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Proposed outline for Session 3

In Sessions 2 and 3 we discuss samples of data from Cycle 3 (the theme for this Cycle was Mediating Mathematical Meaning: Symbols and Graphs) of the study introduced in Session 1.

In Session 3 we will discuss extracts from group interviews with the mathematicians who teach the students whose work we discussed in Session 2. In these extracts the mathematicians reflect on their students’ mathematical thinking and on related pedagogical issues and they originate in the Study introduced in Session 1.
The extracts are taken from the Cycle 3 interview with the UEA team and relate to the extracts of student work we discussed in Session 2. The interview lasted nearly three hours (approximately 30,000 words in the transcript).

Notes: In the extracts the five mathematicians from the School of Mathematics at UEA who collaborated with us in this project have been anonymised as A, B, C, D, and E. EN is Elena Nardi. Lecturers A, D and E are pure mathematicians and lecturers B and C are applied mathematicians. They all have tutored or taught the courses from which the written extracts are taken at some time in the past years. Therefore they often refer to their personal experience in setting questions and helping students.

A Map of Themes. In our preliminary analysis of the interview data (the study is currently in progress) we have identified the main foci of the interviewees’ discussion as follows: 

Dataset 1, Example 1 - The concept of coset

1. Evaluation of the teaching strategies employed by the tutor. 

2. The importance of the use of metaphors: metaphors originating in the participants' own learning experience and metaphors originating in their teaching experience.

Dataset 1, Example 2 - Functions and graphs
1. Use of graphs and technology in teaching and learning about functions: students relying on graphic representations to deduce properties of functions.

2. Reflection on pedagogical practice: the viability of an axiomatic approach to analysis: the 'war' between formal and informal.

Dataset 1, Example 3 - The table of a group of order four

1. The use of the table-based approach in teaching first concepts in group theory. The need for a sense of ‘doability’ in Group Theory: a confidence-building exercise.

In the following we exemplify these themes with extracts from the group interview.

Interview Extracts 1

With reference to Dataset 1, Example 1 - The concept of coset

1. Evaluation of the teaching strategies employed by the tutor. 

B: I am fully with the student on this one. I mean, the student is confronted with a tutor who … sketches this on the board [fig.1 in Example 1-Data Set 1]. The tutor was clearly… had a very clear idea in his or her head about how to explain his thing. And the student equally had some notion on what the area the answer should be covering. The material… the quality to explain that idea. And the difference between figure 1 and figure 2 is clearly… entirely different for the student that, just a subtle variation in the same idea that the tutor has conveyed. And what I find interesting is that the whole exchange between the student and the tutor they were just completely… they were residing in different sets of thought and understanding. It goes back to what we were saying for the whole afternoon. If you are going to do a diagram, then do a good diagram and make sure it is properly labelled and you can see where the parts work. And in this respect for me figure 1 and figure 2 is hopeless in communicating any new ideas to the student. 

A little later lecturer A asks why students seem to have great difficulty with the concept of coset  and what motivates the tutor's reaction to figure 3.

A: I was wondering where exactly cosets… this picture stuff makes you wonder… at least wonder on whatever…for ten hours why it is so difficult for the students … for different reasons. I think it may be that it puts together these two concepts of set and subset, i.e. a subgroup is the subset so that is that and now you have to multiply a set. So these things which define the group as set with operation out of the sudden they are put in very intimate contact … that you have to multiply a whole set and this is very disconcerting. Disconcerting when you do this… And that is maybe one of the reasons why it is so difficult. It is one of the most difficult things to learn…

EN: Oh, yes, absolutely. But the student is actually very clear to know… she is actually one of the best students and she…

D: Any student that would come up with this figure 3 and thinks that there are four cosets deserves to get a degree immediately. And that…

A: But it is odd this fact that the teacher is so reticent in following….

D: Well, I think that the teacher is terrified that she is thinking of this as the group table or something. In which case… or maybe … I don’t know.

Examples of issues to consider:

· The tutor and the students seem here to have a very different agenda. How does this influence the student’s learning?

· How flexible is the tutor in following the student’s reasoning and imagery?

· Are the pictures the tutor suggests potentially detrimental rather than helpful? If this is the case,  how could this have been avoided? 

· What motivates the tutor’s responses? Perhaps the need to make sure that the student has learnt something ‘correct’? If this is the case, what is the implication with reference to the flexibility issue raised above?

