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In this paper we prove a rearrangement inequality that generalizes in-
equalities given in the book by Hardy, Littlewood and Pélya! and by Luttinger
and Friedberg.? The inequality for an integral of a product of functions of one
variable is further extended to the case of functions of several variables.

I. INTRODUCTION

Rearrangement inequalities were studied by Hardy, Littlewood and
Pélya in the last chapter of their book “Inequalities.” Let us start by
recapitulating the definition of the symmetric decreasing rearrange-
ment of a function, and the integral inequalities following from that
definition. Our new results are contained in Theorems 1.2 and 3.4.

In the following, measure always means Lebesgue measure and is
denoted by u.

DreriniTION 1.1.  Let f be a nonnegative measurable function on R,
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let K,/ = {x | f(x) > y}and let M} = u(K). Assume that M,/ <
for some a << o0. If f* is another function on R with the same
properties as f and, additionally,

(@) fHx) =f*(—x) Yx,
(b) 0 <x <y = f¥xp) < fH(x),
() Mj"=M/7, Vy>0,
then f * is called a symmetric decreasing rearrangement of f.

Remarks. (1) If g and h are two symmetric decreasing re..range-
ments of f, then

g(x) = h(x) a.e.
(2) If x is the characteristic function of a measurable set, we can
define y*(x) =1 if 2| x| < [y and y*(x) = 0, otherwise. For a

general function f, define x,(x) =1 if f(x) >y and x,(x) =0,
otherwise. Then

@) = [ dyuta),
[
and

= " dyx, ()

is a symmetric decreasing rearrangement of f. The fact that M,/ <
implies that f *(x) << o0, ¥x # 0.
(3) In the following theorems we shall always be dealing with

integrals. Consequently, by remark (1), f * is unique for our purposes.
Trivially, fe L{(R) iff f* € LY(R) and [ f = [f*.

The inequalities to be found in [1] are
[ dnf () gw) < [ dnf(x) (s
R R
jnz dxydxy f (%) g(xp) B2y — x5) < fn’ dxydxy f *(x1) g%(%5) A*(2y — xp),

the latter being due to Riesz [3].
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A generalization due to Luttinger and Friedberg [2] reads

[ am TR b — i) < [ dme TLEG) (s — ),
. j=1 Jj=1

where x, ., = ;. This formula was derived for the purpose of
physical applications (inequalities for Green’s functions, Luttinger [4]).

In the present paper we give a further generalization, one which
was already conjectured in [2].

Tueorem 1.2. Let f;, 1 <j < k, be mnonnegative measurable
<k

functions on R, and let a;,, , 1 <j , 1 <m < n, be real numbers.
Then

fn" d"x f__[_lf,- ( 21 a,»mx,,,) < fn" d"x ,ljlf’* (3‘; ajmxm).

Remark. Theorem 1.2 is nontrivial only for £ > n. If & < n, both
integrals diverge. If X = n and det | 4;,, | = 0, both integrals diverge.
If k=n and det]|ay, | # 0, equality holds (change variables to
Y; = Zme1 @m¥y and then use the fact that [f; = [£,*).

A proof of Theorem 1.2 is given in Section 2. An important tool is
Brunn’s part of the Brunn—Minkowski theorem, which we recall here
(see e.g., [5] Section 11.48). Note that every convex set in R™ is
measurable.

LemMa 1.3. Let C be a convex set in R™1, let p € R, and let
V() be the family of planes {p, x) = t, —o0 <t < 0. Let S(¢) be
the n-dimensional volume of the convex set V(t) N C. Then S(t)!/* is a
concave function of t in the interval where S(t) > 0.

CoroLLARY 1.4. Let C, ¢ and S(t) be as in Lemma 1.3 and, in
addition, let C be balanced (i.e., x € C = —x € C). Then S(t) = S(—1)
and S(t;)) < S(t) for t, > t, > 0.

In Section 3 we generalize Theorem 1.2 to the Schwarz sym-
metrization (Definition 3.3) of functions of several variables. An

auxiliary lemma that we need for this purpose is given in the
Appendix.

