVOVX ELCAYWYNG TOD XX~
Yoot mocodeintn:

(x:4)

& vl

V(x: A) ¢(x)
Amo hoywn} &roym, awtdg o navdvag Aéet 6t otd pia amddelén tng ¢d(x) yioe Toxdv
x : A popolpe v cupmepdvoupe Tny V(x : A) ¢(x).

H apxn g avadpopng yio Tov xodoAnd mooodeintn eival eniong yevikevon tng
avtioTolyng apyxng yio tnv cvvemaywyn: Eav n 6 eivail tuyoboa mpodTaon, xot pog
éxer dovel évag petaoynpatiopdg ((x : A) y(x) : ¢(x)) ca(y) : 0, téte 1 oxéon

H(A(x : A) b(x)) := c(b)
opilet évav petaoynpartiopd (f 1 V(x : A) ¢(x)) t(f) : 6. 'Qg cvviidwg, o avadpopéag
o0 ¥ooAoD Tocodeintn AopfaveTol epPavilovtas wg OPLOH TNV TOAPAPETPO C),
OTIOTE €YEL TOV HAVOVAL GXNHATIOHOD

(o)
y(x): ¢(x)

z(y): 0 fiv(x: A) §(x)
reCy(x : A) g(x)(%:f) : 0
ro opileton pe oavadpopn amd tn oxéon
reCu(s: 4) ga)(2 A 1 A) b(x)) 1= 2(b).

Kou AL, Srypagpovrtog to texprplo adndetog Aapfévoupe tov xavove oammolopng
00 xatdoAo0 Toc0deinTr)
()
$(x)

9 VA )
; .
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Kavoveg etoaywyrig

Kavoveg ammorowprg

(Ewduot)

(¢1,.¢2)

o P 8 & P2 & & ¢ $1 & ¢
& & ¢y 0 P 2
(915.1) (</5.2)
¢ @2 0 6 d1V P2
d1V o h1V P2 0
(v)
@) v
y 0 gy 6oy ¢
¢oy 0 4
L
0
0 T
T 0 %)
(x: Aa'sb(X))
@A §la) 0 3(x s A) ¢(x)
3(x: A) $(x) 6
(5)
(x:A) P(x)
$(x) 0 WA ) | Vx:A)PR) a:A
v(x : A) $(x) 6 $(a)
b:A ¢a) a=0D
a=a 9(b)

IMivorag 1: Kavoveg puowrg amaywyng.

27




O »adolwdg mooodeintng éxel emiong évay eldnd xovdva amalolprg,
V(x:A) o(x aA
(x: A) ¢(x) vs
$(a)

0 07L0L0G, OTLWG KO GTNV TEPUTTWOT) TNG CUVETXYWYTG, AAHUPAVETOL CTTO TOV KOVOVXL
GXNHATIOHOD

>

fiv(x:A)p(x) a:A
apply(a) : §(a)

TOV petaoynpatiopot apply mov opiletal amd Tnv avadpopr

apply/l(x:A) b(x)(a) := b(a).

Ko i, ot 800 uavoveg amarotpnig eivar toodvvapol cuvereia Tod evaAlonTinod
OpPLoHOD
reCy(x: A) ¢(x)(%: f) = z((x : A) applyf(x))

00 avadpopéa To0 xodoAot mocodeintn.

IootnTa

EAéyyxeton natd mOoOV 1) lodTnTO eivor Aoywer} évvota. QoTdoo0, éxel apuetd Ao-
ywd yopartnplotind oote va Sixatoloyeital 1 9€on tng 6To ke@dAoto Tng Aoyiric.
Mo ko yio tnv 1looTnTo EXOUpE WATGEL IOT) GTO TTPONYOOHEVO HEPAALO, HTTOPOVHE
va tephoovpe an’ evdeing oto da tadTo.

H wo6tnta mpog a éxeL Tov xavova eL.oaywyng

HOUL TOV HAVOVOL ATTAAOLPTIG
b:A ¢(a) a=0b
$(b)

omov 1 (x : A) ¢(x) eivar owoyévela TPoThoEWVY.
"O)oL oL xavdveg puong aaywyng Ppiockovton cuyrevipwpévol oTov Tcivomoc

5 Zrtoyewodng dewpio tOTOV

H xathepopévn moréta tonwv g MLTT mepihapfavel, extdg amd tnv 1ooTnTa,
Sipopovg memepaocpévouvg tomovg (0, 1, xAm.), ywopeva A X B xou adpoicpato
A + B tonwv, tomovg ocuvaptrioewv A — B, adpoiopata Y (x : A) B(x) now yvopevo
T1(x : A) B(x) owoyevewdv, tomovg W, Tov TOTO TV UKDV aptdp®V, xal, xatd
TEPITTOOT), AAAOVG YELWHEVOLG TOTTOVG (TOTTOVG ALOTOV HATL.).

5.1 Iootnta

TNo v wotta éxovpe pAfoeL Ndn oe mponyolpeva xepdhowa. Topa Ja o-
ploovpe T&AL TNV LGOTNTA, AUTH TH POPA WG OLKOYEVELX (G TTPOG AUPOTEPOL TX OHEATN).
AvTOG 0 «GUHHPETPIMOC» OPLOHOG THG LOOTNTAS, HOAOVOTL elval LGOSVVOOG HE TOV
aANOV, £xeL TTEPLEGOTEPO TUITOVEWPTTILO VOT A
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Tomog IIpotao

MéAog Texpriplo aAnderag

Metaoxnpoatiopog AmddelEn

L

Ul<|& |-

(M| +| x|~

[Mivorag 2: Avtiotouyio pHeTaEd TUTTOVEWPTTILOV HOL AOYLUOV EVVOLDV.

‘Eotw A tonog. H iodtnta tov A eivar ) owoyévela

(x,y:A)x=ay
IOV €)EL TOV XA TACHEVOCTH)
(x:A)refly 1 x =4 x,
1, VIO HOPPNV UAVOVAL CXTHATIGHOD,
x:A
refly : x =4 x.

A7 Aoyw) Grtoym, o xowvovag autdg Aéet OTL 1) LlodTnTa elval oxéoT) avauAaoTin.
H apyn mig avadpoprg yia tnv iootnta éxel wg e€ng: Aodévtwv
« piag owoyévelag (x, y @ A) C(x, y), non

o evOG petaoNUaTopoD (x : A) crefi(x) : C(x, x),

1 oxéon
t(a, a,refly) := creri(a)

opilet évav petacxnpuatiopo (x, y: A, p:x =4 y) tx, y, p) : C(x, y). O wg &vw oplopodg
YpapeTot, EVOANUTINA,
(a,b.p) := recq_y(cren. ).

o€LoTTOLOVTOG TOV oXeTd avadpopéa
((x:A) y(x): C(x,x),a,b: A, p:a=4 b) recg:b(y,p) :C(a, b).
O avadpopéag avTtdg XL TOV HOVOVO CYNHATIGHOD

(x:A)
y(x):Clx,x) ab:A pia=pb

recaczb(y, p):C(a, b) ,
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0 071010G, AVAYVOOREVOG AOYd, AéeL OTL 1) LOOTNTA €lVOL 1) HIKPOTEPT] AVOHAXGTINT)
oyéon, xot opiletal pEcw TG avadpopng

recacza(y, refly) := y(a).

H o6tnta cuvodetetar eniong amd pia apyn emaywyng, n omoio Aéel 6tL, do-
Févtov

o pag owoyévelag (x, y: A, p:x =4 y) C(x, y, p), xou
o evOG peTacyNHATopoD (x : A) crefi(x) : C(x, x, refly),

1 oxéon
t(x, x, refly) = crefi(x)

opilel évav petacynuatiopd (x,y 1 A, p:x =4 y) t(x, y,p) : C(x, y, p). Exovpe évav
eMoYywyéa

((x:A) y(x): Clx, x,refly),a,b: A, p:a=4 b) indaczb(y, p): C(a, b, p),
0 07T010G £XEL TOV XAVOVX GYNHATICHOD

(x:4)
y(X)ZC(x,x,reflx) a,b:A p:a:Ab

indaC:b(y,p) :C(a, b)

ra opilovoa oyéon
indaC:a(y, refly) := y(a).

5.2 Tomotovvaproewv

Aodévtwv dbo TOmwv A xai B, o TOmog A — B twv ouvaptrioewy pe medio oplopo
A non tedio TIHOV B €XEL TOV HATAOKELAOTY)

((x+A) b(x): B) A(b) : A — B,

1, WG XOVOVAS GYXNHATIONOD,
(x:A)
b(x):B
Ab): A — B.
H apyr) emayoyrg tod A — B eiva évag TpoOmog 0pLopol HETACYNIATIOHOV otd TOV
A — B mpog owoyéveleg g popeng (f : A — B) C(f): Aodévtog evdg petaoxnpott-
opov
((x : A) b(x) : B) c;(b) : C(A(b))
1 oxéon
t(A(b)) = cx(b)
opilel évav petaoynuatiopd (f : A — B) t(f) : C(f). O opiopdg awtdg propei vo
enppootel xou pe tn Pordela Tov emaywyéo tod A — B:

Kf) :=indS_g(cp f).
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o indg_,B €XEL TN HOpPYT|
((Ge: 4) y(x): B) 2(y) : CA)). f : A — B)ind§i_, (z.f) : C(f),
1, VIO HOPPTV HOVOVOL CYNUATIGHOD,
(5655
y(x): B
2(y):C(Ay)) f:A—B
indg_ﬁ(z,f) C(f)y

ro opileton ord v ovadpopn

indS_, 5(z, A(b)) := z(b).

o recg_)B elvou 1 elduer) mepintwon tov indg_)B natd TNV omoia 1 owoyévela C eivan
otadepn.

Eimogie 6t1 o1 §00 endoxég g todTnTag TTOUL €XOULE TTEPLYpaeL elvar LoOSOVOES
peto€d tovg. To emdpevo Jewpnpo apopd tn pio xatedbduvon g teodvvapiog: O
ovadPOopEnG THG LOOTNTOG TTPOG a ELVOLL EXPPAGLIOG aTTd TOV Avad popéa THG LOOTN TAC.
(H &A\n xatedduvon eivon awtdpatn, arld de do pog amaocyxoAnoel: oto e€ng do
EYOUHE VA xVOLE POVO pe TNV LodTNTO.)

Ocdpnpa 7. Edv (x: A) B(x) oicoyéveia wau p: a =4 b, 10te vndpyer ovvdprnon
P« : B(a) — B(b).

Amddeitn. H p. da oprotel pe avadpopr) oto p. Oewpolpe tnv owoyévelo TOTWV

(x,y: A) C(x, y) pe
C(x,y) := B(x) — B(y),

noL déTouvpe
(reflg)« := A(x: B(a)) x. O

H egappoyrj apply (x) tig cuvépmong f: A — B oo dpiopa x : A opileton amd
v avadpopn
apply () (%) = b(x).
Iixitepar, pe ta dedopéva Tov Jewpriparog 7] opieton o petacynpatiopog
transportB(p, x) := applyp*(x),
0 omoiog wavomotei v opilovoa oxéon (2) Tov avadpopéa g LlooTHTOG TPOG A

transportc(refla, c)=c. 9)

Katé ovvénera, to AfjppoatallH4] o amodeielg Twv omoiwv xpnoyomotodv tnv apxm
avadpopng g odtnTag mTpog a, Eoworovdodv va toxbdouy Yl TV LodTHTL.
3TO TTPOTYOOHEVO HEPAAOLLO ELYOE TTOPATNPHCEL OTL O rec4—, g Jo Prropovoe vo

oplotel pécw ToL apply. Zvyxexpiéva, o HETACYNUATIOHOG

reca ,p(z,f) := z(applyf)
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wovorotel Tnv opilovoa oxéoT oD rec4—, g,

rech_p(z, A(b)) = z(apply (1))
= z(b).

H amodmelpa eméntocng tov yeyovotog avtol otov ind4—,g Tpookpolel 6To OTL U-
TOPYEL ACVHPWVIK TOTWV:

z(applyy) : C(A(applyy)),
inda—p(z, f) : C(f).

O 1podmog v cvoyeticovps ot Toe dvo otryptdTLTa TG C pdg Tapéxetal otd To
ETOUEVO ATJPCL.

ANppa 8. Ia omowdijrore f : A — B vrdpyei éva
na—s(f) : Aapplys) = f
70 omolo weavorotei T oyéon na—p(A(D)) = reflyp).
Amddeitn. Me emoywyr oty f- edv n f elvar g poperic A(b), tote
Aapply(p)) = A(b)
(ad Tov oplopd Tov apply), omdte popovpe va écouvpe
na—B(A(D)) := reflyp). [

Svvoyilovtag, éxovpe To e€ng:

b,
I

E@’ do0v £xoupe TOV na_, B, PITOPOVE TAEOV VO FEGOLE

apply (»)
Alapplys)

ind_, p(z, f) : = transport“ (14— 5(f), 2(apply)).
Eivou ebuolo va eheyydel 61t 0 indy—, g itavomotel v opifovoa oxéon 100 ind 4, g:
inds—p(z, A(b)) = z(b).

Hopopa 9. Oindy_, g eivau opioiiog amd tovg apply xai na—,p. O

EE autiog avtov, ) cuvidng mpontnn xatd tnv mapovciaot tng dewpiog Tomwv
elvar 0 ind4—,p va amoclwratal TPog X&pwv twv apply xot H4—p. Avtd da xpn-
OLHOTTOLOVE UL gpelg oto €€ng paAoTa, Jo viodeTioovE TOV KODLEPWHEVO OT
podnpaTed cUUPOALOHO HaL Fol YPAPOUE, HATTWG HATOYPNOTWMA, atAdg f(x) ot
Yéomn tob applyf(x).

"Exovtag eynodidpooel avtdv tov cupPoAlopd, o apply; Yp&gpeton

(x: A) f(x).

Ot TYég £VOG HETAOXNHATIOHOD PWITOPOVY Var elval HEAT SLOPOPETIHDV GTLYHLO-
TOMOV HLaG Ooyévelag. Avth elvol 1) Teplntwor) pe TovG HETACYNIATIGHOVG TOV
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opilovton pe avadpopr) otnv l6OTNTA (KoL 68 0TOLdNTTOTE GAAT] OLKOYEVELR), OTTWG
XOL HE TOUG EMOAYWYELG TV Slopdpwv TOUT®V. e évov TETOLO HETOOXTHATIONO
(x: A) b(x) : B(x) avtiotoryei pia cuvaptnon f pe f(x): B(x) ywa x : A. OLcuvaptioelg
HE QUTT TN YEVIXOTEPT] £VVOLX, OL OTTOieG AEYOVTO Kol «EEAPTMOUEVEG» CUVAPTHOELS,
oUYPOTOVV Evay TUTTO, TO (eéapTdpevo) yivopevo TG owoyévelag (x : A) B(x), o omolog
oupPolrieton

TTGx: A) B(x).

O 100G VTOG €XEL TOV HATACHEVAOTT)

((x: A) b(x) : B(x)) A(b) : T](x : A) B(x),

HE HOVOVO GYTHATIOHOD
(x:A)
b(x) : B(x)

A(b)+ TT(x = A) B(x).