2. The importance of the use of metaphors: metaphors originating in the participants' own learning experience and metaphors originating in their teaching experience.

tc "'(ii)  A Novice's Inquiry on the Concept of Equivalence Class and of Coset: Bestowing Meaning Through Ambivalent Uses of Geometrical Metaphors" \l 2During the discussion no less than four metaphors for a coset emerged.  A quite powerful seemed to be the ‘loaf of bread’ one:

D: I actually remember, virtually verbatim the lecture that we did on Lagrange’s Theorem, so cool, and he [the lecturer] had the mental picture that he wanted us to have of these slices of bread… loaf of bread.  And a subgroup is this slice and the cosets are the other slices and so you must check that each slice has the same number of crumbs in it and the slices are disjoint and there is a finite number of them, and you check those axioms and properties. Actually fantastic! We all… you know… and the cosets in a finite group for me are the slices and that is all I ever needed to know.

And Lecturer A offers reasons why these metaphors are so powerful: 

A: Maybe just one small observation, you see, I mean… if you take the loaf of bread it has an interesting feature: it is very separate from what you want to do. It is very removed, it is not similar, and it is not an example that is closely related to it. And I think that this distance sometimes helps. You see you go around with your loaf of bread but you never mixed it up with anything else: the loaf of bread will always be cosets in a group… and you can… I think this imagery. […] It is an icon you can click and each times something else comes up and… also this is a loaf of bread.

Lecturer A later recalled another metaphor that, as a student, he had seen as influential: ‘cosets as a rim of paper’. Everybody agreed that such metaphors are very powerful.

Examples of issues to consider:

· Are metaphors powerful?

· Can metaphors be shared, or do they belong to each individual’s own learning experience?

· Are metaphors powerful because they are removed from the actual world of mathematics? (As opposed to examples.)
Interview Extracts 2

With reference to Dataset 1, Example 2 - Functions and graphs

1. Use of graph and technology in teaching and learning about functions: students relying on graphic representations to deduce properties of functions.

In the words of lecturer B below ‘frustration’ emerges from the fact that these graphs should be tools the students know how to handle well, but that, in fact, this is not always the case. Moreover, as lecturer D remarks, to rely too much on a graph can be dangerous. The graph can help building intuitive understanding but cannot reveal the whole story and cannot constitute proof.

B: Well, one frustrating example… these diagrams… is that they are quite difficult, whereas from the marking of the work, to see a diagram, is an attempt at doing what I expect them to do, and it is in some ways incomplete. And it is the same frustration that we had in the earlier examples where students were struggling with set notation and they are not really using it just for extending their power. Just drawing a diagram bigger,and for example in the first picture putting in an horizontal line that goes thorough the points named a and b… To my mind this is a student that would then be using a diagram as almost a third type of language and …you very, very rarely see students doing this. It is frustrating because it is … in my way of doing that a picture is so powerful!

And lecturer D adds: ‘And also dangerous… Had one of these objects been the Devil’s Staircase the graph would not be revealing exact properties…’

Issues to consider:

· The power and the pitfalls of graphs. Graphs can help students build intuition but can also prevent them from probing further properties of the function that cannot be seen from the graph. Discuss!

· It is desirable that students use graphs, but also that they should go further and produce proofs of the facts hinted at by the graph. How can this be achieved?

· Graphs should be in the students' toolbox of examples and should be used when needed. But are they?

2. Reflection on pedagogical practice: the viability of an axiomatic approach to analysis: the 'war' between formal and informal. 

Examples of issues to consider (see extract below first):

· How can a balance be achieved between wanting the students to use their intuition but also wanting to preserve logic and rigour in teaching analysis? Is it viable to approach teaching analysis from an axiomatic point of view?

· There seem to be tension between different courses in the first year mathematics degree (for example, as mentioned in the extract below, courses in calculus and courses in analysis) with respect to their approach to mathematical objects. How can this tension be resolved in such a way that it facilitates the students’ learning of these concepts?
D:  I don’t know, I have no solutions, it is something in analysis you grapple with it all the time: if you want to use interesting examples and you want to use available tools … You want to be rigorous and you cannot be rigorous and simultaneously meet the whole target.  Somehow…I don’t know….

And further on, after having discussed the nature of the particular course the students are taught. 

D:  Sure… sure… What I find amazing, I mean, I haven’t yet seen any of the theorems that enable them to do part four [of the question], but on the other hand you want to use the things they know….

A: There is a level of dignity at the bottom. I mean, I don’t think they can do part four [of the question] at all. I would say that a question like this is not… best structured. To put it politely… because this is a very clear attempt at an exercise about injective and surjective. In order to make that point you prove things along that are infinitely more difficult and it is done years later. I think this is wrong. And it should be a question where maybe you should learn that actually surjective has to do with solving an equation and injective maybe has to do with unique solvability of an equation. If you make that step then educationally you have been sound. 

