THE PARETIAN SYSTEM: Efficiency II

"The Pareto optimum has gone into the textbooks. Because of the
opportunities it offers for mathematical manipulation, great castles of
theory have been built upon it."

(John Hicks, 1975, "The Scope and Status of Welfare
Economics", Oxford EP)

(1) Pareto-Optimality

The original constructors of the Paretian system were satistied with the equality of the
number of equations and unknowns to establish the existence of an equilibrium.
Instead of pursuing this question more vigorously, their attention was turned onto
something else: namely, suppose such a set of prices did exist, is the resulting
equilibrium allocation an "efficient" one? By "efficiency" they referred to the concept
of "Pareto optimality": i.e. a situation is Pareto-optimal if by reallocation you cannot
make someone better off without making someone else worse off. In Pareto's words:

"We will say that the members of a collectivity enjoy maximium
ophelimity in a certain position when it is impossible to find a way of
moving from that position very slightly in such a manner that the
ophelimity enjoyed by each of the individuals of that collectivity
increases or decreases. That is to say, any small displacement in
departing from that position necessarily has the effect of increasing the
ophelimity which certain individuals enjoy, and decreasing that which
others enjoy, of being agreeable to some, and disagreeable to others."

(V. Pareto, 1906: p.261).

A situation is not Pareto-optimal, then, if you can make someone better off without
making anyone else worse off.

Clearly, as a concept of "efficiency", Pareto-optimality may seem quite adequate, but
as a concept of "optimal”, in any ethical sense, it is definitely not sufficient. As
Amartya Sen (1970) notes, an economy can be Pareto-optimal, yet still "perfectly
disgusting" by any ethical standards. It is thus of crucial importance to recall that
Pareto-optimality, then, is merely a descriptive term, a property of an allocation, and
that, at least a priori, there are no ethical propositions about the desirability of such
allocations inherent within that notion. Thus, there is nothing inherent in Pareto-
optimality that implies the maximization of social welfare (which shall be dealt with
later).

A second important note to recall is that Pareto-optimality is a general equilibrium
notion and thus quite dependent on what we wish to include. For instance, two
particular countries may have Pareto-optimal allocations within themselves, but when
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allowance is made for the trading opportunities that exist between both countries, the
general allocation is no longer Pareto-optimal.

Throughout this section, we alternate between the terms Pareto-optimality and Pareto-
efficiency. Nonetheless, the term Pareto-efficiency is somewhat inadequate as some
people naturally think of efficiency as a "technological" feature; but efficiency in
production is only one part of what we mean. By "efficiency", in a Paretian context,
we are required to also take into consideration "consumer efficiency". Thus, an
economic situation can be "efficient" in a production sense, yet "inefficient" in a
general Paretian sense.

Pareto's own term, "maximum ophelimity", may not be a much better way of
conveying the purely descriptive (and ethically neutral) meaning of the concept of
Pareto-optimality. Perhaps the best description of Pareto-optimality is the
underutilized one coined by Maurice Allais: an allocation is "Pareto-optimal” if there
is an "absence of distributable surplus" (e.g. Allais, 1943, p.610). This is an excellent
term as it conveys the true meaning of Pareto-optimality and suboptimality. One can
think of a "distributable surplus" as the set of mutually beneficial (or at least not
harmful) trades between any parties (firms, agents, countries, etc.) that have not been
undertaken (e.g. the "lens" between indifference curves or isoquants in an Edgeworth-
Bowley box constitutes a "distributable surplus"). By Allais's definition, if there is no
distributable surplus, the situation is clearly Pareto-optimal.

(A) Heuristics of Pareto-Optimality

There are three important sets of efficiency conditions to be considered along the lines
of the definitions provided by Pareto: (i) production efficiency; (ii) consumption
efficiencys; (ii1) product mix efficiency. We shall consider each in turn.