Eivow gavepd amd v meprypagr] tod [J(x : A) B(x) 61t 0 A — B eivar n eldwer
nepintwon otnv onoia 1 owoyévela (x : A) B(x) eivon otadepn. Ioybouv mapdpola
TPAYHATO HE TNV TEPINMTWOT] TWV WITADV GLVAPTHCE®Y: 1] apXT] THG ETAYWOYNGS, Pep’
ELTTELY, HOG ETLTPETIEL VO OPLLOV}E HETACYNHATIGHOVG THG HOPYPTIG

(f : TI(x: A) B(x)) t(f) : C(f),
omov (f : T(x: A) B(x)) C(f) owoyéveia, détovroag
HA(D)) = ca(b)

Yo xéurotov xatdAAnAo petaoxnuatiopo ((x : A) b(x) : B(x)) ¢y(b) : C(A(b)). O ena-
Yoyéag

(e 4) () Bx) 2(b) : CAB). f « TIGe: 4) Bo)) indfye. gy oy (=) C)

EXEL TOV XOVOVA CXNHATIGHOD

x:A
( b(x) : B(x) )
z(b) : C(A(b)) f+ T](x: A) B(x)

indﬁ(x : A) B(x)(z’f) : C(f) 5

xot T opilovoa oxéon
indﬁ(x . 4) By (% A(D)) = 2(b).

H epappoyn ocuvaptnong oe dpiopa opiletal OTmG Ko GTNV TEPITTWOT) TOV AUTAGOV
GUVOPTIOEWY, Xat 1oYDEL TO av&Aoyo Tov Arjppartog 8}

Afppo 10. e omowadtjmote f = [ (x : A) B(x) vadpyer éva

MG 4) B () - Alx = A) f(x) = f

70 0710i0 LxtatVOTTOLEL TN OXE0T N[(x : A) B(x)(A(D)) = refly(p). O
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5.3 Tomot {evynv

To Cebyn ta amotehoVpeva amd éva péAog Tob Thmov A xat éva To0 TOIoL A
amote oDV évav TOmo A1 X Az, To (xapteciavi) yivdpevo twv A xou Az, o omoiog éxet
TOV XU TOLOUEVAC T

(x1: A1, X2 1 Ag) pair(xy, x2) : A1 X Ay,

1, VIO HOPPNV UAVOVAL CXTHATIGHOD,

X1t Aq X9t Ao

pair(xl, xz) 1 A1 X Asg.

ATO TNV TOPUTTAVE TEPLYPOPT] CUVAYETAL 1) EENG APXT] EMAYWOYNG Y ToV Aj X Ap:
AoBévTov oG ooyévelng
(x: A1 X Az) C(x)

1oL EVOG HETACYNHATIOHOD
(31 : A1, X2 1 A2) Cpair(x1, x2) : Clpair(xy, x2)),
HITOPODUHE Vo OpiGOLE évay PETATYNHATIONO (X 1 A X A2) t(x) : C(x) détovtog
t(pair(ai, az)) := cpair(a1, az).
A7 v apyn emaywyng AapPdveton o etaywyéog
(31 : A1, x2 1 Ag) 2(x1, x2) : C(pair(xy, x2)), x : Ap X Az) indSlez(z, x) : C(x),
HE HOVOVOL GYTHATIOHOD

(x1: A1, x0 0 Ag)
z(x1, x2) : C(pair(xy, x2))  x:A; X Ay

indfthz(z, x): C(x)
xo opilovoa oyéon
indglez(z, pair(ay, az)) := z(ay, az).
Ot poPoAég

(x: A1 X Ag) pry(x): Ay,
(x:Ap X Az) pry(x) : Ag

opilovtar amd TG avadpopég

pryi(pair(ai, az)) := ay,
pry(pair(ar, az)) := ay,

%O, AVTIETPOPWG, 0 avadpopéag Tob Ay X Ay eivon opicipog amd avtég:
rec4;xA, (2, X) 1= 2(pry(x), pra(x))-

"Ontwg oLVEPT) KO pe TOVG TUTTOVG CLVAPTHOEWY, TTPOXELEVOL VX TAPOLYE Tiow TOV
inda, xA, OTTO TIG pry xow pry XPELXCOHOGTE TO ETOPEVO TOTEAEGHA, TO OTTOLO £XEL HOIL

aveEaptnTn XpnopoTnTa.
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Anppo 11. T omowodrjote x = Ay X Az, vrdpyel éva

1A;xAz (%) : pair(pry (x), pra(x)) = x
70 0710L0 1%AVOTTOLEL TI] OYETT] 1A x A, (PaIr(X1, X2)) = reflpgirx; xy)-

Amddeitn. Me emoywyr) oto x, détovrog

UAlez(pair(xb xZ)) (= reﬂpair(xl,xz)' O

"Acxnon 5.1. Opiote, pe ) Porjdela TV pr; O a,xA,, EVOV HETACYNHATIOHO O
omoiog wavorolei TV opilovoa oxéon Tov ind 4, xA,-

"Exovpe, emniong, Tov Tomo 1 pe évo péNog, 0 0TT0log £XEL TOV HATAGHELAOTH
01:1,
%Ol TOV OO0V 0 EMAYWYEQG
(z:C(01),x:1) indf(z, x) : C(x),
0 07010G OpileTOL OO TNV EMAYWYT
ind1c(z, 01) := z,

eivo xatdr Ypnoydtepog atd Tov avadpopéa Tov.

"Acunon 5.2. T onoodfmote x : 1, vtdpyet Eva
ni(x):01 = x
To omoio wavomnolel tr oxéon 11(01) = refly,.
Avon. Mmopovpe va ypdjovpe art’ evdeiag éva pédog Tov thmov 01 = x:

mix) := ind(lx 1) 01:x(re1°l()1,x).
H Tnrotpevn oyéon eivan dyeon. O
E@" 6c0v 0 recq opiletan (xwpic avadpopr]), o indy opileton (6vo) amd Tov 11
pécw TG oxéong
indlc(z, x) := transportc(rh (x), 2).
"Acunon 5.3. Acifte 611 0 £101 oplopévog indy tavorotet Ty opilovoa oyéon tod
enoywyéa tob 1.

Ed&v éyoupe pio owoyévera (x : A) B(x), prtopodpe emiong va oxnpoartifovpe Cévyn
pair(a, b) pe a: A xon b: B(a). Avté ta {ebyn, Ta omoia eviote xahovvtal eéapraueva
Cebym, ovyrpotodv évav tomo Y (x : A) B(x), To (ekaptdpevo) ddpotoua tng (x : A) B(x),
L€ HATAOHELAOTY)

(x: A, y:B(x)) pair(x, y) : Y.(x: A) B(x),

1, LITO HOPPTV HOVOVAL CYNUATIGHOD,
x:A y:B(x)
pair(x, y) : Y.(x : A) B(x).
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duowd, edv i (x : A) B(x) eivon otodepr], avtd mov meprypdyope givar to yvopevo
AXB.
"Exovpe pio apyn emorywync, mov Aéel 0Tt Sodéviwv pLog ooyévelog

(w: X(x: A) Bx)) C(w)

%Ol €VOG HETOOXNHATIOHOD
(x: A,y : B(x)) cpair(x, y) : Clpair(x, ),

n oxéon
t(pair(a, b)) := Cpair(as b)

opilel évav PETAOYXNUATIONO
(w: X(x: A) B(x)) t(w) : C(w).
Opiletat, emopévwg, Evag eTaywyEong
(2 Ay ) 2(x, ) : Clpair(x, ), w 3+ A) B(x))ind§ . o) iy (2 W)t C(w),
0 07t0L0gG €XEL TOV HAVOVA CYNHATIGHOD

(x:A,y:B(x))
z(x,y): C(pair(x,y)) ~ w: Y (x:A) B(x)

indﬁ(x:A) B(x)(z, w) : C(w) ,

not opiletont otd v avadpopny
i”dg(x:A) B(x)(z, pair(a, b)) := z(a, b).
O poPolég TOpa ExouV TN HopYT|

(w: Y (x: A) B(x)) pry(w) : A,
(w: Y(x: A) B(x)) pry(w) : B(pry(w)),

ro opilovton OTWG uaL 6TV TEPITTOOT TOV PN eEapTOpEVOY (eLYGDV,

pry(pair(a, b))

1= q,
pry(pair(a, b)) := b.

O indy(y: 4) Bx) WOpel xou e8> vou exppactel péow twv pri, pe t Pordew tov
ETOUEVOL ATJUHATOG.

AfRppa 12. e omowodtjore w: Yy .(x : A) B(x), vrdpyer éva

7y (x : A) B(x)(W) : pair(pry(w), pry(w)) = w

70 07010 13aVOTTOLEL T1] OXEOT] 1)y (x - A) B(x) (PRIN(X, ¥)) = reflgir . y)-
AndSeifn. 'Onwg oto Mjppal[l] O
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54 Adpoiocparta

To ddpoiopa A1 + Ay 800 1OV A1 KoL Az glval To TUTOTEWPNTIHDG AVAAOYO TNG
Eévng évwong ot Jewpia GLVOAWYV, TOL GLV-YIVOPEVOD GTN Fewpiot XATNYOPLOV KOl
g dualevéng otn Aoywer. ‘Eyet dvo nataonevaotés

(X1 ZAl) in1(x1) 1A+ Ay,
(x2 0 Az) inz(x) : A1 + A,

HE HAVOVEG OYNUATIGHOD

x1: A1 X9 1 Ay
in1(x1): A1 + Ag ing(xy) : A1 + Ag.

H apyn g emaywyng yux tov A + Ay eivor 0 0plopog pe Siinplor TeputTOoEmy:
AoBévtov puog ooyévelng
(x: A1+ Ay) C(x)

HOL PETACYTHUTICPDV

(x1 : A1) 6n, () : C(ing(x)),
(%2 1 Az) Ciny (%) : C(inz(x)),

ptopolpe v oploovpe évay petaoxnuatiopd (x : Ay + Ag) H(x) : C(x) détovrog

t(in1(a1)) := cn,(a1),

t(in2(az)) := ciny(az).

O avadpopéag
((31: A1) 21 (51) : C(inq (1)), (x2 1 A2) z2(3x2) : C(ina(52)), x: Aq +Ag)indg1+A2(zl, 2, x): C(x)
OO Ap + Ay €XEL TOV HOVOVA GYNHATICHOD

(x1: A1) (%2 : A2)
z1(x1) : C(in1(x1))  z2(x2) : C(ina(x2))  x: A1+ Az

indgﬁAz(zl, 22, x) : C(x)
no opilovoeg oxéoelg
indgl+A2(zl, z2,in1(ay)) := z1(ay),
indgl+A2(Zlﬁ z2,in(az)) := za(ap).

Haparipnon. H adAnlenidpaon tov adpoicpatog pe evdexopeveg eEoptrioelg detel
v oaxdrovdn mpodudnomn: Ag dewpricovpe dVo owoyéveleg (x @ Ay + Az) B(x) non
(x: A1 + Ap) C(x), nou 800 PETAGYTHATIOROVG

(21 A1, y 2 B(in1(x1))) c1(x1, y) : C(ing(x1)),
(%2 Az, ¥ : B(inz(x2))) c2(x2, y) : C(inz(x2)),

%o oG LITOYECOVE OTL ATOTELPOUAGTE VAL OPIGOUVHE VOV HETOOYTHOTIOHO

(x:Ap + Az, y: B(x)) cx, ) : C(x)
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L€ ETAYWYT] OTO TPOTO OPLoHL:

c(ini(x1), y) == c1(x1, ¥),
c(ina(x2), y) 1= ca(x2, ).

Edv avtl yio tnv apyn g enaywyng tob A + Az eTAEYQe VO XPTCLLOTOLGOVHE
ToV ind g, 1 4,, 0 OXTOXATYOIE GE Pl EXPPACT) TG HOPPTIG
inda, +4, (%1 2 A1) e1(x1, y), (2 2 A2) c2(x2, ¥), X)-

To poPANpa e vt TNV ExPpaoct eival OTL oL petacNpatiopol (x; : A;) ¢i(x;, y) dev
elvo oA oxnpoatiopévor, S0t to y eEoptdrtar otd To X; KoL EMOPEVWG Oe pTopel
vo Aettovpynoel wg aveEaptnn mopdpetpoc. H xatdotoon eivow avéhoyn pe tnv
nepintwon g toAlanAng avadpoprs. H Adom, 6mwg wou exel, elval vo evvorjooupe
T opiopata TOL indg, 44, ©G HETACYNHATIGHOVG, OL TIEG TWV OTolwV Shvavtal va
elval pe Tn oelpd Toug peTaoynpatiopol. 'Exovrag xdvel avth tn oup@wvia propolpe
vo ypooupe

c(x, y) = inda; .4, ((x1 A1) di(x1), (xz  Az) da(x2), x)(¥),
6mov
di(x1) := (y: B(in1(x1))) e1(x1, y),
da(xz) := (y: B(ina(x2))) ca(x2, ).
Duo b, PITOPODE ETIGNG VAL XPTCLLOTOLCOVIE CUVAPTHGELS, £ OO0V TIG EXOUHE.

Yrépyel ertiong évag TOmOg 0 0L Sev el xaTaoueLaoTEG (no eTOpEvag Sev £xel
HEAN), 1 apxT) ETOywYTG TOV omoiov divel, yia omoladriote owoyévelo

(x:0) C(x)

EVOLV HETACYNHATIOHO
(x:0) t(x): C(x)

xwpig opilovoeg oxéoelg (o xo dev LILAPYEL TITOTA GTO OTTOL0 VO UTTOPEL VAL OPLOTEL).
AvTOG 0 HETOGYTHATIONOG ELVOIL XL O ETTOYWYEAS

(x:0) ind§ (x) : C(x)
700 0° 0 *aVOVaG CYNUATIGHOD TOV indg EXEL TN HOPYT
x:0
qC .
indg (x) : C(x).

E@’ 6c0v 0 0 8ev éxel xaTOoHELAOTES, TO AVTIGTOLYO AU 7 elvan TeTpLpévo:
T omotodnjote x : 0, viTapyet éva no(x) : 0. Avtd, pe TN GeLPA TOV, CTHALVEL OTL O
indg propel va oplotel amd tov recy. Ilpdypartt,

indg(x) = recg(x) (x).

O tumwdg tpodTOg Y var Seikel waveilg O0TL évog thmog A Sev éxel péln eivon va
opioel évav PHETAOYNHOTIONO
(x:A)t(x):0
(M, woddvapa, pio cuvaptnon f: A — 0): H dmoapén evog TETOLOL HETATYNHATIOHOD
onpaiver 6tL edv o A eiye éva pélog a, tote o 0 da eiye to pélog t(a), dromo.
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"Acunon 5.4. Eotw E 0 TOT0G 7OV £XEL WG HOVASIND HATAGHEVAGTH TOV
(x:E)e(x):E.

Aeikte OtL 0 E dev éxer péAn. [Ymodelkn: Awatundote mpodTo TNV op)r) ovodpopnic
00 E.]

Avon. ©élovpe va oploovpe Evay peTaoXNUaTiopd (x : E) t(x) : 0, xou yiot Tov oxomo
avtdv Ja xpetatolpe TNV apyn) TG avadpoprig Tov E: Aodévtwv

+ evog tomov C, xau
o evOg petaoynpatiopov (x 1 E, y: C) c.(x, y) : C,

n oxéon
t(e(x)) 1= ce(x, t(x))
opilet évav petacynuoatiopd (x : E) t(x): C.
E&v mépovpe yia C Tov tdmo 0, o {nToOpeVOS HETACYXNHATIONOG Pitopel va oploTel
arnd v avadpopr

te(x)) := t(x)
(&AM wg eumeiv, epappodlovpe TNV apxn THG avadpopr|g, éxovtag déoet c.(x, y) = y).

