
Endeiktikèc Apant seic
1ης ErgasÐac ErgasthrÐou MATLAB

Grammik¸n Majhmatik¸n

Dhm trioc Qristìpouloc ∗

AprÐlioc 2011

Er¸thma 1o

GnwrÐzoume ìti ja antimetwpÐsoume prìblhma ìtan anagkastoÔme na k�noume
afaÐresh dÔo sqedìn Ðswn arijm¸n, dhl. ìtan ja isqÔei:

u ≈ v ⇔ 3

√√
p3 + q2 − q ≈ 3

√√
p3 + q2 + q (1)

Exet�zoume di�forec dunatèc peript¸seic:

1. E�n antimetwpÐsoume thn anwtèrw sqèsh wc isìthta eÐnai eÔkolo na katal -
xoume sthn sqèsh q = 0, h opoÐa den isqÔei, diaforetik� den ja eÐqe nìhma
h dojeÐsa exÐswsh wc trÐtou bajmoÔ, afoÔ ja lunìtan �mesa me paragonto-
poÐhsh. Epomènwc exet�zoume pìte isqÔei h 1 wc èqei kai ìqi san isìthta.

2. MÐa �llh perÐptwsh eÐnai ekeÐnh kat� thn opoÐa isqÔei p3 << q2. Tìte ja
isqÔei:

√
p3 + q2 ≈

√
q2 = |q|, epomènwc ja èqoume ìti:

u =

{
3
√
|q| − q = 0 , q > 0

3
√
|q| − q = 3

√
2 |q| , q < 0

}

v =

{
3
√
|q|+ q = 3

√
2q , q > 0

3
√
|q|+ q = 0 , q < 0

}

Sunep¸c oÔte se aut n thn perÐptwsh mporoÔme na èqoume afaÐresh sqedìn
Ðswn arijm¸n, afoÔ p�ntote o ènac apì touc dÔo ìrouc ja eÐnai mhdenikìc.
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3. Mac mènei h perÐptwsh kat� thn opoÐa isqÔei:

p3 >> q2 (2)

p3

q2
>> 1 (3)

q2

p3
<< 1 (4)

Tìte ja èqoume proseggistik� ìti:

u = 3

√√
p3
(

1 + q2

p3

)
− q

≈︸︷︷︸
4

3

√√
p3 − q

= 3

√√
p3 − sign(q) |q|

= 3

√
|q|
(√

p3

q2
− sign(q)

)
3︷︸︸︷
≈︸︷︷︸

sign(q)=±1

3

√
|q|
√

p3

q2

=
3

√
|q|
√

p3

|q|

=
√
p

(5)

EpÐshc parìmoia ergazìmenoi èqoume kai gia to v:

v = 3

√√
p3
(

1 + q2

p3

)
+ q

≈︸︷︷︸
4

3

√√
p3 + q

. . . . . .

=
√
p

(6)

Apì tic sqèseic 5 kai 6 eÐnai fanerì ìti sthn perÐptwsh ìpou isqÔei p3 >>
q2, tìte afairoÔme sqedìn touc Ðdiouc arijmoÔc, �ra èqoume prìblhma ap¸-
leiac akrÐbeiac ìtan ergazìmaste me progr�mmata arijmhtik c kinht c upo-
diastol c ìpwc to MATLAB.
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Er¸thma 2o

QrhsimopoioÔme thn tautìthta pou mac dìjhke kai èqoume:

u3 − υ3 = (u− υ)(u2 + uυ + υ2)⇔ u− v =
u3 − v3

u2 + uv + v2

Epomènwc h rÐza pou y�qnoume upologÐzetai t¸ra me ton tÔpo:

ρ =

(
3
√√

p3+q2−q
)3

−
(

3
√√

p3+q2+q

)3

(√
q2+p3+q

) 2
3+
(√

q2+p3−q
) 1

3
(√

q2+p3+q
) 1

3+
(√

q2+p3−q
) 2

3

= − 2 q(√
p3+q2+q

)2/3
+ 3

√(√
p3+q2−q

)(
q+
√

p3+q2
)
+
(√

p3+q2−q
)2/3

= − 2 q(√
p3+q2+q

)2/3
+ 3

√(√
p3+q2

)2
−q2+

(√
p3+q2−q

)2/3
= − 2 q

u2+ 3
√

p3+q2−q2+v2

= − 2 q

u2+ 3
√

p3+v2

= − 2 q
u2+p+v2

(7)

Blèpoume ìti t¸ra den èqoume afaÐresh sqedìn Ðswn arijm¸n, �ra prosdokoÔme
beltÐwsh thc akrÐbeiac.