To visualize production efficiency diagrammatically, examine the situation in the
Edgeworth-Bowley box in Figure 1 for our old two-sector model. At allocation G, the
two firms are producing output levels X and Y. Although they are using factors fully,
this an obvious "Pareto-inefficient" use of resources. For instance, we can reallocate
factors between firms such that firm Y increases output from Y to Y’ and firm X
stays at the same level of output as before. Thus, moving from allocation G to
allocation F is a Pareto-improving movement. In contrast, this new allocation, point F,
is obviously a Pareto-efficient situation as any attempt to reallocate resources in order
to increase output of one industry inevitably requires a reduction in output of the other
industry. We can see immediately that, from the isoquants formed at an allocation, if
there is a "lens" between the two isoquants, then we can undertake a Pareto-improving
reallocation. Indeed, an allocation such as G will yield output levels that are in the
interior of the production possibilities set (the area below the PPF). Thus, one of the
first conditions for Pareto-efficiency is the familiar one that the marginal rates of
technical substitution between any two factors be the same among all firms, in this
case, MRTS*¢ = MRTSYKL, which, in turn, implies that output combinations will be
on the PPF.


http://cepa.newschool.edu/het/profiles/allais.htm
http://cepa.newschool.edu/het/profiles/allais.htm

Oy

L-lrl}
.

>
EY

Figure 1 - Movement from Inefficient to Efficient Allocation

While the equality of the MRTS is the central production efficiency condition in this
two-sector context, there is another production efficiency condition which must be
mentioned in light of its centrality in international trade theory. We have assumed,
thus far in our examples, that there are two firms producing different outputs, X and
Y. Suppose, however, that we have two firms (call them 1 and 2) both producing
outputs X and Y. In this case, they each have their own (possibly different) PPFs and
thus whatever output mix they produce will define their own marginal rate of product
transformation between X and Y. The corresponding rule for efficiency in such case is
that both firms produce output mixes where they have the same marginal rate of
product transformation, i.e. MRPTl)(Y = MRPszy. This statement, of course, is
merely the result of the theory of comparative advantage in international trade.
Consider 1 and 2 to be different nations each producing two different goods, then
production is efficient when each country specializes and trades (i.e. changes output
combinations) until their MRPTxy are equal. If they are already equal, then no
specialization is possible as the opportunity cost of good X in terms of good Y (i.e.
MRPTxy) is the same in both firms/countries.

We should note that Abba Lerner (1944) summarized production efficiency
conditions in the following simple rule. Suppose we have F firms, n goods and m
factors. Lerner proposed a general "transformation" function of the following form for
the fth firm:

@ '(x")=0

where x' = [xlf, X2, .. an] and an xif can be either an input or an output. Lerner's Rule,
therefore, is that for any two firms, f, g=1, 2, ..., F that:

& xi'0 x;" = 0 x%/0 x {2
forany 1,j=1, 2, .., ntm. If x; is an output and X; is an input, then this equation states

that the marginal product of x; should be the same for both firms. If both x; and x; is
an input, then this states that the marginal rates of technical substitution between the
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inputs are the same for both firms (MRTSfij = MRTS?;). Finally, if x; and x; are both
outputs, then this states that the marginal rate of product transformation are the same
for both firms (MRPTfij = MRTS?;). In the post-war period, when differentiability
was removed from Walrasian G.E., the corresponding conditions for production
efficiency using merely convexity were established by Tjalling C. Koopmans (1951),
which we have summarized elsewhere.

Let us now turn to the second main condition for Pareto-optimality: consumption
efficiency. The conditions for these are also clear enough and analagous to the first. In
a consumer Edgeworth-Bowley box as in Figure 2 below, there are always gains to
exchange unless the allocation is on the contract curve already. Thus, at allocation E
(where A receives (X*, Y*) and thus utility U*(E) and B receives (X°, Y?) and thus
utility UP(E)), we obviously have a Pareto-inferior allocation because one can always
reallocate to improve utility of either agent without reducing anyone's utility level.
For instance, if we trade some of agent A's allocation of Y with agent B's allocation of
X, thereby moving from allocation E to allocation D, we obviously improve agent B's
utility (which rises from UP(E) to U(D)) without worsening agent A's (which stays at
U™(E)). Allocation D is Pareto-optimal because we cannot undertake any further
reallocations without hurting one of the agents.
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Figure 2 - Consumption Edgeworth-Bowley Box

It is noticeable, from Figure 2, that D is Pareto-superior to E, but it is not the case that
another Pareto-optimal allocation, such as C, is also Pareto-superior to E. In fact, C is
not comparable to E by the Pareto criteria because one cannot go from initial
allocation E to allocation C without hurting agent B (as his utility at C is lower than at
E). Thus, while D is Pareto-superior to E, allocation C is not Pareto-comparable to
either E or D.