5.5 O tomog Bool

O Bool éxeL 8o nataorevaocté,
false, true : Bool.

O Bool da propovoe eniong vo optotel g o 1+ 1, aAA& elval YPrGLLO Vo TOV EXOULE
meprypael aveEaptnta. AvTioTpOP®S, PITOPOLHE va opicovpe dueAr) adpoiopata
ard to Y, o tov Bool (dounon 5.12).

Aodévtov pog owoyéverag (x:Bool) C(x), evog craise : C(false) no evOg cirye : C(true),
HITOPODUE Vo opicovpe évav petacynpatiopd (x : Bool) t(x) : C(x) détovtag

t(false) := cfaise

t(true) 1= cyrye.
AvTn 1) apyT) ETAYWYNG TAHETAPETUL GTOV EMAYWYEQ
(x : C(false), y : C(true), z : Bool) indgool(x, v,2): C(2)
o0 Bool, pe xavova oynpaticpot

x:C(false) y:C(true) z:Bool

indgool(x, v,2): C(2)

ro opilovoeg oxéoelg

indgool(x, v, false) := x,

indgool(x, y,true) 1= y.
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5.6 Aoxnosig
"Acunon 5.5. [epiypdyite pia cuvaptnon

(A1 = O) x(Az — C)) — (A1 + Az) — O).
Avon. Apuel vor opioovpe Evov HETOGYNHATIONO

(x: (A1 — C) x (A2 — C)) b(x) : (Ay + A2) — C.
[V autd, apuei vo opioovpe évay petacXNUATIoHO

(x:(A1 > O)X (A2 = C),y: A1+ A2) c(x,y): C.
"Evag té1010G ¢ ptopel va opLotel pe avadpopn ota x xat y,

c(pair(fy, f2), ini(yi) := fiyi), i=1,2,
1, LoOdOVa, XPNCLLOTTOLOVTAG TLG TPOBOAEG Ko TOV avadpopéa ToO Ag + Aj:
c(x,y) :=reca +a, (applyprl(x), applypr, (x); V).
H Tntobpevn ocvvaptnon eivor n
fi=Ax:(A — O) X (A2 — O) Ay : Ay + Az) c(x, ).

"Acunon 5.6. Ilepiypdyite pia cuvaptnon

f:Il(x:Ar + Az) [(Z(xl P A1) ing(x1) = x) + (X(xz 1 Az) ing(o) = x)]
"Acunon 5.7. Opiote pio cuvéptnon
f: (Z(x 1) A(x)) — A(0q)

1) oroia wavomolel Tn oxéon
f(pair(01, a)) = a.

"Acunon 5.8. Xpnowomnotfote TOV indgyg Yo vo opioete pio cuvéptnon
f: T](x:Bool) (false = x) + (true = x)

pe f(false) = inq(refleyse) o f(true) = ing(reflirye).

Avon. BOa prtopoloayie va GUPTTEPAVOUpE TNV DapEn oG TETOLG GLUVAPTNOTG ATTO
T1g 800 ponyodpeveg aouroels, Al 86 pag {nteitan va tnv opicovpe art’ evdeiog.
Oewpovpe TNV owoyévela (x : Bool) C(x) pe C(x) : = (false = x) + (true = x), xou Tt

Cralse © = in1(reflease) : C(false),
ing(reflyye) : Cltrue),

Ctrue *
pe tn Porpdela Twv omoiwv oxnpartiletal n cvvéptnon

A(x : Bool) indgool(6f3|se, Cirue, X).
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"Acoxnon 5.9. Xpnoyonowote thv f g Tponyodpevng doxnong yio va opicete TV
indggols #0tL eEAEYETE OTL O HETAOYNUATIOHOG TTOL oploate wavorolel tnv opilovon
oyéon Tov.

Avon. IpoTa opilovpe o
ind]gool(cfalse: Cirues X) : C(x),

6mov 1 (x: Bool) C(x) eivor oweoyévelo TOTWV, Craise : C(false), cyrye : C(true) ko x : Bool.
OewpPOVILE TOV HETOCYTHATIONO

(y: (false = x) + (true = x)) t(y) : C(x)
70V opileTa atd TNV avadPopr
t(in1(p)) := transport"(p, craise),
t(ina(q)) := transportc(q, Ctrue)s

no Yétovpe
- C
indg oo (Cfalses Ctrue, X) 1= 1(f(x)).

EAéyyoupe 6TL itavortoteitan 1) opilovoa oyéon Too indgger:

t(f(false))

t(in1(reflraise)) (opiopog f)
tranSportc(reﬂfalse’ Cfalse) (opiopdg )

Cfalse @

%o OpoLa Yl TO true.

"Acunon 5.10 (Axorovdia Fibonacci). Opiote évav peTooyNHaTIopo
(x : Nat) fib(x) : Nat

0 omoiog wavorotel Tig oyéoelg fib(0) = 0, fib(1) = 1, xou fib(n + 2) = fib(n + 1) + fib(n).
"Acunon 5.11 ([6, ‘Aoxnon 1.4]). Mia eldue epintwon tov oplopod pe avadpopn
otov Nat eivar 0 oplopog pe exavaAnyn (iteration):

t(0) :=co,

t(s(n)) := cs(t(n)),

6mov C tomog, ¢p : C o (x : C) cs(x) : C. Avtol ot opiopol prtopotv, evorlontind, vo
ex@pactoLv pe T o delx tTov iterator ot Nat, o omoiog opiletal amd Tnv emavaAnym
iterNat(co, ¢s,0) 1= co,
iterNat (co. ¢s, s(n)) == cs(iterNat (co, ¢s, 1))

Aodévtwv evog tomov C, evdg pédovg ¢ o0 C, nol €VOG HETOOYNHOATIOHOD
(x:Nat, y: C) cs(x, y) : C opioTe, YprOLOTOLOVTOG TOV iterNae OVTL TOD recna, VoV
petaoynportiopd (n:Nat) r(n) : C o omoiog wavomolel Tig oxéoeLg

r0) = co,
r(s(n)) = cs(n, r(n)),
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%L GUPITEPGAVETE OTL yiow omtolovdnote Puowd apdpd n, r(n) = recnai(co, cs, 1)-
[Yrodeitn: Mpota xpnotpomotote TOV iterNa YO VAL OPLOETE EVALY PETACXNHATIONO
(x : Nat X C) t(x) : Nat X C, nou ev ovveyeia epoppoote {ebyn xow mpoPforéc yio va
mapete Tov r. T tn dedtepn odTnTO, KAVTE ETOYWYT) 6TO n. TEAOG, YproLoToLioTE
76 dewpnpa]]

"Acxnon 5.12 ([6, "Acxunon 1.5]). E&v 1 (x : Bool) A(x) eivou oweoyévela, deifte oL
o tomog Y (x : Bool) A(x) ovpmepupépetal wg to ddpoiopa twv A(false) won A(true):
Oplote petaoxnpatiopoig ing, ing ot ind, ko emadndedote Tig oxetnég LOOTNTES.

"Acunon 5.13 ([6, 'Aoxnon 1.6]). E&v n (x : Bool) A(x) eivon owoyévela, opiote
HOUTOAAANAOUG HETATYTUATIGHOVG

(xraise : A(false), xirye : A(true)) pair(xraise, Xirue) * H(x : Bool) A(x),

nolL

(v : TI(x: Bool) A(x)) pry(y) : A(false),
(v : TI(x : Bool) A(x)) pry(y) : A(true),

no emadndedote OTL Lavomolovy Tig tpofAentopeveg opilovoeg oyéoels.

6 XOpmavia

Se pio TPOTN AVAYVWGT), TO GOUITAVTO ELVOL YL TOVG TUTTOVG O,TL OL TUTTOL GLVALP-
TNOEWV YL TOVG HETACYNUATIOHO0G. Tor péAn evOg TOITOL GUVOPTHCEWV KWIHOTTOLO-
0OV KAITOLOVG HETATYNHATLGHOVG, KOL T} (ITOXWILKOTIOLNOT) TPOYHATOTIOLELTAL OTTO TOV
apply: ta péAn evdg cOPTAVTOG #WAKOTOLOVV KATTOLOVG TOTTOUG, KOL 1] QITOXWALKO-
moinon mpaypatomoteital amd éva xatnyopnpa T. Qotdco, 1 avaroyio Tedelwvel
1oL €80. Oa EEULVGOUNE pe HATTOLOL TTPAYROLTAL TTOL HTTOPOVHE VO XAVOUE, ) da
Jélope va propolpe vor ®&voue, 6T Jewpla TOTTWV.

6.1 Meydin avadpoun

H apyn avadpoprg evog tomov pag emtpénel va opilovpe HETAOYTHATIOHOUS
o€lomoldvtag OV TPOTO He TOV OTolo T PEAT TOV TTApAYovTOL otd TOvg dLdpo-
pouvg rataoxevaotés. Timota de xpnoipomoteital oo, 1) mpobvmotideton yix, To
7edio TIHOV TOL 0pLLOHEVOD HETAOYNHATIONOD. MTTOopOUe, ETOPEVOG, VO APOLE TOV
TEPLOPLGHO OTL TO 7edI0 THOV eivar €vag TUTOG, KOl VO JeEWPTICOLHE YEVIXOTEPES
pop@éc petacyNuatiopdy. Eva eidog petacynpatiopod mov pog evdiogépel sivot ot
owoyéveleg Tomwv. Ot avadpopiég mov opilovv owoyéveleg ovopdlovTon «peyaAec»
(“large”) avadpopéc. Ztnv mepintworn Tov Bool éxovv v e€fg popen: Aodévtwv dvo
TONWV Crylse O Cirye, OL GXECELG

C(false) := Craises
C(true) := Ciryes

opilouv pio owoyévewa (x : Bool) C(x). Avtr n avadpopr} cuvoyiletal 6Tov Aeyopevo
«peyaho» avadpopéa Recgyol, pe opilovoeg oxéoelg

Recpoo1(Cralses Cirues false) 1= Craises
Recpool(Cratse» Ctrue, true) <= Cirue.
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H &ounon xapoxtnpilel ta péAn tod Bool xatd to fuov: ndde pédog o0
Bool givou ico pe éva ex twv false xou true. E@' 6cov éxovpe otn Siddeon pog tnv
HEYGAN avadpopr], PITOPOVHE VO CUITTANPOGOLHE QUTH TNV exdva deiyvovtag OTL
avtd T dvo dev elval oo peTad Toug.

Osopnpa 13. Yrdpyer petaoynuatiopuog
(p : true = false) t(p) : 0.
Emouévawg, true # false.
Amodeitn. OewpolpE TNV OLKOYEVELD
(x : Bool) C(x)
70V opiletal atd TNV avadpopr)

C(false) := 0,
C(true) := 1.

O {nrtovpevog petacxNHATIGHOG elval o
(p : true = false) transportc(p, 01). O
Amd 0o mapamdve Jedpnpo HITOpovHE VoL GLVAYGYOUHE OAEG TIG OVOUEVOUEVEG
QVIEOTNTEG: Yio TTapAdEeLypa,
Iopropa 14 (40 aEinpa Tov Peano). I omoiovdijmote uoixd apidud n, s(n) # 0.

Amddeitn. Bewpolpe TOV PETAOXNUATIONO TTOV 0pileTon amd TNV avadpopr

t(0)  :=false,
t(s(n)) := true.

E&v ywo uérotov n, s(n) = 0, tote true = false, &romo. O
Emiong, pmopotpe va opicovpe tnv owoyéveln (n : Nat) F, Twv menepacpévov
TOMWV, 670V 0 TOTOG Fy €xel anpidg n péAT, pécw TG avadpopng

Fp =0,
Fs(n) L= Fn +1,

] XpNooToLOVTog TOV peydho avadpopéa tod Nat:
Fp 1= Recnat (0, (X, Y) Y + 1, n).

To emodpevo mopaderypor Exel Aoyind evilapépov, kol do pag odnynoeL GTO aVTL-
KelpeVo Tov xe@oaAaiov. Ag vodésoupe OTL JéAOLLE va TTepLypaovpe Evay TOTO, TaL
HEAN TOU 0TTOLOL AVATTAPLOTOVVY TIG TPOTACELS THG YADCOOG THG HATIYOPTHATIHNAG
Aoyug pe wootnTa. Qo ypelaotel TpdTo ot OAa var dtevdeticovpe To Fépa TV
petaPAntov (individual variables). X1ig yAwooeg mpdng TdEng, ot petafAntég éxovv
medio Stondpavong, Ta Aeyopeva sorts. Zuvrjdwg vtdpyel povo éva sort, omdTe avTd
ATOCLOTATOL, XOXJWG de cuVeElGPEPEL #ATL oTn StatOtwon. H dewpia Twv Stavuopa-
TIHOV XOPOV, OHwG, £xel dVo sorts, to Scalar yio ta oToLyeior TOO COUATOC, KOl TO
Vector yix o ototyeio Tob Stavuopatinod xwpov. Epeig edo da mpoypoatevdodpe T
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yevnr) epitwaot, omdte do Jewprjcovpe 0Tt pag éxel dodei évag thmog Sort, To péAn
ToV omoiov eiva T cUPPOA TNG YADOOWG YLt TO SLAPOPAL SOTtS, KO ETLTAEOV, YO
na&de k : Sort, évag tomog Tseri(k) mov eivon to medio Sraxdpavong Twv petaPAntdv
to0 sort k. Avtd da pog emrpéfer va meptypdjovpe TIg mpotdoelg ot evdeiag,
xpnoporoldvrog tov dradéoo pnyaviopd g mepipaiiovoag Jewpiag TOTWV yio
VO AVOLTTALPOLG TG OVHE TIG POPHOVAES WG HETATYNHATIGHOVG,.

Toe voo punv tporAndel cbyyvon pe v wootnta g dewpiog TV, N LI0OTNTA
g yAwooog Yo cupPorileton eq. O thmog Sent TV TUTKAOV TPOTACEWY £XEL TOVG
HATAOHEVACTEG

« (r,s:Sent) r & s: Sent,

« (r,s:Sent) rvs:Sent,

« (r,s:Sent) ros: Sent,

o 1:Sent,

« T:Sent,

o (k:Sort, (x: Tgort(k)) t(x) : Sent) V(k, t) : Sent,
o (k:Sort, (x: Tgort(k)) t(x) : Sent) 3(k, t) : Sent,
o (k:Sort,a,b: Tgo(k)) eq(k, a, b) : Sent.