II. ProoF oF THEOREM 1.2

Although in general f — f * is not linear, by Remark (2) following
Definition 1.1 it is sufficient to assume that each f; is the characteristic
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function of some measurable set. By standard approximation argu-
ments we may assume this set to be a finite union of disjoint compact
intervals (cf. [1], Section 10.14).

We start by assuming that each f; is the characteristic function of
one interval.

LemmA 2.1, Let f;, 1 <j <k, be the characteristic functions of
the intervals

b,-—c,v<x<b,-+c,-,
and define

fix | t) = fi{x + byt).
Then

1) = [ d 1 (f Gyt | 2)

Jj=1 m=1

is a nondecreasing function of t € [0, 1].

Remark. Note, that fi(x|0) = f;(x) and fi(x|1) = f;*(x), so
Lemma 2.1 includes a special case of Theorem 1.2.

Proof of Lemma 2.1. I(t) is the volume of the intersection of the
k strips

xeR | b(1 —t)—¢; < Y @jm¥m < b{(1 — 1) +¢;

m=1

sz

In R+, consider the set

n
xeR™ | —¢; < Z Ajm¥m — biXayy < 5.
m=1

c=

1igk

I(2) is the volume of the intersection of C with the plane x, ., = 1 — ¢.
Since C is convex and balanced, I(¢) is nondecreasing for t € [0, 1]
by Corollary 1.4. Q.E.D.

We now conclude the proof of Theorem 1.2 with the following
lemma.

LEMMA 2.2. Theorem 1.2 holds under the restriction, that each f; is
the characteristic function of a finite union of disjoint compact intervals.

Proof. Let f; be the characteristic function of #; intervals. We
prove the lemma by induction on N = {n,, n, ..., n;}, with fixed k.
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We say that M < N if m; <n;, 1 <j <k and m; < n,; for some 1.
Lemma 2.2 is true for N ={l, 1,..,1} by Lemma 2.1. Now
assume that Lemma 2.2 is true for all M < N.
Let f(x) be the characteristic function of

U {xeR b, — ¢y <x < by, + ¢,
1<rgn;

with
bip +¢ip <bjpau—Cpn, 1 <p<m—1L1<7<k
Further define fi(x | ) to be the characteristic function of

U {xeRbp(1 — 1) —cjp < 2 < bjp(l — 8) + ¢}

I<pn;

for 0 <<t < 7, where

T = r?;n[l — (b1 — bip) 7 (65,41 + €55)] > 0.

For 0 <t <7, the intervals belonging to each function f; remain
disjoint; at ¢ = 7 at least two intervals coalesce for some j.

Since each f; is a positive sum of characteristic functions of single
intervals of the type stated in the hypothesis of Lemma 2.1, we can
apply that lemma interval by interval and find

k n k n
drx || f; Gim¥e) < | dx ; U | 7).
o e TS (X ) < [ e T1F (2 w7
At t = 7, the family of functions {f,(x | 7} satisfies the hypothesis of

Lemma 2.2, except that N has been reduced to some M < N. There-
fore, by assumption

k n k n
f”d"x I17 (Z ajmxm]r) gf drx Hf,* (Z a,-mx,,,),
R =1 =1 R" j=1 m=1
because f(- | ) and fi(-) have the same symmetric decreasing rear-
rangement. This proves Lemma 2.2 and at the same time Theorem 1.2
III. GENERALIZATION TO FUNCTIONS OF SEVERAL VARIABLES
In this section we indicate how to generalize Theorem 1.2 to

functions of several variables (Lemma 3.2 and Theorem 3.4). The
intuitive idea was given in [4], p. 1450.
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Let f be a nonnegative, measurable function on R?, and let V be
a p — 1 dimensional plane through the origin of R?. Choose an
orthogonal coordinate system in R? such that the x!-axis is per-
pendicular to V.

DreFINITION 3.1. A nonnegative, measurable function f*(x| V)
on R? is called a Steiner-symmetrization with respect to V' of the
function f(x), if f*(x', 42%,..., xP) is a symmetric decreasing rearrange-
ment with respect to x' of f(x!, x%,..., x?} for each fixed x%,..., xP.