Note that the contract curve that connects origins O4 and Op represent the set of
Pareto-optimal allocations. Notice that, unlike the production case, we do not have a
clear shape for the contract curve for consumers as we had for producers.
Nonetheless, it is obvious that for consumption efficiency that an allocation between
agents has to be Pareto-optimal and thus somewhere on the contract curve.
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Consequently, the second condition is that the marginal rate of substitution between
two goods be the same among all consumers, thus for our particular example,
MRS*xy = MRS"yxy.

The third condition for Pareto-optimality is that of product-mix efficiency: namely,
that the marginal rate of substitution between two goods for any consumer be equal to
the marginal rate of product transformation between those goods, i.e. MRS xy =
MRPTxy. Or, alternatively stated, that the marginal utility of good X with respect to
Y equal the marginal cost of good X with respect to Y. The "efficiency" of this third
condition may be less obvious at first, but it can be made clear via the use of the
"community indifference curve" (CIC) or the "Scitovsky indifference curve" (SIC) as
put forth by Tibor Scitovsky (1942).

[note: the CIC was first introduced by Abba_Lerner (1932) and made informal
appearances in Wassily Leontief (1933), Jacob Viner (1937: p.521) and Tibor

Scitovsky (1941).]

Community indifference curves can be viewed in various ways. In their most
ambitious interpretation, they are the upper contour set of a "community utility
function", an index function of "aggregate utility". However, we shall resist this
interpretation temporarily and refer to a particular CIC as a set of output combinations
that yield the same "aggregate utility". We can see this diagrammatically in a simple
two-sector model, as in Figure 3. Suppose we begin at point F which defines
particular output levels, X and Yr which set the borders of an Edgeworth-Bowley
box. Suppose, then, that there is some allocation of that output between the two
individuals A and B such that MRS®xy = MRSByy (point Cr in the Edgeworth-
Bowley box). Let us denote the utility levels achieved by agents A and B at point Cg
as U”(C) and UB(C). Thus, assuming comparability of some sort, we can argue that
"angregate" utility is some combination of the two utility levels, e.g. U(C) = U*(C) +
U (C).

To trace out the CIC, we need to change the outputs X and Y such that the consumers
stay at their same utility levels they had at C (and thus retain the same "aggregate"
utility, U(C)). However, changing outputs X and Y changes the dimensions of the
Edgeworth-Bowley Box. Clearly, if we see F as the origin of agent B, then changing
output levels from F = (Xr, Yr) to G = (Xg, Yg) we are changing the agents B's origin
from F to G. Consequently, the whole indifference map of agent B changes. Of
course, the indifference map of agent A does not change as it is emanates from the
bottom left origin, Oa. Nonetheless, if the change in output is done carefully enough
so that the utilities of agents A and B do not change, we need to somehow stay on
agent A's indifference curve U*(C) and the tangency of that curve with the
indifference map of agent B (at point Cg) will yield an indifference curve for B that
has exactly the same utility level as it had before (i.e. U®(C)). Thus, at output levels
(Xr, Yr) and (Xg, Yi), agents A and B have the same utility levels, U*(C) and UB(C)
that they had before. In this case, aggregate utility, U(C), is retained in the movement
from F to G and thus we can say that F and G lie on the same "community
indifference curve", U(C). It is a simple matter to note that the slope of the CIC curve
at point F is the same as the slope of the individual indifference curves at point Cg.
Similarly, the slope of the CIC at point G is the same as the slope of the individual
indifference curves at Cg.
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Figure 3 - Construction of the CIC

Scitovsky (1942) suggests that we consider the CIC the minimal levels of outputs X
and Y that yield the same utility for each agent. As such, we can construct our CIC
algebraically via a minimization problem. Specifically, given a fixed amount of X
(call it Xj), we wish to find the minimum level of Y so as to keep both agents at a
particular utility level (say, U*(X, Y) = U*j and U*(X, Y) = U®;). From consumption
efficiency, we require that X = X* + X® and Y = Y* + Y®. Thus, we can set out a
minimization problem as follows:

min Y = Y2+ Y8
S.t.

