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Cycle 1 – Part III (35:08)

13:54 – 22:06

A-D are four university mathematics teachers and ME is a researcher in mathematics education.

A: Are we interested in these sort of emotives… or aspects of what the students actually feel when they do these things. And when you see a determinant how do you… how is one supposed to relate to it? Is it just a bit of garbage that is sort of coming your way where you have to apply certain rules or are you… do you have a mental image of what it might mean? Do you think of a determinant as a volume or … 

B: Something to be worked out.

A: And then how do you relate? You see when you see … the adjoint is a cute way of getting the inverse of a matrix. So that could be my way of it. If I see adjoint I think of inverse and I then I would work from there. But that is justified by my requirement that I cannot handle a thing that is very complicated. So… inverse I can just about understand and then I work with  that….

D: Yes… And it removes the true power of the adjoint which is to define the unit of the matrix as singular…

A: Yes, yes. Exactly. So the… what is the guidance given tot he student? How was he or she picturing what this is? You know… 

B: This is another example of trying to understand and appreciate …  the student’s landscape. Everyone has their own personal landscape… I agree that determinant is a tricky one… even if they have seen it before at school. What I think this is… and I suggested earlier that the determinant might be thought of as a number to be worked out and I am sure that a lot of people think about this when they see an integral.  A thing that you have to work out for all pieces involved in it …

A: So… And is this what you want to instill in them? Is this that you want to say? This is something that you have to work out and that is how it works… and…is this or what is it? 

B: They can be given some structure…

ME: Do you think that there is some sharing of landscapes between you and… because you have been working with these things for a long time and you have been… your landscape probably is richer than…. Yes, compared to some that see the word adjoint or adjugate or whatever… And… I mean… Do you feel that in the last three comments we’ve had concept images of the adjoint or… that the students may or may have not heard in the lecturers or the seminar or the tutorials? Do you feel that you’re doing this with them?

D: I am sorry … I mean I certainly try and… one thing I do with the intermediate value theorem, one thing that I always try and do is show… is to show that a 3x3 matrix as a transformation of a three space has an invariant axis. This is somehow a tremendously important fact. And it is very clear in talking to them in the lecture when we do this, that they are surprised to think, or they find it difficult to imagine that a pure mathematics lecturer can think of a 3x3 matrix as a transformation of a three space, they somehow… for them that is incongruous.  That matrices are transformations when they are 2x2 and they are transformations of a two set. Definitely. And… it’s very weird, they don’t think of it as moving up here…

ME: Is this actually simply weird or does it come from the fact that maybe… maybe… I am now just conjecturing … they have seen all these courses and they have never any link before…

D: That I think it is sort of behind it. And they also… they characterise things in funny ways.  So the impression I got … last year… was that they thought of intermediate value theorem and determinants as sophisticated.  Transformations without the word linear attached to them as being …unsophisticated. They might not call them transformations but somehow with patience and whatever … to them… were quite elementary things. And the idea that these could be connected to them must be. So I didn’t go down the road of asking … talking about determinants as volumes but… I think that it is always hard for them to connect up these things. I mean… do they see determinants for cross products? 

C: Actually not now… later…

D: And for volumes? 

C: They actually…

B: This example three is a good example of an opportunity to make that link between determinants as something which just saves you writing down a large number of elements. For instance you can write down the adjoint of A as being a matrix consisting of determinants, even one of which is enormous, and I would certainly speak of incidents in the lectures that … it gives the students I hope an idea of the determinant as an object which just saves writing. That is one …

A: And coming back to this question of sharing landscapes I think it is… I think that’s the reason why we are still in business, as lecturers.  I think that that is what it is about. You are not just communicating facts, you are saying that this is one way you can view it and that is another way you can view it, let’s put these together somehow. And we are sharing such picture somehow…

ME: I think that I would like at this point we are going to… two of the next meetings are going to be.. one is going to be on limits, probably the next one, and the other one on functions is going to be coming back to all of these links that you and Tom and Mark have been saying over the last minutes. We… Tom was just saying: “Are they seeing determinants from this or that other context?” They clearly they do. Maybe later, maybe in an other course, but … yes, this is a very obvious link for us around this table but is not that we make a link … a suggested link that the student can see from the very early stages so that when they get to year two and three they can start making the links themselves. Then maybe we do have a problematic situation there. We have some quite beautiful examples of what happens when that is the case and when we will be looking at functions across a number of topics, and limits across a number of topics in the first year… then we can discuss this in a lot of depth…

A: This link business is very important, very important I think …

D: Yes, but I was going to say… it is not easy… it is not easy to make it good because on the opposite extreme if you think of determinants as cross products and volumes and so on… What the heck is a 4x4 determinant? Yes, of course it is a volume but mathematically you want them to think of an nxn determinant…

A: You see making the connection I think becomes a personal issue because you need to link your pictures, not somebody else’s pictures and this is quite important. I… I don’t like this forced, you know, networking of all of mathematics … everything relates to everything…

D: Yes…

ME: Yes that assumes there’s just one network!