Er¸thma 3o

UpologÐzoume, qrhsimopoi¸ntac to MATLAB, thn rÐza kai me touc dÔo tÔ-
pouc. Gia ton skopì autì dhmiourgoÔme mÐa sun�rthsh me ìnoma cardano.m h
opoÐa dèqetai san ìrisma ta p, q kai apodÐdei thn pragmatik  rÐza thc exÐswshc
qrhsimopoi¸ntac kai touc dÔo trìpouc. EpÐshc apodÐdei thn tim  pou prokÔptei
e�n antikatast soume thn k�je rÐza sthn exÐswsh. O pl rhc k¸dikac akoloujeÐ:

function [r1,r2,t1,t2]=cardano(p,q)

%Computation of the real root of equation x^2+3*p*x+2*q =0

%with p^3+q^2>0 by two ways:

%r1=u-v

%r2=-2q/(u^2+u*v+v^2)

%and check accuracy by substitution.

format long e

while (p^3+q^2<=0)

p=input(’give new p: ’);

q=input(’give new q: ’);

end

disp(’x^2+3*p*x+2*q =0,p^3+q^2>0’)
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u=(sqrt(p^3+q^2)-q)^(1/3);

v=(sqrt(p^3+q^2)+q)^(1/3);

r1=u-v;

r2=-2*q/(u^2+p+v^2);

t1=r1^3+3*p*r1+2*q;

t2=r2^3+3*p*r2+2*q;

p

q

disp(’root with type: rho=u-v’)

r1

disp(’root with type: rho=-2q/(u^2+p+v^2)’)

r2

disp(’test r1 gives:’)

t1

disp(’test r2 gives:’)

t2

end

T¸ra apl� plhktrologoÔme dÔo entolèc:

>> format compact

>> [r1,r2,t1,t2]=cardano(10^7,-3000000000000001/2000000000000);

x^2+3*p*x+2*q =0,p^3+q^2>0

p =

10000000

q =

-1.500000000000001e+003

root with type: rho=u-v

r1 =

9.999999974752427e-005

root with type: rho=-2q/(u^2+p+v^2)

r2 =

1.000000000000001e-004

test r1 gives:

t1 =

-7.574271876364946e-006

test r2 gives:

t2 =

1.818989403545857e-012

ParathroÔme beltÐwsh thc akrÐbeiac upologismoÔ thc rÐzac me ton deÔtero tÔpo.
To Ðdio mporoÔme na k�noume qrhsimopoi¸ntac to Octave, ìpwc faÐnetai apì ta
apotelèsmata pou akoloujoÔn:
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octave-3.2.4.exe:2>[r1,r2,t1,t2]=\

cardano(10^7,-3000000000000001/2000000000000);

x^2+3*p*x+2*q =0,p^3+q^2>0

p = 1.00000000000000e+007

q = -1.50000000000000e+003

root with type: rho=u-v

r1 = 9.99999997475243e-005

root with type: rho=-2q/(u^2+p+v^2)

r2 = 1.00000000000000e-004

test r1 gives:

t1 = -7.57427187636495e-006

test r2 gives:

t2 = 1.81898940354586e-012

ParathroÔme mikrèc diaforèc sta apotelèsmata an�mesa sta dÔo progr�mmata me
to Octave na epitugq�nei kalÔterh akrÐbeia, èstw kai oriak�.

Er¸thma 4o

Sto wxMaxima1 orÐzoume thn sun�rthsh:

f(x, p, q) = x3 + 3px+ 2q

ki ètsi mporoÔme na èqoume thn exÐswsh 3ou bajmoÔ me apl  topojèthsh twn tim¸n
p, q pou jèloume k�je for�. LÔnoume thn exÐswsh pou mac dìjhke kai krat�me
thn pragmatik  rÐza. Shmei¸noume ìti o sumbolismìc b− 4 shmaÐnei apl� 10−4 gia
arijmoÔc “big float” tou wxMaxima.

(%i1)

f(x,p,q):=x^3+3*p*x+2*q;

sol:solve(f(x,10^7,-3000000000000001/2000000000000),x);

r:sol[3];

(%o1) f (x, p, q) := x3 + 3 p x+ 2 q

(%o2) [x = −
√

12000000000000003 i+ 1

20000
, x =

√
12000000000000003 i− 1

20000
,

x =
1

10000
]

(%o3) x =
1

10000

1
Ελεύθερο λογισμικό, μπορείτε να το ‘κατεβάσετε’ από εδώ.
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E�n qrhsimopoi soume to Axiom2 èqoume �meso diaqwrismì thc pragmatik c
rÐzac apì tic migadikèc rÐzec, diìti to Axiom mac dÐnei sthn èxodo kai to polu¸numo
apì to opoÐo prokÔptoun oi mifadikèc rÐzec, qwrÐc na to lÔnei:

→ fx:=x^3+3*10^7*x+2*-3000000000000001/2000000000000

(1) x3 + 30000000 x− 3000000000000001

1000000000000

Type:Polynomial Fraction Integer

→ solve(fx,x)

(2)

[
x =

1

10000
, 100000000 x2 + 10000 x+ 3000000000000001 = 0

]
Type:List Equation Fraction Polynomial Integer

→
E�n par' ìla aut� emeÐc jèloume na talaipwrhjoÔme k�nontac arijmhtik  kinht c
upodiastol c, mporoÔme na to k�noume kai autì me ta anwtèrw progr�mmata.
Sto wxMaxima lÔnoume thn genik  morf  thc exÐswshc qwrÐc na jèsoume tic
arijmhtikèc timèc twn p, q pou mac dìjhkan:

(%i4)

sol:solve(f(x,p,q),x);r:sol[3];

ratsimp(%);

solf:subst([p=10^7,q=-3000000000000001/2000000000000],%);

fpprec : 16;bfloat(solf);

fpprec : 32;bfloat(solf);

fpprec : 64;bfloat(solf);

(%o4) [x =

(
−
√

3 i

2
− 1

2

) (√
q2 + p3 − q

) 1
3 −

(√
3 i
2
− 1

2

)
p(√

q2 + p3 − q
) 1

3

,

x =

(√
3 i

2
− 1

2

) (√
q2 + p3 − q

) 1
3 −

(
−
√
3 i
2
− 1

2

)
p(√

q2 + p3 − q
) 1

3

,

x =
(√

q2 + p3 − q
) 1

3 − p(√
q2 + p3 − q

) 1
3

]

2
Ελεύθερο λογισμικό, μπορείτε να το ‘κατεβάσετε’ από εδώ ή εδώ, ανάλογα με το λειτουργικό

που χρησιμοποιείτε.

6

http://axiom-wiki.newsynthesis.org/public/axiom-windows-0.1.4.exe
http://axiom.axiom-developer.org/


(%o5) x =
(√

q2 + p3 − q
) 1

3 − p(√
q2 + p3 − q

) 1
3

(%o6) x =

(√
q2 + p3 − q

) 2
3 − p(√

q2 + p3 − q
) 1

3

(%o7) x =

(
1000000000000001

√
4000000000000001

2000000000000
+ 3000000000000001

2000000000000

) 2
3 − 10000000(

1000000000000001
√
4000000000000001

2000000000000
+ 3000000000000001

2000000000000

) 1
3

(%o8) 16
(%o9) x = 9.999999995550721b− 5
(%o10) 32
(%o11) x = 1.0000000000000000000000000633516b− 4
(%o12) 64
(%o13) x = 1.00000000000000000000000000000000000000000000000000000

0000904052b− 4

Prosèxte thn arijmhtik  oiasd pote akrÐbeiac: aux�noume thn akrÐbeia apì 16
se 32 kai met� se 64 dekadik� yhfÐa kai blèpoume pwc belti¸netai h proseggistik 
tim  thc rÐzac.

Sto Axiom p�li mporoÔme na lÔnoume thn exÐswsh me oiad pote akrÐbeia orÐ-
soume emeÐc k�je for� me mÐa entol :

→ solve(fx,1.e-16)

(3) [x = 0.00010000000000001674216]

Type:List Equation Polynomial Float

→ solve(fx,1.e-32)

(4) [x = 0.0001]

Type:List Equation Polynomial Float

→ solve(fx,1.e-64)

(5) [x = 0.0001]

Type:List Equation Polynomial Float

→
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Ac doÔme t¸ra touc dÔo tÔpouc pou mac dÐnoun tic rÐzec gia akrÐbeia 16 deka-
dik¸n yhfÐwn:

wxMaxima

(%i14)

fpprec : 16;

rho[1](p,q):=(sqrt(p^3+q^2)-q)^(1/3)-(sqrt(p^3+q^2)+q)^(1/3);

rho[1](10^7,-3000000000000001/2000000000000)$

bfloat(%);

(%o14) 16

(%o15) ρ1 (p, q) :=
(√

p3 + q2 − q
) 1

3 −
(√

p3 + q2 + q
) 1

3

(%o17) 9.999999997489795b− 5

(%i18)

rho[2](p,q):=-2*q/((sqrt(p^3+q^2)-q)^(2/3)+p+(sqrt(p^3+q^2)+q)^(2/3));

rho[2](10^7,-3000000000000001/2000000000000)$

bfloat(%);