UAXS, YN =U%,
UPXE, Y®) = U%,
XA+ XB=X,

Setting up the Lagrangian:

L=Y*+Y®+pa(U% - UAXA, YY) + (U - URXE, YP) + 1
x(Xo - X - XP)

which yields the first order conditions:

AU =px
MBUBXZMX
MAUAYZI

88 BUBY =1
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Combining the first two, we obtain U*x/UPx = p g/l 4 and the second two yield
UAy/UBY =un B/},l A, thus UAx/UBX = UAy/UBy, or Siﬂ’lply:

UAx/UAY = UBx/ UBY

i.e. the equality of the marginal rates of substitution for both agents. As these are
merely the slopes of the indifference curves, then -dYA/dXA = UAUAy = UB/UB, =
-dY®/dX®, thus:

dy* = (dY®/dxB)ax*

To find the slope of the CIC at the output levels (Xo, Yo), recall that Xy = X* + X® and
Yo=Y"+Y®, so totally differentiating this last term:

dYo=dY* +dy®
so substituting in for dY*:
dY, = (dYP/dX®)dX* + (dY*/dx*)dXx®
as dY*/dX* = dY"/dX®, then:
dYo = (dY*/dX)(dX* + dX®)
Thus, dividing through by the total differential for dXo:
dYo/dXo = (dYMdX)(dX™ + dXBy/(dX? + dXP)
or simply:
dYo/dX, = (dY/dX?)

which states, quite simply, that the slope of the CIC curve is the equal to the slope of
the indifference curve for agent A, i.e. MRSAxy. Thus, dY/dX, = MRSAXY =
MRSPxy. A more general method of deriving the CIC can be found in Ivor Pearce
(1964).

The CIC curve that is constructed for a particular level of utility U(C), however, is not
the only CIC curve that can be constructed that passes through point F. In the same
Edgeworth-Bowley box - and thus at the same levels of X and Y - we can construct a
different CIC curve by considering a different level of aggregate utility. Consider
Figure 4. We see that in the Edgeworth-Bowley box constructed from point F, we
have isolated two points of allocation, C and D, each yielding different levels of
individual and aggregate utility. From point C, we have U(C) = U*(C) + U®(C) and
thus are able to construct CICc corresponding to that aggregate utility level, U(C).
From point D, we have U(D) = U*(D) + U®(D) from which we construct CICp
corresponding to aggregate utility level U(D). Obviously, it is generally true that U(D)
' U(C) as the components of each are different. But as both U(D) and U(C) are
attainable from allocations within the Edgeworth-Bowley box emanating from point
F, then both CIC¢ and CICp, pass through F.


http://cepa.newschool.edu/het/profiles/pearce.htm

0 A S
’ {pw‘pﬁn (ol * (plp” (e

Figure 4 - Intersecting CIC Curves

There is no reason to assume that CIC¢ and CICp have the same slope - indeed, as
long as the indifference curves of both agents within the Edgeworth-Bowley box have
different MRSs at points C and D, then CIC¢ and CICp, will necessarily have different
slopes at point F and, thus, intersect each other. These different slopes of the CIC¢
and CICp curves at point F are captured by examining the price lines tangent to CIC¢
(with slope -(px/py)" - which is also tangent to the MRSs of the agents at point C) and
CICp (with slope -(px/py)"° - which is also tangent to the MRSs at point D). This is
obvious in Figure 4.

As we can immediately envision, as there are an infinite number of allocations along a
contract curve from F to Ox representing different tangencies, there consequently
could be an infinite number of CIC curves that pass through point F. Intersecting CIC
curves are not troublesome, unless we wish to visualize the CICs as representing a
social indifference mapping over outputs - as social welfare theorists would later
endeavour to do. For our purposes, however, this intersection property is not
troublesome.

