Model Problems

In one space dimension
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In two space dimensions
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Poisson equation

Au = f(Z)



Heat equation

X = ru— S @

u(Z,0) = ug(ZF)



Wave equation

02

ﬁ:Au

w(Z,0) = ug(Z)
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Finite difference methods
In one dimension

a<x<b

h=0b—-—a)/(m+1)
x;=a-+1th,t1=0,....m—+41

Apu(zx) = u(z + h) — 2u(x) +u(z — h)

h2



In two dimensions

h2 +
u(z,y +h) — 2u(z,y) +u(z,y — h)

Apu(z,y) =

h2



P = (z,y)

N = (z,y+h)
E=(z+h,y)
S = (z,y—h)
W = (x — h,y)

u(N) +u(W) + u(E) + u(S) — 4u(P)

Ahu(P) — h2



Poisson problem
Apu(E) = f(Z)
If f(&) is zero,

Apu(x) =0



Heat equation

w(Z, t+90) — u(Z,t)

u(Z,0) = uo(T)

uw(Z, t+6) = u(Z,t) + 6D pu(Z,t)



Wave equation

w(Z,t+6) — 2u(Z,t) + uw(Z,t — 9)
52

— Ahu(a_:', t)

ou
—(£,0) =0
at(fv )

w(Z,0) = ug(Z¥),and u(Z, ) = ug(¥)

w(Z, t+ 6) = 2u(Z, t) — u(Z, t — &) + 622 pu(Z, t)



Matrix Representation
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Poisson problem

Au=2>

u = A\b
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10 14 18 22 31 40 49
11 15 19 23 32 41 50
12 16 20 24 33 42 51
25 34 43 52
26 35 44 53
27t 36 45 54
28 37 46 55
29 38 47 56
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h2 AL u(43) = u(34) + u(42) + u(44) + u(52) — 4u(43)

(4334 = Q43 42 = 43 44 = a4352 = 1, and ag3 43 = —4
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Numerical Stability

WD — ) 4 g A

LD (R

M=1+cA
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For the heat equation, in one dimension

1

o< —
2

In two dimensions

o<

NG

15



WD) = 0y (B) _ (k=1) 4 a0 (R)
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For the wave equation in one dimension

o<1

In two dimensions

1
o < —
-2
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Wave equation

02

o2 = bu

w(Z,t) = cos (VAt) v()

Av+ =20
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In one dimension
vi.(x) = sin (kx)
vp(m) =0

k must be an integer

A = k2.
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up(z) =) agsin (kz)
k

u(z,t) = > aycos (kt) sin (kz)
k

= ay cos (\/rkt) vg ()
k
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H-shaped domain
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L-shaped membrane

Finite difference methods

m = 200
h =1/m
A = delsq(numgrid(’L’,2*m+1))/h"2

size(A) = 119201-by-119201
nnz (A) = 594409

lambda

eigs(A,6,0)
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lambda =

9.
15.
. 73880

19

29.
31.
.47510

41

T he exact values are

31
41

64147
19694

52033
915683

.63972
15.
19.
29.
.91264
.47451

19725
73921
52148
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Circular sector with angle n/a and radius R.

v(r,0) = Jo (VA7) sin ()

82v 10 1 620
__|___v_|_

A =20
Or2 r or 28«92+ v

v(r,0) = 0,and v(r,w/a) =0
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[ -shaped membrane

v(r,0) = chJaj(\/Xr) sin (o 0)
J

A,LJ()\) = Jaj(\/XTZ') Sin (Oé] 62)7 r=1,....m, 3=1,...

on(A(N)) = smallest singular value of A(\).

A = k-th minimizer(on(A(N)))
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Symmetric about the center line.

— ﬁ, 7 odd and not a multiple of 3.

@i — 3
Antisymmetric about the center line.

29

.= %, 7 even and not a multiple of 3.

&j = 3
Eigenfunction of the square.

oy = %7 7 a multiple of 3.
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Heat Equation

ou 02
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ot 0x2
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Explicit Finite Difference Scheme

n
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(6x)2
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ADI — Alternating Directions Implicit

k k
—auw 2 + (1 + 20)uy +2 — au6+2 =

auffb + (1 — 20)ul]§ + 0u§
Juﬁ"l_l + (1 + QJ)UI;_H — 0u1§+1 =

k+3

ouy 24+ (1— 20)up+2 + auk+2
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