Yrépyouvv moAr& mpdypato mov dor PITopoVGoE VAL KAVOUE |E TNV TTAPOITAVE®
mepLypagr). Qot660, 0 oroTdg pag 80 dev elvan va wdvoupe Aoywnr]. AvTd TTOL pog
eVOLOPEPEL TTPWTIOTWG Elval 1) eppnVveia TV TLTIUOV TPOoThoewy. Opilovpe Aoutdv
TNV 0XoYEVela TOTTWV, 1) XATYOPNHQ,

(s : Sent) T(s)

HéoW THG avadpopr|g
T(r&s) := T(r) X T(s),
T(rvs) :=T(r)+ T(s),
T(ros) :=T(r) — T(s),
T(L1) :=0,
T(T) :=1,

T(v(k, 1)) = [I(x: Tsore(K)) £(x),
T@E(k, 1) == X(x : Tsori (k) t(x),
T(eq(k,a, b)) :=a=g, (kb

To T amoteel avddeon texpnpiov alfdelng, 1 ard6d00m VONHATOG, GTLG TUTTIKEG
npotdoelg. e o mapadociomny grioco@uer] opoloyia, xow Aoppdvovrag v Gy
OtL oL thmoL givan avayvaopor wg (eppnvevpéveg) mpotdoelg, to T(s) pmopel vo
vondei ©g 1 Tpoypater] TpdTaoT) TOL EXPPALEL TIC GLVIKEG XA TELAG TNG TUTTKAG
npdToong s. ot tov Adyo awtdv, o’ dtov eorydn amd tov Tarski oto [5], to T
ovopadetol To xarnydpnue ¢ aAfdeiag Tov Sent.
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6.2 Xopmavtoa xotd Tarski

Ooa Félayte vou PUNTOVHE TNV TAPOITTAVE® HATOGHELT] YLOL VXL 0picOUpE £vay TOTO
U, o péAn tob omoiov da avamapiotovy, pe tn Porjdeia evog xatnyopipatog T,
1AITTOLOVG atd Tovg TOTTOLG. Twpa dev vtdpyel N Sbiupion petad Sort kot Sent, xor
o U nan T yperdleton vo oplotody artd to pndév. Autod €xeL 6oV OTTOTEAECHOL VOL NV
eivo AoV epueTdg 0 SroywPLopdg ovapesa otov oplopd tov U xan exeivov tov T.
To Tapadelypa, 0 ®OUTOOHEVAGTHG OV AVTLOTOLYEL GTO eEQPTAOHEVO YLVOHEVO EXEL
™ popery

(a:U,(x:T(a)) b(x): U)n(a, b): U,

1 WG XOVOVAS GYXNHATIONOD,

(x: T(a))
a:U b(x):U
n(a, b): U

6mov paiveton Eenddapa 6TL Tporeévou va oxnpaticovpe To n(a, b) mpémel 1dn va
yvopilovpe to T(a). Hapopoix eivar  vatdotaoT e TO eEAPTOPEVO GTPOoLoaL Mo
v wootnTa. O TARpng apoPaiog opiopdg twv U xou T éxel T popen

(a,b:U)sum(a, b): U T(sum(a, b)) := T(a) + T(D),

zero: U T(zero) := 0,

one: U T(one) :=1,
(a:U,(x:T(a) b(x): U) n(a, b) : U T(n(a, b)) := [1(x : T(a)) T(b(x)),
(a:U,(x:T(a)) b(x):U)o(a,b): U T(o(a, b)) :=Y.(x: T(a)) T(b(x)),

(a:U,b,c:T(a) eq(a, b,c): U T(eq(a, b, c)) := b =1y c

K&de pritpa To0 mapastéve oplopod amoteleitor amd évav xataouevaotr) To0 U xot
v opilovoa oxéon To0 T TOL AVTIGTOLXEL GE AVTOV TOV XATACHEVAGTH, ELG TPOTTOV
»ote oL xataourevaotég To0 U va propoidv va avagépovton gtov T. OLopiopol authg
NG popeng ovopdlovion enaywyoavadpopxol (inductive-recursive) oplopol, xou to
Cetyn (U, T) mov opilovtal pe avtdv tov TpdTo ovopdlovton oturavra xard Tarski.
Katd ) cuvhdn padnpoat tpoxtny, da avagepopoacte otov U wg T0 oOpmay,
ovti tov (U, T).

Eava:U pe T(a) = A, Mépe 6TLTO a eivou 1) avdxAdaon To0 A oto U, non (edv vapyet
Tétolo a) 6t 0 A avaxddrai oto U. Eto mopaderypa, oL TOTOL TTOL AVOHAMVTOL GTO
ovpmay eivon ta adpoiopata (avarAaopévev) Tomwv, oL Tumot 0 kot 1, To e€aptdpeva
ywopeva xot adpoiopata, ot ol lootnteg. Ioodvvaypa, Aépe 6tL To cOpmay glval
#AEIOTO G TPOG TOLG TOPATTAV® TPOTTOVG CYNHATIGHOD TOTWV.

H emloyn) Twv TOT®V 6TOV Tapartdve oplopd eival evdetiny. Oo pItopodoaye,
@ep’ eumelv, va TpocIEGOLpE Eva HEAOG TTOV VAL AVOUITAPLETE TOLG PLOWODE aptdpoic:

nat: U T(nat) := Nat.

Mmopovpe entiong va avorddoovpe éva ovprov U péoa oe éva (evpitepo) cOpmay
U’, evtdooovtag otov oplopd tov U’ n prtpa

u: U’ T'(u) :=U.
Me awTdV TOV TPOTTO PITOPOVIE VO GXNHOTICOVHE [ict OAOKAN P axolovdia

Up, Ut, U, ...

45



oLUTTAVTOV, Kodéva amd ta omola avoxAd OAo to mponyolpeva. Ev cvveyeia,
HITOPODVHE VO VOHAXGOVHE TO 1810 TO GYHHo

v

oe éva ooprav U, To omolo, atd cuvvémela, oavorAd oo ta Uy, Ko dev vméapyet
AOYOG v 6TOPATAGOUHE €86.

6.3 Xopnmavta xotd Russell

Eivou eEoupetind Ppornd, otnv mpdkn, va mopadeimovpe to T xou var ypdpovpe
o’ evdeiog
AU

ovtl ya
a:U,pe T(a) = A.

E&v avtd 1o udvoupe cuoTnpatind, 0dNYyoOHaoTE 6TV £Vvola TOD CUUITOVTOG Kot
Russell: ‘Eva otumay xatd Russell eivou évog tomog, Toe péAn tod omoiov eivon tomot.
Sy mepinteon auty, yia Adyovg dibiuplong, XpToIHoToloUpe To xaAhypopind U
'Onwg ot Yewplo 6uvOAwY, Sev prropolpe va éxovpie Evo oOpTtoY Ve TTOL VO TTEPLEYEL
6Aovg ToVG TOTTOVG, GLHTEPLAApPaVOEVOL TOD eovTOD TOU (Vo : U'n): ATL TETOLO
Ja 0dnyotoe oe mapddoka (ko alcing, dev vapyel TpdITOG Vo opLotel Eva TETOLO
oOpmav). Avt autod éXOUpE, OTMOG OTNV TEPINTTWOT TV SUPTAVTWV xortd Tarski, pio
lepapyio
U'(]ZU'l ZU2: KRN

6mov e copmav Uy eivor pédog tov emdpevov oopmovtog U'pe1. EmumAéov, Je-
wpovLpe OTL 1) tepapxia vty eivon ovoowpevting, dnAadr wdde pélog Tod Uy elval
eniong péAog To0 U'piq. Auto pag amoponpivet amd v xadapr Jewpia tonwv (ov-
preptiopPovopé v Twv oupmdvtev xatd Tarski), omov dev tideton dHépo éva pérog
evog TOmoL va eivan emtiong péAog udotov dAAov TOTTOL, aAAG Stevrodbvel Thpo
TOAD TIG SLXTLTTOCELG KL, Ge wGde epinTWOT), PITOpPovpE, av FEAOUNE, vor TO doVpE
WG o) xotéypnon ovpforiopov. Eniong, da propodooape vo mpoerteivovpe tnv
Lepapyio 0To vIEpPTETEPAGHEVO, FEWPOVTAG Eva cOuTOY Uy, TTOL VoL TTepLEXEL OAOL TOL
Uy w0, 0AAG avTd givon i ecwteped Fepa g Fewpiog TOTWVY XwpLg TpoTix
xpnowotnta. ‘Otav dev éxel onpacio o€ o0 COUTAV avaPepOpacTe, do Aépe amAd
U nou Ja evvooope xautoto artd toe U',.

H »wdpra xpnopdtnTa Twv CUPTAVTOV lvol OTL HOG ETLTPETOUY VO XAVOUHE JE
TOIOVG 0,TL PIopovpe va wdvovpe pe Too péAn evog tomov. o mapdderypo, pio
OWOYEVELX PITOPEL VOl YPAPTEL WG HETATYTHATIOHOG

(x:A)B(x): U

He TYEG o€ éva oOpTTay. Mmopovpe entiong vor dewpoljie 0oyEVeLeg el evOG GOpTTO-
VTOG, TT.X.,
(ALB:U)A+B:U.

H owoyéveia F, tov nenepacpévev tOnwv propel tdpa va optotel pe tn Pondeia
Tou (Lrpov) avadpopéa Tov Nat:

F, := rec}\ﬁt(o, (x:Nat,y:VU) y+1,n).
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Mropovpe entiong vo oXNHatilovpe YIVOHEVE KoL XD POLCHOTA TETOLWMY OLLOYEVELDV:
T0 ddpolopa OA®V TV TOTWV TTOL AVKOULY o€ éva oOpTaY U ypapeTon

SA:V)A

(o, yioe Tnv mepintwon mov vapyet ap@ipolric, dev eivon pérog tob V).

7 Opotomun Fewpia tOnwW]

H xevtpwn 8éa otnv opotomny Jewpia TOTWV glval OTL PHITOPOVUE VO QLVTL-
Angdolpe tovg TOTOVG WG XWPOLG 0T Jewpla opotomiog. XNV xAaocwr] Jewpio
opotoriag, évag xwpog X avortapiotatot artd éve aOVOAO oTpeiwv eQodlaopévo pe
pio TomoAoyia, ko éva povordtt peTo€d Twv onpeinv x xow y Tov X avaroapiotaTot
arnd pio ovvexn amewovion p: [0,1] — X, 6mov p(0) = x xou p(1) = y. Amd moAAég
amdyelg, 1 avotnpr (dnAadn, xaT& onpeio) LGOTNTA HOVOTATIOV elval LITEPPOALKK
Aemty oxéon. Ta mapddetypa, propel xavelg va opioel Tig TpdEelg TG CLUVEVWOTG
HOVOTIALTLOV (CV TO P €LVOLL HOVOTIATL QIO TO X GTO Y KOIL TO G ELVOLL HOVOTIATL OLTtO TO
0710 z, TOTE 1) GUVEVWOT] P+ g ELVOL HOVOTIATL OUTO TO X OTO Z) KO TNG OVTLOTPOYPTIG (TO
p~ ! eivau povorétt amtd To y 610 x). QoTOHG0, LTAPXOLY PLCLKES EEIGOGELS HETAED
aUTOV TV TPGEEnV 1oL dev LoYDOLY Yia TNV avoTnph wootnta: T Tapdderypa, To
povom&ti p-p~ ! (o omoio Tyaivel atd To x 6TO Y xa AL Ticw) Sev eivan ava TP
o0 e To oTodEPO HOVOTIATL GTO X.

H Abon eivar va Jewpriocovpe pia adpotepn vvola LGOTNTOG HOVOTATLOV TTOV
ovopdleton oporormic. Mia opotortio petad twv cuvex®v amewovicewy f: X3 — Xo
rnot g: X1 — X elvan pioe ovveyng amewovion H : X3 X [0,1] — Xp pe H(x,0) = f(x)
now H(x,1) = g(x). Ipoxeyévou yix 800 povomatia p xot g ad 10 x 6T0 Y, pia
opotortia eival pia ovveyxng amewovion H : [0,1] X [0,1] — X pe H(s,0) = p(s) nou
H(s, 1) = q(s) ywa 6Aa T s € [0,1]. Ze autrjv Tnv mepinTtwon amattodpe eniong Ot
H(0,t) = x xat H(1, 1) = y ywx 6o o t € [0, 1], 00twg dote yio wéde t 1) amewdvion
H(_, t) va elval xouw téd povomdtt amd 1o x 670 y- pia opotomioc avtov Tov eidovg
AMpe 0TL diatnpel Tar dnpa. Aedopévou 6T to [0, 1] X [0, 1] eivon SididoTarto, pddpe
entiong ywx v H wg ddiiotato povomdr: petaty provomaticiv.

T opéderypa, emeldn) to p- p~ 1 pedyel o emoTPéQel xaTé pixog g iSiog
Sradpoprc, Yvopilovpe OTL PITOPODHE VO GLPPILVAGOVHE GUVEXADS TO P - p~ L 6TO
otadepo povordti—de Yo maotel, yia mopdderypa, yopw amd pic tpOIO 6TOV XMOPO.
H opotomia eivon oxéon woodvvapiog, kot TpdEelg OTWG 1 GLVEVKOGT), 1] AVTLOTPOPT),
w A v céfovtor. EmumAéov, ov kAdoelg 1ooduvapiog Twv opoTtomney Bpdxwv
(loops) o€ udmowo onpeio xp (d6mov dvo Ppdyor p xou q e€lo@vovTon dTaV LITEPXEL
pio faociopévn opotoria peta€d touvg, dnAadn pic opotomioo H 01wg mopastdve mov
wavorotel emumAéov H(0, t) = H(1, t) = xp yio Oha ta t) oxnpoatifouvv pio opdda mov
ovopdleton Jepehicddng opdda. Avth 1 opdda eivon pia adyefpuxti avaddoiwtn evog
X®pov, 1 omoio popel vo xpnoomoindei yix v Stepevvndel edv dvo xopot eivar
OpOTOTTIA 1008VVaI0L (VAP OLY GUVEYELG ATTELLOVIGELS EXATEPWIEV, OL GUVIECELS TWV
OTOlwV elvaL OHOTOTWMEG TTPOG TIG TOWTOTIKEG), €eldT] OL LGOSVVApOL XDPOL £XOLV
LoOpopPIEG FepeAddelg opddeg.

Emeldn) oL opotorieg eiva ot idieg éva eidog SididotaTtov povomatiot, vtdpyel pio
QLo EVVOla TPLOLACTATNG OUOTOTTIOG HETAED OUOTOMIAV, HAUL, GTI) GUVEXELX, OHOTO-
Triorg peTat opotomiay ety opoTom@V, xol 00T xadeEng. Avtdg o drtelpog TOPYOG

2To xepéhouo awtéd Pacileton oe peyého faduod ato [6) xepddaio 2].
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OTHELWV, HOVOTIATLOV, OHOTOTLOV, OLOTOTLOV HETOED OHOTOTLAV, . . ., EPOILUGHEVOS
pe odyePpuéc mpakelg Omwg 1 FepeAddng opdda, eivor otrypLdTuIo piog ahyePpinnic
Sopng ov ovopdleton (aodevég) co-ouadoeldés. "Evor co-opadoeidég ammotedeiton amd
piot GLANOYT] OVTIKEPEVWVY, Pict GUANOYY) HOPPIOY PETAED OVTIKELEV®OVY, KL OTT)
GUVEXELQL LLOPPLOUDV PETAED LHOPPIOUY, KoL OVT® HOTEENG, EQOSLACHEVWV HE HATTOL
nepimhonn alyePpnn dopr): évag popPpLopdg oto entinedo k ovopdleton k-popPLopoc.
Orpopogropoi o udde emimedo £XOUV TAVTOTIHOVG, CUVIEGT] HOL AVTLOTPOPT], TX OTTOLX
elvor aodev) pe tnv évvola OTL LkavoTToLovV Toug VOpOoUG ToV opadoetdoig (1 obvieon
elvoll TPOGETALPLOTIIT, OL TOAVTOTLXOL eivat 0LIETEPX oTOLYElX YIOX TN oVVTEDT), TX -
VTIoTPOPa ATTAOTTOLODVTOL) HOVO KOTA TTPOGEYYLOT) HOPPLOUMY GTO ETOHEVO ETTITTESO,
no avto dnpovpyel tepartépw dopn. T Tapddetypar, emeldn n TpoceToPLETUOTN-
T TNG oOVIeoNG HOPPLop®dVY p-(q-7) = (p - q) - r eivan 1 ISt HOPPLOPOG AVAdTEPNG
dwotaong, xpetdlovron tpdodeteg mpdéelg mov v cvoyetilovv Tig dibpopeg ato-
Seikeig mpooetoupioTindtnTag: Ot Sikpopol TpdmoL cuoyeTiopot o0 p-(q - (7 - s)) pe
o ((p-q)-r)-s dnuovpyodv To mtevtaywvo tov Mac Lane.