And later on: 

A: I know that this is a big problem. You see, there is an interior problem that we cannot on the one hand instruct them to be rigorous and at the same time think that this doesn’t apply to us, as teachers. We just think it is very attractive to talk about ex but at the same time we are drilling them on things that are basic logic. And if I was exposed to that I would say thank you, I am leaving because it is totally… totally unacceptable.

D: Well, I mean... but… yes…. I guess, but I don’t see the relevance because… hum… We constantly, at all levels of sophistication, postpone definitions and so on. Where, for example, the most copied way of teaching analysis at this level is probably, one way or an other, Spivak. And it still is a very interesting approach to this kind of problems where … things like ex appear in many, many different types of situations and it is rigorous. It… . It doesn’t always precede… the definition doesn’t always precede the first discussion of things. Hum… because I just, I don’t know I just can’t see a pedagogically viable way of having a totally rigorous uniform…. across the curriculum. And, you know, I had a fairly austere schooling in the sense that we did Dedekind cuts, construction of the reals and so on but we did along side…. and across in a few years and things.

A: But that is fine.

D: And along side another course in which we were doing what we would call techniques, solving differential equations before defining e x, while defining the real numbers.

Interview Extracts 3

With reference to Dataset 1, Example 3 - The table of a group of order four

1. The use of the table-based approach in teaching first concepts in group theory. The need for a sense of ‘doability’ in Group Theory and a confidence-building exercise.

Lecturer A taught the Group Theory in question. When he was asked why he decided to set this question he answered:

A: You see, it is very interesting this idea of something that is doable. The reason… as a student I have never ever seen such a problem [note: lecturer A was not educated in the UK]. The first I have even seen it is here when somebody said, oh, you must literally include this problem because students like it so much. It has to do with something is ‘doable’. You can learn actually quite, you know, learn valid information about the group by just doing this. Yes, you don’t need to understand what a group is at all; you just need this instruction, that in each row and in each column you must have every symbol. You then go away and they love this because it is so doable.

After this explanation a discussion followed about the positive and negative effects of this approach. One of the positive effects, mentioned above by Lecturer A, is that students like the table representation of a group because it is something they can do. On the other hand, there are substantial properties of a group, such as associativity, that are difficult to see in the table. Also, for example in the case of groups of order six, there are more feasible tables than groups. 

Lecturer A remarks:

A: In fact, it is just what we said. It can actually be misleading because the idea is yes, let’s do the job, and then you think that in fact it is all what they should have done, filling the table. The group is actually filling that table. Right? So this… this … once one is driven by what I can do, you can jump down the wrong pit in the sense that… yes, exactly.

Lecturer B wonders how it is possible to point out to the students the difference between the group and the group table and lecturer E comments:

E: But maybe the question is… the question I have heard before saying be careful that … the group table doesn’t mean to say that there is a group here… Then… then maybe not only that they know that, but also that they might think of… that they construct the group table out and they have to prove that there is a group as well…

And later: 

A: They make the observation that commuting just means that the table switches over so you can only produce what … it is an interesting observation… you can only produce a commutative group on four symbols. They are forced to this. While on six symbols you can produce two groups: one which is symmetric and one which is not. So at that level you could not prove that theorem without tables.

So, on balance, despite its potential weaknesses the table is an initial aid to understanding?

EN: So if this is a kind of a scaffolding, this table thing, at what point would you get rid of it? At what point would you think…

A: Very early on. Very early on. In fact you see you do the definition of group, they are very confused about certain operations and so on, so it helps them to get down this operation which is difficult, so you made a table… The table actually allows you to define operations to be anything at all. The single operation is something that must have a rule that is somehow specified. And using tables means it could just be anything, right, and they even come up with what it is. It is useful in that sense of how to… to tell the teacher, no?  But then you forget about it and after about…

EN: So that is a major function then for a table, isn’t it? … To put the emphasis on a group… a group is not just about something… it is not the set, it is a set and an operation.

A: Yes.

Examples of issues to consider:

· The previous extracts exemplify the lecturers’ views on the gains and pitfalls of the use of group tables. On the one hand this is a productive approach as the students see it as something that they can do. It therefore helps students build confidence when starting a new subject like Group Theory. Moreover, this approach can also help students understand that a group is a set and a binary operation, and not just a set. On the other hand, associativity in a group table is nearly impossible to see, and the students might be led to thinking that every table represents a group.  How can a balance be achieved between these two effects?
· The first example where it is possible to construct a table that is not a group is for 6 elements. How productive is it to show students this very lengthy, if instructive, example? How else can it be made clear that there are more tables than groups?
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