However, already a few things can be detected from close examination of Figure 4.
Notice that CICc is tangent to the PPF while CICp is not tangent to it. Now, both
CICc¢ and CICp, represents different aggregate utility levels and, at least from the
outset, we cannot tell which one is superior because of their intersecting properties.
However, we ca note that CIC, represents a Pareto-optimal allocation whereas CICp
does not.

To see this, suppose we are at output combination F and our allocation of that output
among households is at point D so that we are faced with CICp at point F. Turning
now to Figure 5, we can move along the CICp, curve to point G without reducing
anyone's utility (as we saw before, everywhere along the CICp, the utility levels of



agents are unchanged, at U(D) and U®(D) respectively). At the new point G, we
form a new Edgeworth-Bowley box with size Xg and Y and the origin of agent B at
G. Yet, note that G is in the interior of the production possibilities set and thus it
represents an inefficient point. In other words, it is not true at G that the MRTSg for
both outputs are the same. Consequently we can expand output outwards from point G
to point E, thereby expanding outputs from X to Xg and Y to Yg. This will increase
the utility of agent B (as his "distance from the origin" is greater, and thus the utility
he attains at allocation D is greater than before) while not affecting the utility of agent
A (still at UA(D)). In short, by moving from G to E, we have undertaken a Pareto-
improving allocation. This is represented graphically in Figure 5 as an upward shift in
the CICp curve to a new, higher level of aggregate utility, CICpy .
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Figure 5 - Intersecting CIC Curves

In sum, as we could undertake a Pareto-improving reallocation from the original
point F to point E, then point F could not have been a Pareto-efficient allocation.
However, this result depends crucially on the fact that CICp was not tangent to the
PPF at point F. If we had instead an allocation in the Edgeworth-Bowley box such
that we had CICc at point F, which is tangent to the PPF, then we immediately that a
Pareto-improving reallocation is not possible. Thus, the third condition for Pareto-
optimality, that MRSxy = MRPTxy makes perfect sense as MRSy is the slope of the
CIC curve at any output combination.

[Incidentally, the set of outputs that yield Pareto-superior allocations to a particular
output combination is known as the "Scitovsky set". Thus, in Figure 5, the Scitovsky
sets of points F and G are merely the set of outputs above CIC¢ and CICp
respectively. Thus, any CIC can be seen merely as the lower boundary of the
Scitovsky set defined at a point.]
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(B) General Pareto-Optimality Conditions

Let us now turn to specifying the conditions for Pareto-optimality in a general
economy with H agents, F firms, n goods and m factors. The notation is the same as
the one used before. Thus, x" is a vector of commodities demanded by household h, x
is a vector of commodities supplied by firm f, v" is a vector of factors supplied by
household h and v'is a vector of factors demanded by firm f. A particular household's
utility depends on the amount of produced goods consumed and factors supplied, thus
U"(x", v") is household h's utility. A particular firm f faces an implicit production
function of the form, ® 1C(xf, vf) =0.

f

Following Oskar Lange (1942), we proceed to establish the conditions for Pareto-
optimality in such a context by the maximization of a particular agent's utility (call
him agent H) while keeping other all other agents' utility constant (thus U"(x", v") =
U", for every h =1, .., H-1, where U") is some arbitrary setting), all firms are within
their technological constraints (thus @ ', vf)=0forall f=1, ., F), and assuming all
resources are fully used (thus, total demand for commodities by households equal
total supply of commodities by firms, i.e. 2 e xif =Y o fxf foralli=1, ., nand
total demand for factors by firms equal total supply of commodities by households,
ie. > h=1H th =2 f=1Fij forj =1, .., m). Thus, the maximization problem is then:

max U"(x", v

S.t.
Uh(xh, Vh) =U", forh=1,2, ..., H-1.
o '(x, v =0 forf=1,2,.,F

Y x"=Y e'x" fori=1,..n
P th =2 leFij forj=1,.,m
Setting up the Lagrangian:

'8 | D IR RRTE DI SR DY =1 W el th - f=1Fij]

where uh, h=1, .., H-1 are the Lagrangian multipliers for the households, ;,Lf, f=1, ..,
F are the multipliers for the firms, and p',i=1,...,nand (', j = 1, .., m are the
multipliers for the goods and factor constraints respectively. The first order conditions
for a maximum are as follows: for commodities,