Stnv opotonnt] Jewpio TOTWY, x&de TOITOG €xel TN dopr| evog co-opadoeldovc.
Ouundeite 6TL Yo omotovdrjmote TOO A 1o omowadnmorte x, y : A éxovpe évav tOmo
looTNTAG X = Y. AoYd, PITOpolE VO GHEPTOVHE T PEAT TOV X = Y OG TEXUNPLX
Ot ta x xon y elvan oo 1) wg Tawticelg To x pe to y. EmumAéov, 1 dewpio tOTOV
(o€ avtideon, ag moOpE, pe TN Aoywr] TPATNG TAENG) HAG emLTpénel vo DewPrjGOupE
Ta PEAN) TOO X = Y €MIONG WG ATOU TTOV UTTOPODV VO ELVOIL OVTIKEILEVO TTEPALTEPL
npotdoewv. Emopéveg, pmopodpe va emavalddfovue tmv wootnTor Mmopolpe va
OXNHATICOVE TOV TONO P =x=y ¢ TWV TAVTICEWV PETOED TWV TALTICEWY P KL g,
XL TOV TOTOL I =p=_ ¢ S, xou 00T xodefrg. H dopr awtod tod mopyov wwotrtev
ovTIoTOLXEL aUpLPOG OE AUTH TWV GLVEXDOV HOVOTTATLOV XAl (AVOTEP®V) OLOTOTILOV
HeTaED TOVG O Eva XDPO, 1) o€ Evar 00-0padoeLdEG.

‘Etol, do avapepOpocTe oLxvé oe éva pEAOG P 1 X = Y G HOVOTTATL otd TO X 6TO
Y* HOAOVHE TOL X %Ol Y TEPATK TOV HOVOTTATIOD. ADO HOVOTIATI P, G : X = Y HE T
idior mépator Aéyetou OTL elvon Tap&AANAc, oOTE Vo PENOG 7't P =x=y  PITOPEL VO
vondei wg opotomior Ja To avapépouvpe ocuy v wg Sidtdotato povordrt. Iapopoing,
01 =p=,_,q S €lvo 0 TOTOG TV TPIBIACTATWVY HOVOTATLOV PeTAED 300 TopAAANAY
Lo TATOV HOVOTTATLOV, KoL 0UTK KodeEng. Edv o thmog A elval «civoro», 61twg o
Nat, avtot ot emavolopPovopevol Tomol todtnTog de dou Exovy evilapépov, cAAE o)
YEVIHT] TTEPLTTWOT) HITOPOVV VO AVOTTOPLETOVV [T TETPLUUEVOVG TUTTOVG OPOTOTTLNG.

Mio onpovter] Stopopd petad g opotomurg dewpiog TOTWV ko TNG kAo
Jewplag TG opotomiog eivor 6TL 1) opoTtominy dewpio TOTWV TapéeL pia cuvIeTisdf
TEPLYPAPT) TWV XOPWV, e TNV eENG évvola. H cuvdetinn yewpetpia eivor ) yewpetpio
070 6TVA ToL Evrdeidn: Eexnvd amd udmoleg Pacinég évvoleg (onpeia xou evdeieg),
rotoonevég (pio evdeior Tov cuvdéel dvo onpeia) ko a€idpata (OAeg oL opdég yw-
vieg eivon ioeg), not ouvayel TIG Aoywég Tovg ovvémeleg. Avtd avTidlaoTéAAeToL
HE TNV avaAvTinn YeoHeTpia, OTOL évvoleg Omwg onpeio ko evdeieg eppunvedovton
GUYKEUPLPEVA X PTCLHOTOLOVTOG KAPTEGLAVEG CLVTETAYHEVEG oTOov R —01 evdeieg e-
ivar oOvora onpeiwv—rol oL Paouéc KOTAOKEVEG Kol OELOUATO GLVAYOVTOL ATTd
autiv v avortapdotaot. Evo n xhaown Jewpio trig opotomiag eivor avaluting
(oL yodpot xot T povormdTior atoteAobVTOL otd oTpEie), 1) opoToTKT] Jewpia TOTWV
eivor cuvdetnn: ta onpeia, T HOVOTATIAL XOL TA HOVOTTATIO PETOED HOVOTTOTLOY
eivon Poaonég, adlaipeteg, apyiuég Evvoles.

EmuAéov, éva atd To HUTOTANUTING TIPAYHATO GYETMA HE TNV OLOTOTTLKY dewpia
TOMOV elvor OTL OAeg Ol POCIHEG HATAOUEVES HOL OELOUATO—OAT 1] ovidTEPT dopn
opad0ELOOVC—TTPOHDITTEL AVTOUATA ALTTO TNV ALPXT) ETAYWYNG YL TNV LloOTNTA. AUTH)
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N apxn emaywyng epodidlet kade tomo pe tn dopn evog oo-opadoeldong, xot ndde
HETAOYNHOTIONO PETOED 300 TOMWV pe T1 Sopr evog HopPLopoD PeTaED 800 TéTolwY
opadoed®v. Autd eivon evdiopépov atd podnpatinr] dtoyn, emedn divel évav véo
TpodTO epyociog pe co-opadoedn. Eivow evdiagpépov amd tumodewpntinn duwoyn,
emeldn amoualOmTeL véeg TpaEelg wov cuvdéovton pe uhde TOHTO HOL HETATYNHOTIGHO.

7.1 H dopn opadoerdotg tov TOTOV
Oupndeite (Afjppara2H4) 011 évag omotoodrmote Tomog A géper Tnv e€rig Sop:

o T x: A, évarefly : x = x. KahoOpe to refly 10 oradepd povondr: (constant path)
OTO X.

e T x,y: Axat p:x =y, éva pl 1y = x pe (refly) ™! = refl,. KoloOpe to p~! To
avtioTpogo (inverse) Tov p.

cTwx,y,z: A, p:x=ynonq:y =z éva p-q:x = z pe refly - refly = refly.
KadoOpe 1o p - g TNV ovvévwon (concatenation) Twv p not q.

To mapostdve Tpoéxvav artd tnv arnddelén 6tL n wotnta tov A eivon oxéon toodv-
vapiag. Qotoéoo, de do peivovpe o avtd. And opotominr doym, oL TpaEelg avTég
aoTeEAOVV TO TPHOTO eminedo NG dopng opadoeldovg Tov A—ypelaldpacte emiong
ouvinueg ovvoyrg (coherence conditions) yw tig tpdkelg avtéc, xaddg xor aviho-
Yeg mpaEelg oe avadtepeg daotdoelg. o mopadetypa, dehovpe va EEpovpe OTL TaL
otadepd povordTia eivat 0LSETEPA WG TPOG CLVEVWGT, OTLTO p~ ! elvou avTicTpoPo
TOV P WG TTPOG GLVEVWAT), KOl OTL 1] CLVEVWGT) ELVOL TTPOCETALPLOTIHT].

Afppoa 15. Eotw A timog.
1. T omowadrjrrote x, y: Ao p:x = y, refly - p = p xou p-refly, = p.
2. T orowaStimote x, y: A pix =y, p-p L = refly xar p™' - p = refly.
3. Lia omowdijrrote x, y, z, w: A, pix=y,q:y=zxaur:z=w,(p-q)-r=p-(q-r).

Amodeitn. Se OAeG TIC TEPUTTOOELS, Dot ETLOTPATEVGOVHE TNV apyT] ETAYWYNG THG
LGOTNTAG TPOUEWHEVOD VO ALVALYXLYOUHE TO YEVIXO QITOSEXTED GTO €LOMO GTO OTOlo
OAo T povomdtia eivon otodepa.

1. Aelyvoupe tnv tpotn wootnta. IIApwg Statvmwpévo, to {ntodpevo eival va
opioovpe éva
lu(x, y, p) : refly - p = p.

Bewpotpe v owoyévelx (x, y: A, p:x = y)C(x, y, p) pe C(x, y, p) :=refly-p = p.
Tore,

C(x, x, refly) (refly - refly = refly)

(refly = refly).

Enopévwg, propovpe va opicovpe to lu(x, y, p) e enaywyr oto p, détovrog
lu(x, x, refly) := reflyef .
"Opoia opileta éva

ru(x, y, p) :p-refly = p.

49



2. T v mpdTn WwotnTa, Jewpovpe tnv owmoyéveln (x, y: A, p:x = y) C(x, y,p)
pe C(x, y,p) 1= p-p' = refly. Tote,

(refly - (reflx)_1 = refly)

(refly - refly = refly)

(refly = refly).

C(x, x, refly)

Emopévag, propotpe v opicouvpe éva
ri(x, y, p) : C(x, y, p)

HEC® TNG ETAYWYTG
ri(x, x, refly) = refleg .

H dedtepn 1oo6TnTO AUmodetevieTol Tapopoiwg,.

3. Oa xovovpe dladoxHd ETOYWYH OTA T, ¢, xoL p. Oewpolpe TNV owmoyEvela
(xy:Ap:x=y,2z:Aq:y=z,w:Ar:z=w)C(x,y,p,2,q, W) e

Cx,y,p,z,q,w,r) :=(p-q)-r=p-(q-7).
Kot apydg éxovpe
(refly - refly) - refly = refly - refly = refly

nou
refly - (refly - refly) = refly - refly = refly

HOUL ETTOHEVWG
reflrerr, : C(x, x, refly, x, refly, x, refly).

MmopoOpie eTOPEVKOG VO OPIGOUYE, E ETAYWYT) GTO T, VX
u(x, w, r) : C(x, x, refly, x, refly, w, r)

e
u(x, x, refly) : = refleg .

Ev ovuveyxeia opilovpe, pe emaywyn oto g, éva
u(x,z,q,w,r): C(x, x,refly, 2, q, w, r)

HE
o(x, x, refly, w, r) := u(x, w,r).

TéAog opilovye, e ETAYWYT) GTO P, TOV EMIVUNTO HETATYNHATIOHO
assoc(x, y, p, z,q, w,r): C(x, vy, p, z,q, W, 1)

pe
assoc(x, x,refly, z, g, w, r) 1= v(x,z,q, w,r). O

Mmopoope va Sdcovpe Toug eENG YEVIHOVG OPLopoDG atd TNV xAaownr dewpio opo-
ToTioG:
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Opopdg 16. ‘Evag timog pe Siaxenpiévo onueio (pointed type) eivan évag tomog A
poli pe éva onpeio a: A, To omoio xoheiton faoid onueio (basepoint) ccvto?. O

Opropog 17. O tumog twv Ppdywv (loop type) evog tomov pe Stomexpiévo onpeio
(A, a) eivon o TOIOG pe Sromenpipévo onpeio

Q(A, a) :=(a = a,refly).

Toa onpeio tov ovopdlovrtar fpdyor (loops) oto a. O n-06tdG TOMOG TV PpdxwV TOL
(A, a) opileton amd Tnv avadpopr
A, a) := (A a),
Q™A a) 1= QQ™(A, a)). O
To emOEVO ATTOTEAEG PN TTPOEPYETOL ATTO TNV KAAG KT Dewpio OpOTOTTIAG, KoL £XEL
G PBoond mOpLopa OTL OL VO TEPEG OPAOEG OHOTOTTLAG EVOG XWPOU elval affeAtoveé.

Oedpnua 18 (Eckman-Hilton). Xrov Setiepo timo towv fpdywv Q*(A, a), n npdén tjc
CUVEVWOTS povoraTichy eivar avripetadeting: a-ff = B-a yia omowadinote a, f: Q*(A, a).

Amddeitn. [6, dedpnpa 2.1.6]. O
‘Onwg gavepdvel To Topamdve Jedpnua, 1 GAYEBpa TV TOTWV HOVOTATLOV
avotepng dikotaong dev eEavtieitar otn dopry opadoeldols oe nade dikataot.
Yoveyilovtoag, da eEeTACOU|LE T GUHTEPLPOPAE TWV CUVAPTHOEMY GTA HOVOTTATLOL.
Oa Sovpe OTL OTLWG OL TOTTOL ELVOLL AVTOPATKOG (00-)OpAS0ELST, £TOL KAL OL GUVAPTHOELG
eivor avTopdTwg opopop@iopol opadoedov. Ilpota mpémel va opicovpe Tov TpdMTO
pe Tov omoio pio cuvaptnomn dpa el evog povoTaTLOL.

Opopodg 19. Eoto f : A — B ouvaptnon. H dpdon g f eni evdg povomariod
p:a=botov A opileton wg T0o povordTt

f®) := apappy, (p) : f(a) = ()

otov B.

Avotnpd rA®VTAG, 0 GURPOAGHOG avTOG elval SLPopopeEVOg, aAAG yeviud dev
npoxadei oVyyvor. Axolovdel Tnv xadiepwpévn ot Jewplor XATNYOPLOV TPOKTIXY
NG XpNong tob idlov cUUPOAOL Yla TNV EPAPHOYT] EVOG CUVPTNTI GE OVTIXELEVXL
%Ol GE HOPPLOHODG.

Anppa 20. H Spdon tijs f : A — B ota povordnia oV A eivar opopop@uxt]:
L f(p-q) = f(p)-f(q),
2. f(refly) = refly(y),

3. fp™h) = fp) .
AnédeiEn. Kot apyxdg mapatnpriote OTL, yio x : A,

f(refly) = apapp|yf(reflx) = reflapp|yf(x) = reflg(y).
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1. M7mopoUpe Vo XAVOULE ETAYWYT) G€ OTTOLOONTOTE ATTO TAL P KL ¢, 1] OE CPPOTE-
por otV TEAevTAio TTEPITTWOT), OV eivan xaL 1) evdedetypévr, Jewpolpe Tnv
owoyévew (x, y: A, p:x=y,2:A,q:y =z) C(x,y,p, 2, q) pe

Clx.y.p.z.q9) == f(p-q) = f(p)- f(9)
"Exovpe
frefly - refly) = f(refly) = reflg(,

no
J(refly) - f(refly) = reflz(y) - refly() = reflg()

HOL ETTOHEVWG

refl C(x, x, refly, x, refly).

reflf(x) :
"Apo prtopodpe vo opicovpe, Y x, 21 A non g X = z, éva
u(x, z, q) : C(x, x, refly, z, q)

LE TNV ETOYOYN

u(x, x, refly) := reflreﬂf(x).

Ev ovuveyxeia opiloupe, pe emaywyn oo p, éva
'U(x, y’p’ z, q) : C(x9 Y»P; z, q)

Yétovtag
v(x, x, refly, z, q) := u(x, z, q)

70V eiva ot To {NTovHEVO.
2. 'Apeoco.

3. Oewpovpe v owoyévela (x, y: A, p:x = y) C(x, y, p) pe

Clx,y.p) :=flp™") = f(p)~".

Ot vrtoloyiopoi divovv

f(refl;l) = f(refly) = reflgy),
nou
f(refly)™! = reflj?(lx) = reflr(y),

oTOTE EXOULE
reflreﬂﬂx) 1 C(x, x, refly).