A: Yes .., it is currently destructive, it is currently destructive. You need to have your own tailor-made brain version of what the thing is. It will have… it will be a tree, all fits… ordered according to your view. And you need to have … and you need to do this in your own time under the instruction or guidance and teaching and not, you know, some ... 

ME: Yes, and I think this is why we suggest as opposed to present to impose our landscape and…

D: And something I would say in the same direction is that I find fantastic in teaching the third years is that they… in some elusive way, having studied second year algebra, makes them good at learning some totally unrelated third year thing where there is no link at any level at all but they are better at these arguments because they have seen those arguments. Which… you can’t sort of identify why that happens … they are getting the mathematical maturity …

Extract: Cycle 1, 13:54 – 22:06 from Part III (35:08), a condensed account

A: Is it just a bit of garbage that is sort of coming your way where you have to apply certain rules or are you… do you have a mental image of what it might mean? Do you think of a determinant as a volume or … (B offers ‘Something to be worked out’). And then how do you relate? You see when you see … the adjoint is a cute way of getting the inverse of a matrix. So that could be my way of it. If I see adjoint I think of inverse and I then I would work from there. But that is justified by my requirement that I cannot handle a thing that is very complicated. So… inverse I can just about understand and then I work with that….

D, referring to the case in which the matrix is singular, suggests then that this image ‘removes the true power of the adjoint’. A agrees and asks about ‘the guidance given to the student’ with regard to the ways in which the student will be ‘picturing what this is’. 

B: This is another example of trying to understand and appreciate …  the student’s landscape. Everyone has their own personal landscape… I agree that determinant is a tricky one… even if they have seen it before at school. What I think this is… and I suggested earlier that the determinant might be thought of as a number to be worked out and I am sure that a lot of people think about this when they see an integral.  A thing that you have to work out for all pieces involved in it … 

A wonders whether this is ‘what you want to instill’ in the students, that this is ‘something that you have to work out’ and B suggests that the students ‘can be given some structure’. Given the diversity of images hitherto discussed, asks ME, is there any ‘sharing of landscapes’ between the mathematicians, who have been ‘working with these things for a long time’, and their students? D then offers the examples of sharing his images (of the Intermediate Value Theorem and of a 3x3 matrix as a transformation of a three space – ‘they find it difficult to imagine that a pure mathematics lecturer can think of a 3x3 matrix as a transformation of a three space, they somehow… for them that is incongruous’) with the students. ME suggests a conjecture: the students’ attitude originates in the absence of links between the various courses. D agrees, suggests more examples where students were surprised at and at difficulty with how various concepts ‘could be connected’ and returns to the concept of determinants ‘for cross products and volumes’ which he did not pursue in his lectures (but they will see later, adds C). B suggests that the Linear Algebra problem in question ‘is a good example of an opportunity to make that link between determinants as something which just saves you writing down a large number of elements’. So because, for example, the adjoint can be written out through the assistance of determinants, the students are given ‘an idea of the determinant as an object which just saves writing’, an image that his experience from the lectures suggests that students find helpful. A then returns to the issue of ‘sharing landscapes’.

A: I think that’s the reason why we are still in business, as lecturers.  I think that that is what it is about. You are not just communicating facts, you are saying that this is one way you can view it and that is another way you can view it, let’s put these together somehow. And we are sharing such picture somehow…

ME and A insist on the importance of such link construction and D ponders on the difficulty of making such links ‘good’:
D: … because on the opposite extreme if you think of determinants as cross products and volumes and so on… What the heck is a 4x4 determinant? Yes, of course it is a volume but mathematically you want them to think of an nxn determinant…

A: You see, making the connection I think becomes a personal issue because you need to link your pictures, not somebody else’s pictures and this is quite important. I… I don’t like this forced, you know, networking of all mathematics … everything relates to everything…(that ‘assumes there’s just one network’ suggests ME). Yes .., it is currently destructive, it is currently destructive. You need to have your own tailor-made brain version of what the thing is. It will have… it will be a tree, all fits… ordered according to your view. And you need to have … and you need to do this in your own time, under the instruction or guidance and teaching and not, you know, some ...  (It is no good to impose any one ‘landscape’ on students, closes ME).

*Fig. 1 from NARDI E and IANNONE P (2003)  Mathematicians On Concept Image Construction: Single ‘Landscape’ Vs ‘Your Own Tailor-Made Brain Version’ Proceedings of the 27th Annual Conference of the International Group for Psychology in Mathematics Education, 13-18 July 2003, Honolulu, USA. Volume III, p365-372. ISSN 0771-100X
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