8L/8X1H=8UH/8XiH—ui=O fori=1,.,n

oL x"=p"@UYox"-u'=0 forh=1,.,H-1;i=1,..n.

oLx =p@dx)+pn'=0 forf=1,.,Fi=1,.,n.
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and for factors,

oL/ovi=oUYovf+pi=0 forj=1,..m

oLV =u"@U% vy +pi=0 forh=1,. H-1;j=1, ., m.

oLV =p'@@ovy-pi=0 forf=1,.,F;j=1,.,m
and finally, for the multipliers:

oL/ p=Ur", vy - U =0 forh=1, .., H-1

oL/op =0 vh=0 forf=1,..,F

oLop =Y % -2 'x"=0 fori=1,.,n

oL/o ujzzh=1Hth-Zf=1Fij=0 forj=1,.,m

These are the general conditions for Pareto-optimality. To connect with our more

familiar heuristic forms, we can solve for p /p * where i and k are two commodities
(,k=1,2,..,n)so:

wi/p k=@ U%o xiMye UMe x) = (8 U"o x")/(@ Uo x)  forall
h=1,.,H-1

This states that the marginal rates of substitution between any two produced goods,
for any household h (including the Hth), must be equal to the ratio of the Lagrangian
multipliers, p '/p ¥ and thus each other. This is our familiar consumption efficiency
condition for any two goods, i, k =1, ...., n. Similarly, we can see that:

wipk=@o%xYodoox" forallf=1,2,.,F

thus. the marginal rate of product transformation between goods i and k must be equal
for every firm f=1, .., F, part of the production efficiency conditions. Notice also that
combining this with our previous condition, we see that for any f=1, .., F and any h =
1, .., H, we have it that (6 ® 70 x{)/(6 ® 0 x") = u /u ¥ = (8 U"o x{")/(6 U"o xM),
thus the marginal rate of product transformation between goods i and k for firm f is
the same as the marginal rate of substitution between goods i and k for agent h - the
familiar efficiency in product mix condition applied to any firm and household for
any pair of goods, i, k=1, .., n.

Let us now turn to the factors. The conditions for these imply that for any two factors,
jand q (j, q =1, .., m) we have it that:

wipd= U vitye Ut vy =@ UMavhi@e ua v,  forall
h=1,..,H-1.

thus the marginal rate of substitution between factor supplies j and k are equal for all
households (including the Hth). This is the factor supply analogue of the consumer
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efficiency condition, which we did not see diagrammatically before. However, we can
think of factor supply as own-consumption demand, e.g. leisure is the own-
consumption of labour, and thus see its analogy to consumer efficiency conditions for
own-consumption. Similarly, for any pair of factors j, q =1, .., m, we have it that:

wipi=@o % vyodov,) forallf=1,2,.,F

which states that the marginal rate of technical substitution between factors j and q
must be equal for every firm, f =1, .., F. This is our familiar production efficiency
condition. We can combined it with our household factor supply condition so that for
any f=1,.,Fandany h=1, .., H, we see that (0 @ "0 x;")/(0 ® 70 x,") = n/n 9= (0
U"/o th)/ @ UYd th), thus the marginal rate of technical substitution between factors
J» q for firm f is the same as the marginal rate of substitution between factors j, q for
household h. This is the factor-side version of the efficiency in product mix condition.

Finally, we can notice that the following also holds for any commodity i =1, .., n and
any factorj=1, .., m:

n/ul=@U% x"@ U v forallh=1,., H
=@@Y%xNH@d %V forallf=1,.,F

i.e. the marginal rates of substitution by household h between a factor j and a
commodity i must be equal to the marginal rate of transformation of factor j into
commodity i by firm f. Notice that this last is merely 8 x;'/0 ij, the marginal product
of the jth factor in the ith output. Thus, this implies that marginal products (of a
particular factor into a particular good) must be the same across all firms. If we think
of factor j as labor and good i as bread, then marginal product of labor in bread
production is equal among all firms and it is equal to ratio of marginal utilities of
bread and labor for every household.