MmopoOypie ETOHEVKOG VO OPIGOVHE EVal
t(x, y, p): C(x, y. p)

Jétovtag
t(x, x, refly) := reflreﬂf(x),

70V eivan To {ntovpevo. O
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To emopevo AMfppa PePorwvel 6TL 0 Tapamdvew oplopodg g dpaong g f ota
HOVOTLATIO elvarl «ouvapTnTOS». Ag dupndolpe TG Paonéc HaTyopnég TpaEeLg
HETOED GLVAPTHOEWV:

ida 1= A(x: A) x,
gof 1= Alx: 4) g(f()).

Aqppa 21, 1 ida(p) = p,
2. (gf)(p) = g(f(p))-

Amodeitn. Me emaywyn oto p, apuel va eAéyEovpe nadepio amd T1g 1odTNTEG BTNV
TEPLTTWOT TTOL TO P eivan éva oTadepd povordrtt. o v TpwTN £XOLE

ida(refly) = refly, () = refly,
eve Yo Tn devtepn,

(geof)(refly) = refl(gof)(x) = reflg(f(x)),
g(f(refly)) = glreflp(y)) = reflg(s(x)- -

E@’ 660V oL e€apTOHEVOL HETACYUATIOHOL AITOTEAODY OUCLOSES CLOTATHG THG
Jewpiog TOMWV, o xperactodpe eniong pa exdoxr) Tov Afppatog [ yix avtég. Q-
01000, avTo dev eivan 1660 amAd va dixtunwdel, emeldn eqv (x : A) u(x) : B(x) nou
pix =y, 10Te Tow u(x) : B(x) wou u(y) : B(y) eivon péAn StapopeTin®dv TOT®V, £T0L OOTE
a priori va punv Prtopovpe xav vor pwtnoouvpe av eivar ioa. H Adon eivan 611 o 8o
T0 p pig divel évav TpdTo vor cLoYETIGOUpE TOVG TOTTOLS B(x) Mot B(y).

Afppa 22. Eotw (x : A) u(x) : B(x) petaoynpartiouds. Lo onotdtjmote p:x = y arov A
vTdpyeEl

apd,,(p) : p=(u(x)) = u(y).

Amodeitn. Me emaywyn oTo p, aprel va eEeTOACOVHE TNV TEPITTWOOT TWV GTAIEPDOV
HOVOTIXTLOV, 0TTOTE TO (N TOVHEVO VAYETOL GTO

(refly)«(u(x)) = u(x),

TO 07010 oY VEL ATTO TOV OPLGHO TOD Pa. O
H petagpopd xatd prixog tg cuvévwong 00 HOVOTATIOV eival 1) cVUVIEST) TV
ETMHEPOVG HETOPOPODV:

Afppa 23. Eotw (x: A) B(x) owcoyéveia. Edv p:x = yxauq:y = z otov A xaw w: B(x),
T0TE

g+ (pe(w)) = (p - @x(w).

Amodeitn. Me emoywyn ota p xat g, To {ntovpevo meplopiletal oo vo det€ouvpe, yio
omotodnimote w : B(x),

transpor‘tB(reflx -refly, w) = transportB(refIx,transportB(refIx, w)).

Avtd dpeg eivon Gpeon cuvémeia tng oxéong (9). O
To emoOpevo amoTéAeopa Jor pHag XPELXOTEL TAPOUATE.

AfNppa 24. Tia a: A Jewpotje v oicoyéveiar (x : A)B(x) pe B(x) := a=x. Eavp:a=1>b
nai q: b = ¢, 707e transportB(q, p) = p- q.
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Am6deién. Kavoupe emayoyn oto . E@  écov transportB(refly, p) = p, To {nTovpevo
aVAYETOL GTO
p = p-refly,

70 o7oio yvwpilovpe 18N (Arjpupc[15). O

7.2 Opotomia

Oplopodg 25. Ag dewprioovpe pio owoyévela (x : A) B(x) xar dvo cuvvaptioelg
f.g: TI(x: A) B(x). Mia oporomia artd tnv f otnv g eivon éva pélog tod thmov

f~g:=1Ix:4) (f(x) = g(x)). O
ANppa 26. H opororia eivau oyéon woodvvapiag.
Amodeitn. H avourooTindTnTa lvot TpoQovig:
Alx: A) refley  f ~ f.
T'o ™ ovppetpio: Eav H: f ~ g, tote
Ax:A)YH(x) g ~f.
Téhog, yia tn petaPatdtnro, eov H: f ~ guon I : g ~ h, totTe
Mx:A)H(x) - I(x): f ~ h. O
Emtiong, n obvdeon cvvapticewv oéPetal tnv opotorio.
AMppa 27. Tiae:A— B, fi,fo:B— C,g:C — D, xau H: fi ~ fo,
1. A(x: A) H(e(x)) : fice ~ faoe,
2. My:B) g(H(y) : gofr ~ gfe- O

Opropog 28. Avriotpopn pag cvvaptnong f : A — B eivau pia tpudda (g, a, f)
QaoTeEAOVHEVT ard piow cuvaptnon g : B — A xou opotomieg a : fog ~ idp uo
B:gof ~ida.

Sty mpdén da cvyyéovpe Vv (g, a, f) pe v g, xot o avapepOPAOTE GTNV g WG
avtiotpoyn g f. O tdmog Twv avTioTpdPwy pag cuvaptnong f : A — Belvail o

QInv(f) := Y(g: B — A) [(fog ~ idp) X (gof ~ida)].

Mia cuvéptnon mov éxel avtioTpopn Aéyetal toopoppiopés. O TOTOG TV L6O-
HOopPLoP®V atd Tov A aTov B elvan o

A= B:=Y(f:A— B)Qlnv(f).
O woopopyiopdg TOTTOV eival oxéon wwodvvapiog:
Anppo 29. 1. H avriotpopn thjg id4 eivar nid4.
2. Eavn g eivau avtiotpopn g f, tote n f eivou avriotpopn g g.
3. Edv n g eivau avtiotpopn g f, xoun g’ eivou avriotpopn g f/, na opilerar n

ovvdeon f'of, téte 1 gog’ eivau avriotpopn e f’of. O
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AfRppa 30. Edv (x: A)B(x) oxoyéveix xau p:a = b arov A, T0Te ) oLVAPTHON HETAPOPTS
p+: B(a) — B(b)
eiveu 1oop0PPLOYIOG.

Ipdtn arddeidn. Ano Tov opiopd Thg px EXOVHE, Yl a : A, (reflg)« = idp(g), oV eiva
LGOHOPPLOPOG aTtd TO TTporyotpevo Afppa. To {ntodpevo émetal pe emaywyn 6To p.

Aevrepn anddeién. Amd o Mppa23]éxovpe, yio p:x = yuow gy = z, (p- @)« ~ gsops,
omdte (p~)xope ~ idp(q) 1ot pro(pL)u ~ idp(p). “ApaL, N px ExeL avtioTpogn. O
7.3 Xoapoxrtnpiopog tng 16oTnTog

Tomor {evyov

Ag Jewprjoovpe TO xopTectovd ywvopevo Ap X Ay dvo tomwv A xow Ay, T
onowdnnote X, y: A; XAz xan p:x = y happévovpe povomatiaapy,, (p):pri(x) = pri(y)
o apy,, (p) : pro(x) = pry(y). Opileton emopévwg cuvaptnon

fi(x=y) — (pri(x) = pri(y)) X (pry(x) = pra(y))

pe
f(P) = pair(appr1 (P), apprz (P))

Osopnpa 31. T omowadijmote x,y : A1 X Az, 1 f eivan ioopop@iopog.
Amddeiln. Avvapel g apxng emaywyng yw to Ay X Az, apxel 1 avtioTpo@n vo
opLoTEL OTNV TEPIMTWOT HATA TNV OOl AUPOTEPX T X KOl Y €lval wdroto Levyn
pair(xy, x2) xou pair(yy, y2) ovtiotoryo. Xpetaldpaote emopévng pia
g1 (x1 = y1) X (x2 = y2) — (pair(x1, x2) = pair(y1, y2)).
T z1 0 x1 = y1 wow 22 2 X2 = Yo opllOLHE, HE ETAYWYT) OTA 21 KO 22, TO
Cpair(21, 22) * pair(x1, X) = pair(y1, y2)

Jétovtag
Cpair(refly,, refly,) := refloair(x; xz)- (10)

Me ) Porjdela TOV Cpair 0pilovpe, Yix z: (x] = y1) X (2 = Y2), TO
t(2) : pair(xy, x2) = pair(y1, y2)

HEC® TG ETAYWYTG
t(pair(z1, z2)) : = Cpair(21, 22)- (11)

H Tnrtotpevn ovvaptnon da eival n
g =Mz :(x1 = y1) X (x2 = y2)) t(2).
Ané tig (10) xou (1) maipvouvpe tn yapotnpiotug 1816TNTA TG g:

g(pair(refly,, refly,)) = refloair(x, x,)- (12)
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‘Exoupe axdpn va dei€ovpe 0tL oL f uon g eivon avtictpogeg petakd tovg. Iapotn-
prioTe xat apxdg OTL N f wavorotel T oxéon

f(reﬂpair(xl,xz)) = pair(apprl (reﬂpair(xl,xz))s apypr, (reﬂpair(xl,xz)))
= pair(refly, , refly, ). (13)

IIpoxeyévov yu tnv f(g(z)) = z, pe enaywyr oto z apxel va deiovpe OTL
f(g(pair(z1, 22))) = pair(z1, z2).

Mio ondpo emaywyr) oto 21 Kot zz ovayel to {ntodpevo oto
f(g(pair(refly, , refly,))) = pair(refly, , refly,),

T0 omoio eivon aueon amdppoia tov (12) xou (13). Twx va dei€ovpe 6TL g(f(p)) = p
HOVOLHE TPOTA ENAYWYT OTO P, 0OTE TO {NTOVLHEVO TEPLOPILeTAL TNV TEPINTTWON
7oL TO P eilvan To refly,

g(f(refly)) = refly,

%o PHETA 6TO X, 0TTOTE PITOPOLE VO Fewprioovpe OTL TO X elvon éva Levyog pair(xy, x2),

g(f(reflpair(xl,xz))) = reﬂpair(xl’XZ)'

AvTO TPOXDTTEL TAPOHOLWG ATTO TIG won (12). O
Tnv avtictpoen g f mov opicape propodpe va T cupPoricovpe

pair~ : (pry(x) = pry(y)) X (pro(x) = pry(y)) — (x = y).

Ewdwdtepa, edv déoovpe x : = pair(pry(y), pra(y)), maipvoupe éva péhog
pair™(pair(refly, (), fefly, () : Pair(pr; (3), pra(3)) = ¥.

"Acunon 7.1. Aci€te 611 pair™(pair(refly,, (1), reflor, () = 1A, x4, (V) (Mppa .

Ev cuveyeia Do yoportnpicovpe Tnv LoOTNTO 6TOVG TOTOVGS EEAPTOUEVODV LELYOV.
Eg' 6cov 10 e€aptopevo dpolopa eival yevixevon tov xaptecloavol ywopévou,
avapévoupe Ot To povomdTio o€ évay Tomo Y. (x : A) B(x) Sa eivan Ledyn povomaticdyv
6w TapoTtdve, aAAd xpetdletal Alyn oxéym yio va SOCOLE TOVG GOGTOVE TOTTOVG
QUTOV TV HOVOTATLOV.

Edvtop:w = W elvou povomdti oo Y (x : A)B(x), téte AapPdvoupe, Owg TpLy, o
povomdriap,,, (p):pri(w) = pr;(w’). Qo16060, 8¢ prTopolie Vo pOTHCOUHE APECWS EGV
70 pry(w) eivon oo pe 1o pry(w’) apov avté ta dvo e Ppiorovton amapaitnta oo idto
oTLypotTLIto TG (x : A) B(x). Mmopolpe OpwG var HETAQEPOUHE TO proy(w) HoTG pPrixog
TOU HOVOTTATIOV apy,,, (), w6 pag Sive évar pédog Tov idtov ThmToL pe To pry(w’).
Me eoywyn o1o p AapPdvovpe éva povordrt transportB(app,1 (p), pro(w)) = pry(w’).
Haparipnon. E&v éxovpe x @ A xon u, v : B(x) obtwg dote pair(x, u) = pair(x, v),
dev émetan O6tL u = v. To poVO TOL PITOPOVLE VA CUUTTEPGVOLE elvor OTL LTTGPYEL
pix = x o0TwG Gote transport?(p, u) = v. Avty elvon px yvowot Ty cdyyvong
YLt TOUG VEOELoEPYOHEVOLG OTr Jewplar TOTWV, 0AAL €xeL VONUX Otd TOTOAOYLX
amoym: 1 vmap€n oTov oALKd XDOPO EVOG HoVOTTATLOD pair(x, u) = pair(x, v) peTa&d S0
onpeiwv mov Tuyaivel va Bploxovtal ato ido vipa de cuvertdyetal tnv dtapén evog
povomatiol u = v 7ov Ppioreto €€ 0AouAPOL EVTOG rLTOD TOL VIHATOG.
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To emdpevo Jedpnpuo Aéet 6Tt 1) Sradwacio avTr elvor avTioTPEYLT).

Ochpnpa 32. Aodévrwv puag ooyéveiag (x : A) B(x) nar w, w': Y (x : A) B(x), vrdpyer
LOOLOPPITLOG

(w=w) = X(q:pn(w) = pry(w) transport’(g, pry(w)) = pry(w).
Andbeién. T p:w = w Jewpolpe T0
b(p): Y(q: pri(w) = pry(w")) transport™(q, pray(w)) = pray(w)
70V opileTal pEcw® TNG EMAYWYNG
b(refly,) := pair(reflprl(w),reflprz(w)). (14)
O dei€ovpe 6TL 1) GLVAPTNION
AB): (w = W) = (g pra(w) = pry(w)) transport? (g, pry(w)) = pry(w')

elvon LoopopPLopog. ‘Onmg Ko 6TV TEPITTWOT) TOL KAPTESLOVOD YLVOREVOU, 1) OV Ti-
oTpogn Yo oprotel dtav Ta w xow w elvon wdutowo {edyn pair(wy, we) xal pair(wi, wj).
T q: wi; = wi o r : transportB(q, wa) = wh opilovpe

Cpair(q, 7) * pair(wy, we) = pair(wi, wa)
HE ETTALYWOYT] OTO ¢ KAl T,
Cpair(reflwy, refluy) == reflogico, wy)- (15)
Ev cuveyeia Sewpodpe, yix z: Y(q: wi = wi) transportB(g, wp) = wh, o
t(z) : pair(wy, wo) = pair(wl, wj)

7oL opiletal amd TNV ETAYWYT)

t(pair(q7 r)) ‘= cpair(qa r)' (16)
Amo Tig norL EmeTon OTL
t(pair(refli,, reflw,)) = reflogiii wy)- (17)

Méver va deiovpe OtL N A(t) eivon avtiotpogn tng A(b). Hapatnprote OTL, yio
w, Wit A, wy : B(wy), xou wh : B(wh), 1 Siver tn oyéon

b(refloair(wy,wy)) = Pair(refly, , refly, ). (18)
H oxéon b(t(z)) = z mpoudmrel, pe emaywyn 6To z, awd Tnv
b(t(pair(q, r))) = pair(q, r),
1) oTTolol TTPOVIITEL, PE ETAYWYT] OTA g XA I, OTO TNV
b(t(pair(refl,y,, refl,,,))) = pair(refl,, , refl,,,). (19)
H oxéon t(b(p)) = p avéyetal, pe emaywyn 6To p, oTnv
t(b(refly,)) = refl,,,

1) oTolx LVAYETOL, JLE ETAYWYT] GTO W, OTNV

t(b(reﬂpair(wl,wz))) = ref;lpair(»\)l,wz)' (20)
Apgotepeg ot nan (20) cvvédryovton omd Tig wau (17). O

Kot oL TeTpippiéveg meptoelg £Xouv xapld @opa 1 onpacio Toug.
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Ocopnpa 33. La onowadjmote x,y: 1, (x = y) = 1.
Anddeitn. Oewpovpe T otadepr) cuvapTnom
fi=Apix=y)0:(x=y) — 1.