(%o18) ρ2 (p, q) :=
−2 q(√

p3 + q2 − q
) 2

3
+ p+

(√
p3 + q2 + q

) 2
3

(%o20) 1.0b− 4

Axiom

→ r1(p,q)==(sqrt(p^3+q^2)-q)^(1/3)-(sqrt(p^3+q^2)+q)^(1/3)

Type: VoidVoid

→ r2(p,q)==-2*q/((sqrt(p^3+q^2)-q)^(2/3)+p+(sqrt(p^3+q^2)+q)^(2/3))

Type: VoidVoid

→

r22(p,q)==-2*q/((sqrt(p^3+q^2)-q)^(2/3)+((p^3+q^2)^(1/2)-q)^(1/3)*

((p^3+q^2)^(1/2)+q)^(1/3)+(sqrt(p^3+q^2)+q)^(2/3))
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Type: VoidVoid

→ digits 16

(10) 16

PositiveInteger

→ r1(10^7,-3000000000000001/2000000000000)::Float

Compiling function r1 with type (PositiveInteger,Fraction Integer)

AlgebraicNumber

(11) 0.0001

Float

→ r2(10^7,-3000000000000001/2000000000000)::Float

Compiling function r2 with type (PositiveInteger,Fraction Integer)

AlgebraicNumber

(12) 0.00009999999973662692

Float

→ r22(10^7,-3000000000000001/2000000000000)::Float

Compiling function r22 with type (PositiveInteger,Fraction Integer)

AlgebraicNumber

(13) 0.0001

Float

Sto Axiom parathroÔme ìti up�rqei kalÔterh akrÐbeia ìtan den k�noume aplo-
poÐhsh ston paronomast  tou deutèrou tÔpou. EÐnai anamenìmenh aut  h diaforo-
poÐhsh giatÐ to Axiom den eÐnai prìgramma arijmhtik c kinht c upodiastol c, all�
eÐnai SÔsthma Upologistik c 'Algebrac. Bèbaia autì tou dÐnei thn dunatìthta na
k�nei pr�xeic me 500 dekadik� yhfÐa:
→ digits 500

(15) 500

PositiveInteger

→ r1(10^7,-3000000000000001/2000000000000)::Float

(16) 0.0001
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Float

→ r2(10^7,-3000000000000001/2000000000000)::Float

(17)

0.000099999999999999999999999999999999999999999999999999999

99999999999999999999999999999999999999999999999999999999999

99999999999999999999999999999999999999999999999999999999999

99999999999999999999999999999999999999999999999999999999999

99999999999999999999999999999999999999999999999999999999999

99999999999999999999999999999999999999999999999999999999999

99999999999999999999999999999999999999999999999999999999999

99999999999999999999999999999999999999999999999999999999999

9999999999999999999999999984988

Float

→ r22(10^7,-3000000000000001/2000000000000)::Float

(18) 0.0001

Float

→
To Ðdio mporoÔme na k�noume kai me to wxMaxima:

(%i14)

fpprec : 500;

rho[1](p,q):=(sqrt(p^3+q^2)-q)^(1/3)-(sqrt(p^3+q^2)+q)^(1/3);

rho[1](10^7,-3000000000000001/2000000000000)$

bfloat(%);

(%o14) 500

(%o15) ρ1 (p, q) :=
(√

p3 + q2 − q
) 1

3 −
(√

p3 + q2 + q
) 1

3

(%o17) 1.0000000000000000000000000000[444digits]0000000000
00000000000674388b− 4

(%i18)
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fpprec : 500;

rho[2](p,q):=-2*q/((sqrt(p^3+q^2)-q)^(2/3)+p+(sqrt(p^3+q^2)+q)^(2/3));

rho[2](10^7,-3000000000000001/2000000000000)$

bfloat(%);

(%o18) 500

(%o19) ρ2 (p, q) :=
−2 q(√

p3 + q2 − q
) 2

3
+ p+

(√
p3 + q2 + q

) 2
3

(%o21) 1.0b− 4
Parathr ste ìti sto wxMaxima h akrÐbeia tou pr¸tou tÔpou belti¸netai men,

all� den exaleÐfetai. Antijètwc me thn qr sh tou deÔterou tÔpou èqoume apìluth
akrÐbeia.

Epomènwc akìma kai me ta CAS qrei�zetai na èqoume gn¸seic Arijmhtik c
An�lushc gia na epitugq�noume apìluta akrib  apotelèsmata, ìtan apofasÐsoume
na qrhsimopoi soume aut� ta sust mata gia pr�xeic arijm¸n kinht c upodiastol c.
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