(2) The Fundamental Welfare Theorems

The Fundamental Theorems of Welfare Economics are deservingly famous as they
link the concept of a competitive equilibrium with that of a Pareto-optimal allocation.
Recall that the three crucial conditions for Pareto-optimal allocations in a Paretian
system, as laid out explicitly by Abba Lerner (1934, 1944) and Harold Hotelling
(1938) are the following:

(i) Consumption Efficiency: MRS*xy = MRS®xy for any pair of
households, A, B and any two goods, X, Y.

(i1) Production Efficiency: MRTS*¢ = MRTS i, for any pair of
outputs, X, Y, and any two factors, K, L.

(iii) Product Mix Efficiency: MRS"*xy = MRPTxy for any household A
and any pair of outputs, X, Y.

As we can see these three conditions are similar to the conditions for equilibrium we
stated earlier. In fact, they are (almost) identical. The two Fundamental Theorems of
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Welfare Economics, which stretch back to Pareto (1906) and Barone (1908), can thus
be stated as follows:

(1) First Fundamental Welfare Theorem: every competitive equilibrium
is Pareto-optimal.

(1) Second Fundamental Welfare Theorem: every Pareto-optimal
allocation can be achieved as a competitive equilibrium after a suitable
redistribution of initial endowments.

The First and Second Welfare Theorems were proved graphically by Abba Lerner
(1934) and mathematically by Harold Hotelling (1938), Oskar Lange (1942) and
Maurice Allais (1943: p.617-35) (see also Abba Lerner (1944) and Paul Samuelson
(1947)).

Graphically, the basic idea of the First Theorem is simple: as we saw in our discussion
of equilibrium in the Paretian system, if we have a competitive equilibrium, all three
of the Pareto-optimal conditions are met. The Second Welfare theorem is almost
equally clear intuitively: any Pareto-optimal allocation fulfills the three conditions,
thus assuming differentiability, we can place price lines with slope px/py between the
indifference curves so that MRSxy” = px/py = MRSBxy, place the same price line
with the same slope between the CIC and the PPF so that MRS xy = px/py =
MRPTxy and, it must be that we are on the PPF (by production efficiency), then we
can place a factor price line with slope r/w between the isoquants of the production
Edgeworth-Bowley box so that MRTS*¢; = MRTS Y. Of course, the series of price
lines we are inserting in this case may not correspond to the budget constraints of
households properly speaking as we are only determining their slopes and not their
precise location - which depends on endowments. Thus, the Second Welfare Theorem
requires that we "adjust" the budget constraints (i.e. reallocate endowments) so that,
upon utility-maximization, the resulting allocations will be equivalent to the Pareto-
optimal one we are trying to reach.

The Lange (1942)-Allais (1943) proof generalizes this idea to multiple commodities,
factors, households and firms, but the essential idea is similar to this graphical
intuition. Recall that we were given the multipliers, p i, 1=1, .., n for commodities
and p’ = 1, ..., m for factors. It is a simple matter to note that in the general
equilibrium of a Paretian system, for all commodities 1, k =1, .., n, we have it that
pi/px = (8 UYd x"/(0 UM x) = (8 @ 0 xi)/(6 ® 0 x!), for all household h=1, . .H
and firms f= 1, .., F. Similarly, for all factors, j, q = 1, .., m we have it that wj/wq = (0
@ 0 vi")/(@ ® o v,') for all firms, f= 1, .., F and so on. The implication, then, is that
if the multipliers are equal to prices, so, p '/ = pi/px and pi/p 4= Wwj/Wi, then the
conditions for a Pareto-optimum and a competitive equilibrium in a Paretian system
are identical. Thus, the conditions are equivalent in this sense.

Of course, we must allow for corner solutions to the equilibrium problem, which that
we obtain inequalities rather than equalities via the Kuhn-Tucker conditions;
however, it is not difficult to generalize the Pareto-optimality conditions to allow for
corner solutions by allowing for free goods, etc. Finally, these conditions all require
the differentiability of utility functions and production functions, a condition which
may be seen as unreasonable. Kenneth J. Arrow (1951) and Gerard Debreu (1951,
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1954) extended these Fundamental Theorems without requiring differentiability and
relying instead upon convexity and the seperating hyperplane theorem - and thus we
refer to our account of these.
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