[Ipoxeyévov v opioovpe piae ouvaptnon otnv avtidetn xotedYuvon PITOPOLLE,
ETMOAODHEVOL TNV ap)T| eTaywyng Tov 1, va vtodEcoupe OTL APPOTEPR TAL X KL Y
elvou To 01, TNV ool TTEPTTWOT) FETOVE

g = Mz:1)refly, : 1 — (01 = 01).

H pia oxéon mov éxovpe va dei€ovpe eivou n) f(g(z)) = z, ) omoia, avattbooovTog Tov
oplopod g f, yphpeton 01 = z, 0mtdTE Hal ATTOSEMVOETAL [E TETPLUHEVT) ETOYWYT] GTO
z. Tty GAAn, €& p: x = y, éxovpe va deikovpe 6tL g(f(p)) = p, dnhadn g(01) = p.
H apxn emaywyng tng 1o0TNTOG HOG EMLTPETEL VX TEPLOPLOTOVHRE GTNV TEPITTWOT)
70V TO P elva To refly, 0TOTE, e pio TEPAUTEP® EMAYWYT] GTO X, PG PEVEL va det€ovpie
ot refly = refly. O

Adpoiocparta
Avopévoupe 6t éva ddpolopa Ag + Ay arotedeitan amrd Eéva petad toug ompLpn
avtitura tov A xou Az. Emopévag, da mpémel va éxoupe
(ini(a) =in(b1)) = (a1 =by),
(inz(az) = inz(bz)) (az = bz),
(in1(a1) = inz(az)) 0.

To va deiovpe ta mapamdve, do opicovpe pia owoyévela cOyxpLong

IR

IR

(x,y: A1 + A) Code(x, y)
e avadpopr) ota x xal y:

Code(in (x1), inl(yl)) = (xl =),
Code(in (x1), ina(x2)) :
Code(ina(x2), in1 (%1 )) =0,
Code(inz(x2), inz2(y2)) := (%2 = y2).

Ocopnpa 34. La omowadijmote x,y : A1 + Az, (x = y) = Code(x, y).

Amddeitn. Etn pio vatevdvvon: Mpdta opilovpe, yia x : Ay + Az, éva
crefi(x) : Code(x, x)

€ ETAYyWYT OTO X,

Crefi(ing(x1)) == refly,

Crefi(inz(x2)) : = refly,.

Metd opiloupe, yia x, y: Aj + Ag o p:x = y, éva

t(x, y, p) : Code(x, y)
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HE ETOYWYT] OTO P,
t(x, x, refly) 1= crefi(x).

Télog, détovpe
encodey,y := A(p:x =) t(x,y,p): (x = y) — Code(x, y).
2tnv GAAn xatevduvvorn: Opilovpe, yio x, y : A1 + Az, T0
decodey, y : Code(x, y) — (x = y)
L€ ETTALYWYT] OTOL X XOL Y,

decode; ¢ : Code(in(x1),in1(y1))) apjs, (¢)

A( (

A( (x2))) reco(c),
A(c : Code(ing(xz), in1(x1))) reco(c),
Ac : Code(inz(x2), in2(y2))) apin, (¢)-

ing(x1), |n1(y1)

decodeml(xl) ina(x)

decodemz(x2 yini(x1)

)
¢ : Code(iny(x1),iny
)

decodein, (xy),iny(y)

Méver va Seiovpe 0TL yioe omowadiimote x, y : Ay + Ag oL GLVAPTHGELG encodey,y Hou
decodey, y eivan avTicTpogeg HeTAED TOVG. A@ evOg FEAOUpE, Y p: X = Y,
decodey, y(encodey, ,(p)) = p
H apxr) emaywyng Thg LoOTNToG 0vayel To {NTOOHEVO GTNV EVPECT) EVOG HOVOTATLOD
decodey x(encodey x(refly)) = refly.

Me emaywyn 610 x, T0o {ntovpevo omdel oe SVO TEPITTOOELG,

deCOdeim (x1),in1( xl)(enCOdeinl x1),in1(x1) (reﬂinl xl))) reﬂlnl(xl)’
decodein, (x), Inz(xz)(enCOdelnz(xz) in2(x2) (reﬂlnz(xz))) refling(x,)s

OV TTPOUVTITOLY OPPOTEPES aTd TOVG OPLEHOVG TwV encode xat decode. A’ etépou
Jéhovpe, ya ¢ : Code(x, y),

encodey, y(decodey, y(c)) =

Aworpivovpe meputtdoerg: ‘Otav ta x xow y épxovror omd tov idlo mpocdetéo, £xouvpe
va detkovpe Tig

encode,nl(x1 yina ( yl)(decodeml(xl),nl(yl)(c)) =c,
encodein, (x,) iny( yz)(decodemz(xz) Inz(yz)(c)) =c.

Me emaywyr) oto ¢, opxel vo eAéyEovpe OTL

encodein (x,),in; (x;)(d€COde€in (x,).iny (x1) (reflx; ) = refly;,

nolL

encode; (decodei,( (refly,)) = refly,,

ing (22),in2(x2) x2),in2(x2)
7o elval Gueon amdppola Twv oplopdv. Otav ta x xou y épyovral and da-
popetinotg mpoodetéovg, tote Code(x, y) = 0, omdte amodewvibovtal ta mhva,
OUPTEPLACPUPAVOPEVOL TOD ATTOSELLTEOD. O

H ondrovdn tetpypévn mepintwon dev éxel xapia Wiaitepn onpacio, kot Tnv
QVOPEPOLE YOt AOYOUG TTANPOTNTAG.

Ocopnpa 35. [ omowadrjmote x,y: 0, (x = y) = 0. O
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SOUTOVTIA 1oL TOTOL GUVAPTI|GE®V

"Onwg wbvape yiow GAlovg thmoug, do prropovoaye yio tnv Llodtnte tov A — B
va eTSLOEOVHE EVay XOParTNPLERO THG HOPPNG

(f = & = (applyy = apply,).

Qotdoo, kit tétowo Ot Ja fitav Wiaitepa ypriotpo, yoti anhodg da petédete to
TpOPANpa oto va meprypdjovpe TNV LodTTO pETOED opoeld®v (SnAadn pe Tov idlo
HOVOVAL GYTHATIOHOV) HETACYNHATIOHOV, KL AUTO TTPOGHPOVEL GTO EPTOSLO TNG ATTOVL-
olog namolag apyxnG emAYwYNG Yl HeTaonHatiopovg. Iapopola eival n xatdotoo
pe T oOpmavta xotd Russell: TIpoxeyévou va SLatum®doovpe TV apyr| exaywyng
€VOG CUUTTOVTOG, TIPETIEL VAL ETTALVELGOLYOVHE TOV POPUAALGPO TWV GUUTAVTOV HOTA
Tarski, ko avtd eivor 1@t ov prtopel va pn JEAOUHE 1) va [ LITOPOOE VO KAVOUE.

Yty xhoown dewpio cuvOrwv, dTav éxouvpe pio oxéon woodvvapiag E oe éva
oVvolo X, propovpe va oynuaticovpe To 6Ovolo X/E Twv nAdoewv tooduvvaypiog
g E, padli pe tnv amewmdvion 7 : a — [a] mov otéhvel xdde otoryeio tov X otnv
nAdom wwodvvapiog Tov. H 7 yapoutnpiletor amd v e€ng (xadoAiu) tdrotnto: T
pia cvvaptnon f: X — Y, vrdpyet (povaduy) g: X/E — Y pe gorr = f,

f

X——Y

l 7

” /s
s

.8

X/E ,

toTE nou povo, ebv 1 f oéPeton v E (dnA. E(x, y) = f(x) = f(y)). Avtj ) 8ot
Hog emitpénel v opilovpe ovvapthoelg et tov X/E XpnoylomotdvTog avTLipo-
oOTOVG TV ¥AGoewV Woduvapiag: IIpodta opilovpe pio cvvaptnon eni Tod X, wow
peTh eAéyyoupe OTL autr] «xartePaivel» oto mnAixo, dnAadr 6Tl oéfeton T oxéon
Loodvvopiog.

H xatoouevr To0 tnhixov Sev eivan yeviud duvarr]. Avt owtol, 6To xoTtasrevo-
OTIHO HOOTHOTIHG EXPETOAAEVOHOGTE TNV TAPATAV® VTLOTOLYIt OOTE VO XVOUTAL-
ploTolpe cuvaptioelg (ko GAdeg évvoleg) emti tov X/E wg cvvaptroelg enti Tod X ot
omoieg oéPovtor v E. Te auth) Ty mpocéyyion, 1) idia 1) E avamoplotd TNV 1oOTNTO
tov X/E, dnhadn extelel xpén 100tnTOg, 0omdTe nokeiton opiopévy ootnra (defined
equality) oto X.

Yrapyouvv 0o emAoyég Yyl To TG Jo XELPLOTOVHE TNV oplopévn todtnta. H
pio elvan vo Seiyvoupe waté mepinTwot OTL v&TL oL 0pilovpe oEPeTon TNV OPLOPEVT)
oot Ta, xon 0dnyel 6TV £vvola ToL AVEOTEPOL eaywywoL thmov. H &AAn eivar va
vrodécouvpe OTL Ta Tavta céPovtal tny oplopévn wotnTa. To oG Ja To uAvoupe
ovtd eEaptaton amd v mepintwon. H dewpio TOmOV €xel tnv WbiontepdtnTar Ot
00TWG 1) GAAWG, 6AoL oL TOmOL elval epodiacpévol pe tootnta. Emopévag, yio x, y: A
opiletoun

filx=y)— Ex.y)

HE TNV ETAYWYT)

f(refly) := r(x),
6mov r xamoro (dodév) texprpo adfideag 6t 1 E eivon avordaotwer]. Mmopovpe
TOPA vou STLTTOGOLE TNV TpdTacT/vddeon OTL 1) f eival toopopPlopdg. Avtd
ovvenayetat, petaEd GAAwv, 0TL 1) E Yopautnpilel tnv 1o6TnT ToL A.
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H guown évvola tadtiong peta€d dopmv eival o Loopop@lopds. Qotdoo, 1
vrtddeoT OTL 0 LOOPOPPLOPOG YoparTnpilel TNV WodTNTA,

(A = B) = (A=B),

eivon aovvenng. Xperalopaote pioe «Pertiopévn» eudoxr 1ol woopopypiopov. Evtu-
XOG, 1) xhaowr] Fewpio opotomiog Exel pic déa yLo T TOL0G €iva 0 «GWOTOG» TOTTOG
LGOHOPPLOUDV.

Opropodg 36. Apioreptj (detid) avriotpopn ywog f : A — B eivon pia g: B — A pe
gof ~ida (fog ~ idp).
"Exovpe toug thmoug
LeftInv(f) :=)Y.(g: B — A) gof ~idy,
RightInv(f) :=Y(g:B — A) fog ~ idp.
ANppa 37. Eavn f éxer apiotepti xou Seéic avtiotpogn, TOTE eivai 100UOPPLOLOG.

Anédeién. Amd tnv vmddeon éxovpe gy, gr: B — Ape grof ~ idg xon fog, ~ idp, omorte
fogi ~ fogiefogr ~ fogr ~ idp. a

©étoupe
IsEquiv(f) := LeftInv(f) X RightInv(f).

Ou 1oodvvayics (equivalences) amd tov A otov B eivon T péAn tov thmov
A~ B :=Y(f:A— B)IsEquiv(f).

Haparipnon. Amnd to mponyovpevo Afppa, ot toolt A =~ B xow A 2 B eivouw Aoywd
toodbvopol. Qotdoo, dev eivo Loopop@rol. Emopévag, éxel onpacio oe motov atd
ToUG 300 ovoPEPOHATTE HATE POPL. AVTIHETWGS, OTOV Aépe aTADG OTL piat cuVEPTNON
elval loopopPlopoc/icoduvayion, TOTe StaTum®OVoLpe pic 8LOTNTA, 0mTdTE Tar SO givant
evalAGlipo peta€d tovg. Etnv mpdkn, da éxovpe pia eAoppd mpoTipnon mpog
TNV Ll60SLVOIR EVOVTL TOU LGOHOPPLOROD, HoDMG elval exeivr Tov éxeL peyoAdTEPO
TUTTOVEWPT TG/ YEWHETPKO VONpa. Puod, o cuvniéotepog TpoTog va deifet naveic
ot pla ovvéptnon eivan loodvvapic eivot vo eppavicel pioe ovtioTpoPn avTrg.

ATO TIG YEVIEG TTALPATIPTOELG TTOL HAVAHE TTAV® GTNV OPLOHEVT) LEOTNTA, EXV TO
U elva ndutoto oOptay TOtTe Yo omotovodnote Thmouvg A, B: U vthpyel cuvaptnor

idtoeqv : (A = B) — (A ~ B).

Ebxola gaivetan, pe emaywyn oto p, 0TL 1) vIToxeipevn cuvaptnon Tov idtoeqv(p)
elval 1) GLVAPTNON HETAPOPAS Px WG TTPOG TNV oweoyévela (X : V) X.

Opiopdg 38. ‘Eva ocopmav U eivan univalent eév 1) idtoeqv eival iooduvvapio. Xtnv
nepintwon avtr, 1 (dodeioa) avtictpoen tngidtoeqv cvpfoliletar ua (arrd ta apynd
ToU «univalence axiom»).

H napoamave 8ot engpaletal amd tov thmo

Univ(V) := [](A, B: U’) Qlnv(idtoeqv).
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Yrdpyovv 0o tpdmor va yetpiotovpe autr) tnv Wiotnta. O évag TpoTOg elval va
ToOpE, OTWG xbver to [6]], 6T dAa tar ovpmavTo oTo ool avapepdpdcTE Elvar
univalent- avtd cvvicTarol, xatd To pdALOV 1] )TTOV, 6TO Vo evIGEOUE 6T Jewpia
To univalence wg akiwpo (¢€ ov ko 0 6pog univalence axiom). O &AAog TpdmOG elvarl
VO TO OVOUPEPOUHE PNTR WG LITOTECT] 0T VEWPNHATH TTOL e€apTOVTAL ATd ALTO.
Epeig €8 da xdvouvpe udti mov eivan o xovt& 6to dedTepo, A& oTnV TTPAEN dev
EXEL HEYAAT ONpOCiL.

ANppa 39. Méoa oe éva univalent obumav ioyvovv ta eérjg:
1. refly = ua(id),
2. uva(f) - va(g) = ua(gef),
3. ua(f)! = va(f ). O

Iepvépe oe cvvaptioeig. H opotormio eivon avondlaotiny (Ajppa [26), emopéveg
opileton ocvvaptnon
happly : (f = g) — (f ~ &)-
Opiopodg 40. 'Evog tomog cvvapticewv [ [(x : A) B(x) eivan extaociaxds (extensional)
eawv 1 happly eivar tloodvvaypio. Ztnv mepintwon avtr, 1 (Sodeioa) avtictpopn Tng
happly ocuppoAileton funext.

Amodewvietal, TOG0 TAPOLGLA AVOTEPWV ETAYWYLUOV TOTWV, 0G0 KoL TAPOVTiO
univalence, 6TL OA0L OL TOTTOL GLVAPTICEWVY ELVOL EXTAGLONKOL.

Me 1 Porpdeia twv happly o funext popodpe va mepryp&ovpie tn Sopr| opo-
d0e1d0o0g £VOG EXTAGLOHOD TOTTOL GLVUPTICEWV:

Afqppa 41. Eoro [J(x : A) B(x) extaciaxds.
1. refly = funext(A(x : A) refly(y)),

2. p-q = funext(A(x : A) happly(p)(x) - happly(g)(x)),
3. p~! = funext(A(x : A) happly(p)(x)™1).

Amddeitn. H happly éxeL oprotel amd v emaywyn
happly(refly) := A(x : A) reflyy).

H npotn oxéon mpoudnter epoppdlovtag v funext. To tn debtepn aprel, pe
emoywyn ota p xou g, vo detovpe 6TL

refly - refly = funext(A(x : A) refly(y) - refly(y)),

To omoio avéyetar oto mponyovpevo. H tpitn oxéon amodemvieton opoiwg pe
ETAYWYT] OTO P. O
Emeidn) o pn e€aptodpevog tomog cuvaptrioewv A — B elval eldnn epintwor) Tov
eEapTdpevov Tomov suvaptroewy [ [(x: A)B(x) 6tav 1 B eivou aveEqpTnTn TOL X, OA
060 £XOVE TEL TOPATTAV®D Lo DOV Kol G [ eExpTdpEVES TEPUTTOCELS. Ol XOVOVES
YLOL TT) HETOPO PG, WO TOOO, elval *ATWG ATAoboTEPOL OTN pN) EEQPTOUEVT TTEPITTWOT).
AoBévtog evdg povomaTiol p: x1 = xp o€ évav TOmo X xo SVo owoyeveldv (x : X) A(x)
no (x : X) B(x), éotw (x : X) C(x) n owmoyévewa pe C(x) := A(x) — B(x). I'ix f: C(x1)
€XOLpe
transportc(p,f) =AMx:X) transportB(p,f(transportA(p_l, x))) (21)
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Me &Ala Aoy, 1 petagopd pag ovvaptnong f: A(xi) — B(x1) xotd prjnog evog
povomaTiol p: x; = xp eivon 1) ouvaptnon A(xz) — B(xy) mov petapépel To OpLopd
NG TPOg TO oW XaTtd prixog Tov p (oTnv owoyévela A), epappdler v f, uot
OTI) CUVEXELX PHETOPEPEL TO ATTOTEAEGUA TTPOG TAL EUTTPOG HAT& Prjnog Tov p (oTnv
owoyéveln B). Avto propel v amodety el edxola pe emoywyr oo p.

IosotnTa

O o1)0g pag ed® elvarl v eenTEIVOLPE TOV XOPaUTNPLOHO TG LoOTNTAG EVOG
TOTOV CTAL HOVOTTATLAL CCUTOD TOV TOTTOV.

Ocdpnpo 42 ([6l dewdpnpa 2.11.1]). H dpdon puag ioodvvapias f : A — B ota povordriar

700 A endyel, yia omowadimote x, y : A, pict icodvvapuia

(x = y) = (f(x) = f())

Amddeitn. Oa ypnoomotjoovpe univalence. To dedpnpa oy vel won xwpic avtr Tnv
LILOVECT)" 0 AVAY VOO TG TTOL EVILAPEPETOLL VIO TNV (TTLO HOKPOGHEAT]) ATTOSELEN Y WPIG
univalence propei va avatpé€el oto [6, dedpnpa 2.11.1].

Amd v vddeon, 1 f eivan wlooduvapior dnAadn, éxovpe éva e : ISEquiv(f) xoun
ermopévwg pair(f,e) : A ~ B. Amod univalence, 1 idtoeqv : (A = B) — (A ~ B)
eivon loodvvayia, omdte propovpe va dewpricovpe 0tL To pair(f, e) eival g poperg
idtoeqv(q) ywx xémoto g : A = B. Ev ovveyeia, pe enoywyr 6To g, PTOPOVHE VO
TEPLOPLOTOVHE GTNV TEPITTWOT) 7OV TO ¢q eivan To refly, omdte N f eivou 1 id4. Amod
0 Mjppa21) éxovpe, yw p:x =y,

ida(p) = p,

not emopéveg 1 dpdon g id4 ota péAn Tod X = y eivou 1) TALTOTWNHY, TTOL Elvarl

LoOpOPPLoPOG (Appa 29), &par tooduvapia. O
Ewdwotepa, edv £XOUHE EVay XoporTNPLoPO

filx=y)=E(xy)
NG LoOTNTAG VOGS TUTTOL A, TO TAPATAVE® FEDPTIHA LG TIAPEXEL EVOLY XOLPOUTI|PLOUO
(= q) = (f(p) = f(q))

g 106tnTag tov x = y. Hapadeiyparog xépuy, ya x, y: Ay X Az éxovpe (Sewpnpa31)
pio loodvvapio

fi(x=y) — (pri(x) = pri(¥)) X (pra(x) = pra(y))

pe
f(p) = pair(ap,,, (), app, (P))-

‘Eneton OtL, yio p, q = x = Y, vndpyet .oodvvopia

(r=9

1R

(pair(apy, (P). appr, () = pair(apy, (q). apyr, (9)))
(appr1 (P) = apprl(q)) X (apprz(p) = apprz(q))-

14
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8 Aoywm xat cOvoraf|

Ye mpornyovpeva kepdhono eidope MG oL TOTOL PIToPoV var StaPacTodY WG TPO-
TAGCELG, XL TG Ol TPOTACELS UTOPOLYV VO EXPPACGTOLV G TUTOL  AULTH 1) VO~
TOPAoTOOT TNG Aoywrg evtog TG Jewplag TOmwV Yproipomotdnue oe Sibpopeg
TEPUTTOCELS, TOOO YLot TN SXTOTTWOT OPLOHOV, OGO KaL Yo TNV arodelEn podnpo-
TIHOV TPOTACEWY. XTO xePOAaL0o owTd Jo e€eTdooupe pio Soupopetinr tpocéyylon
ot Aoy, ko do Jolpe oL LITEPTEPEL KOl TTOL LOTEPEL.

Mo xot 6T0 *EQAAALO AVTO T HAVOUHE XPTIOT) AVOTEPWV ETAYWYIUOV TOTWV, Jo
JewpovE, XWPLG VO TO AVOUPEPOUVLLE PTTA, OTL OL TOTTOL GUVOPTHCEWY ELVOL EXTAGLOKOL.

8.1 Amlég mpotdoElg

Kot apxrv, omotodnmote Tomog propel va avayvwotel wg tpdTact, apxel oL xo-
TAOUEVACTEG TOV Vo PPN VELTOVV WG Tpodiary papés/avadécelg Texpnpiowv aifdelog.
O Nat, yix Tapadetypa, eivor pia tpodTOOT) TOUL €XEL piot dmeLpr) axohovdio Texpn piwv
oAndelng. Qotdco, amd v onTy yovia ad TNV omoio cuvRdwg evvoolpe Ko
XPTOLHOTOLOVHE TIG TTPOTACELS OEV EVOLOPEPOPATTE YL TO TTOGK KO TTOLX TEXY PLOL
oAnelag xel pio TpOTOOT), AAAX PHOVO Yo To dv €xeL TéTOL TexpTpLa, SnAadn edv
aAnDeveL.

Mmopodpe va AdPoupe pice o cupPatiny Aoy meploptlopevol oe TOTOLVG OV
dev mepiLéxovv AN poopia TAEOV TG AANDOTIUAG TOVG, Kot BAETOVTOG HOVO QLTOVG
G Aoywég TpoThoelg. Avtd LITodevieL TOV AXOAOLIO OPLGHO.

Opropodg 43. Mia andij mpéraon (mere proposition) eivon évog TOTOG, O T AT
ToV omoliov eivar ioa peTa&d Toug.

Mmopodpe va ypayoupe TOV Tapamdve opLopod »G TOV TUTO

IsProp(A) :=J(x,y: A)x = y.

AvTO TTOU ETLTUYYXAVETOL LE TOV TXPOTTAV® OPLOHO Elvarl OTL, Yot ATTAEG TPOTAGELS, T
toodvvapio tavtiCeTon pe T Aoyinr wodvvopios:

ANppa 44. Tia ardés mpotdoeis A war B, edv A — B xaw B — A, 101¢ A ~ B.

Anédeién. Eév f: A — Bual g: B — A tote, e’ doov 0 A eivon otAr] TpdTaoT), yio
x: Adu éxovpe g(f(x)) = x- dpowa, ya y : B éxovpe f(g(y)) = y. "Apa, o f nan g eivon
ovTioTpoPeg PETAED TOUC. O

Opiopdg 45. 'Evag tomog A ovopdleton ovotadtds (contractible) eév vtdpyxel a: A, to
#>EVIpo ovOTOAIG, 0VTWG WOTE, Yo omoLdrimote x : A, a = x. XvpPoAiilovpe To doopévo
HOVOTIATL @ = X e contry.

Me GAAo AdyLa, Exovpe évav TOTTO
IsContr(A) :=Y.(a: A) [I(x:A)a=x.
ANppa 46. O tirog 1 eivar ocvoTadTds.

Anddeién. 'Aounon

Oesopnpa 47. La évav timo A, ta axélovda eivar Aoyixd icodVvapia:

3To wegéhouo orvtd Booileton oe peydro Padud oo [6] xepdhono 3].
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1. O A eivar ovoralti,
2. O A eivou xarounuévn (1 aAndiic) andn mporaon,
3. O A eivau 1008Vvayog e tov 1.

Amddeitn. 1. = 2.: E&v o A eivon cvotadtdg, tote oiyovpa eivon xatowmnpévog (omd
TO EVTPO GLGTOANG), KoL Yo X, Y : A éxovpe x = a = .

2. = 3.: Amd to mponyodpevo Prpa g amddelEng émetan OtL 0 1 givarl oAy
npotact). Ao to Mppa[dd] aprei va deifovpe 6TL ot A o 1 efvan Aoyud 1codbvayor.
Agpob nade thmog cuvemdyetar tov 1, 1 pioe xatevbdvven eivor avtopatn. Ta v
GAAN, e@” 600V 0 A elvan xaTowmnpévog, éxovpe éva a: A, odte opiletal ) cuvdptnon
Ax:1)a:1 —> A

3. = 1.: And to mponyoldpevo Anppa, o 1 eivan cvotartdg. EminAéov, ) cuoTo-
TOTNTO Eival vaAAOLWTN WG TTPOG Looduvapio TOTWY. "Apa, 0 A eivail cvotadtog. [

Ag avePoipe éva ouoAOTATL TAVLD AT TIG ATTAEG TTPOTACELG.

Opiopdg 48. ‘Eva ovivolo elvou évag T0og A TéT010G TTOL Yo 0ToLadrjToTe X, Y : A 0
TOMOG X = Y elval A1) TpoOTOOT).
SuppoAind,
IsSet(A) := [](x, y: A) IsProp(x = y).
ANppa 49. Edv n A elvar anAij npdraocn, t0te yix omoladijmore x,y : A 0 TUmog x = Y
eivau ovotadtdg. Emouévawg, xdde amAn mpotaon eivar ovvolo.

Hpéty amédeién. Eqv x,y : A, t6te 0 A eivanr notowmnpuévog, ondote A ~ 1. Ev o
HETOED, ad Tov xapatnpiopd g tootntag otov 1 (Sewpnpa33), yi omoadrote
xy:1(x=y)~1.

Acettepn anddeiln. Ag dewpricovpe x,y : A. And v vddeon éxovpe f : IsProp(A).
T z : A Sétovpe u(z) := f(x, z). N omowodrmote p: x = y éxovpe, a6 o Arjppa22]
pe(u(x)) = u(y).

Ev T petad, amd to Mjppa24]

pe(u(x)) = u(x) - p.

Am6 T1g 800 TehevTaieg GXECELS TTALPVOLLLE

u(x)™" - u(y) = p.

HOU ETTOPEVG O TOTTOG X = ¥ €Xel TO XEVTpo oLGTOARG u(x) ™! - u(y). O
Eidwdrtepa,

Anqppa 50. O timor IsProp(A) xau IsSet(A) eivar amdés npordoelg.

Amodeitn. Bewpolpe 6Tt 0 IsProp(A) eivou extaciondg, onodte yix va dei€ovpe OtL ot
f, g : IsProp(A) eivou ioeg petad tovg apuel va dei€ovpe 0TL f(x,y) = g(x, y) yw
omoradnmote x, y : A. ‘'Opwg, Ta f(x, y) xou g(x, y) eivon appdTEpo povomdTior otd to
X 0TO Y nou eMOPEVRG elval loa STy, amd v f 1) v g, 0 A eivon atAfj mpodtaon,
omote 0 x = y elval anhf mpodtaon eniong. Opoiwg, eqv f, g : IsSet(A), tote yio
omowdnmote X,y : Axow p,q: x = y, ta f(x, y)(p, q), g(x, y)(p.q) : p = q eivan ioa,
S10TL 0 A eival 6OVOAO, 0TTOTE 0 X = Y elvarl AtAr] TPOTUGT], Apa GUVOAO, KO ETTOPEVKG
0 p = q elval T} TpoTOOT). O
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8.2 KAloown xot tvToulslovieTinn Aoyxn

"Eva oopnav U eivon evoradés (stable) ebv yio omorovdrmote oo X : U° o tOmog
=X — X elvol xotownnpévog.

Ozopnpa 51 (univalence). Edv U evotadés wou X : U naroinnuévog, T6te omoiadtjmote
woodvvapia f : X — X éyer oradepo onpeio.

Amddeitn. Amd univalence, propoodpe vo dewprjcovpe OtL 1) f elvon TG popeng
idtoeqv(p) yioe xstowo p: A = A oto U'. Oewpodlpe Tig owoyéveteg (X : U) A(X) pe
A(X) 1= =X, (X: V) B(X) pe B(X) := X, o (X : V') O(X) pe C(X) := AX) — B(X).
E¢’ 6c0v to U etvan evotadég éxovpe, yioo X : U, éva sty : C(X). Amo to AMjppa[22]

transportc(p, sty) = sty.
Amé ™ oyéon Toipvoupe
transportc(p, sty) = My : X) transpor‘tB(p, stX(transportA(pfl, V).
Ev 10 petakd, o tomog =X eivan ot mtpdtao, omdte

transport(p~1,y) = y.
Ba&lovtag 6Aa avtd padi maipvoupe
festx = Ay:==X) f(stx(y))
= Aly:==X) idtoeqv(p)(stx(y))

)
)

= My:—=X) transportB(p, stx(y))

= My:—=X) transportB(p, stX(transportA(pfl, )
(

= transportc D, stx)

= sty.
Ev T petakd, éxovpe éva x : X, antd to omoio oxnpatifetal éva péAog
w = Ag:X) g(x)

To0 X, omoTe
f(stx(w)) = stx(w). O

Aqppa 52. Edvo X + =X elvau xaroupévog, 16te eivon no 0 - X — X,
Andbeitn. Eotw a: X +-X. Oa opicovpe pio st: 7—X — X e TePUITOOELS.
« E&v a = ini(x), 6mov x : X, 10T YéToupe

st := A(f : 7=X) x.

« E&v a = iny(g), 6mov g : =X, t6Te YéTovpe

st = A(f : = X) recg (£(g))- O
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