Remark. The notion of Steiner symmetrization is usually reserved
for sets; for any y > 0, the set {x e R? | f*(x | V) = y} is a Steiner
symmetrization with respect to V of the set {x e R? | f(x) > y} (see
e.g., Pdlya and Szego [6], Note A).

Lemma 3.2. Let fix), 1 <j<k, be nonnegative measurable
functions on R?, let a;,, , | <j <k, | <m < n, be real numbers, and
let V be any plane through the origin of R?. Then

fpo {1218 amn) < [ L7 (£ 1),

m=1 ‘m=1

where R™ 3 x = (%) ..., X,), %, € RP.

Proof. Choose appropriate orthogonal coordinates in R? 5 x ==
(x%,..., xP) as above, so that the x!-axis is orthogonal to V. Then, by
Theorem 2.1, the inequality already holds for the integration over
x,1, %l,..., &, for any fixed x,9, 1 <m <n, 2 <g<p. Q.E.D.

DerINITION 3.3. Let f be a nonnegative measurable function on
Re, let K/ = {x|f(x) >y} and let M/ = u(K/). Assume that
M, < o for some a < 0. If f** is another function on R? with
the same properties as f and, additionally,

(@) f**(x) =f**(x) when |x|=]|x]
(b) 0<lm| <|x|=f*a) <f " (x)
() MI"=M/J, Vy>0,

then f ** is called a Schwarz symmetrization of f.

Remarks. (1) The remarks after Definition 1.1 apply, mutatis
mutandis, to Schwarz symmetrization.
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(2) The notion of Schwarz symmetrization is usually reserved for
sets; the set in R?+! under the graph of y = f**(x) is the Schwarz
symmetrization with respect to the y-axis of the set under the graph
of y = f(x) (see [5], Note A).

It is intuitively clear, that the Schwarz symmetrization can be
obtained as the L}(RP) limit of a sequence of Steiner symmetrizations
with respect to different planes. That fact will be proved in the
Appendix for the characteristic function of a bounded measurable set
(Lemma Al). For the moment we use it, together with Lemma 3.2
and the remarks at the beginning of Section 2, to conclude our main
theorem, which is the following.

THEOREM 3.4. Under the assumptions of Lemma 3.2,

fo e 1 (5 ) < [ 0 157 5 o)

APPENDIX

We give the lemma that suffices to establish Theorem 3.4. For two
sets A and B, A4dB = (A v B)\(AN B). p, denotes Lebesgue
measure in R,

Lemma A.l. Let K be a bounded measurable set in R?, and let S
be the ball centered at the origin with p,(S) = p,(K). Then there exists
a sequence of sets K, , where K, = K and where K, _, is obtained from
K, by Steiner symmetrization with respect to some (p — 1)-dimensional
subspace of R?, such that

lim (K, 4 S) = 0.

Remark. There exist various theorems stating the convergence of
K, to S in the Hausdorff metric ([7], Section 21 for compact convex
sets; [8], Section 4.5.3 and [9], Section 2.10.31 for general compact
sets).

Let us first give a precise definition of the Steiner symmetrization
for arbitrary measurable sets (cf. the Remark following Definition 3.1).

DeFiniTION A.2. Let K be a bounded measurable set in R?, and
let V' be a (p — 1)-dimensional subspace of R?. Then the set K, *
is called a Steiner symmetrization of K with respect to V, if, for every
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straight line L perpendicular to ¥V with K N L measurable in R,
K,* N L is a segment (open or closed) with center in /" and

m(Ky* O L) = (K AL).

Remarks. (1) Let K be open (resp. closed) and take for K, * N L
in Definition A2 the open (resp. closed) segments. Then K, * is open
resp. closed).

To prove this, choose coordinates x = (x!,..., x?) e R? with x!
in the direction orthogonal to V. Let yx be the characteristic function
of K. Then the statement is true if the function R*!'sy —
[ dx* xx(x, y) is lower (resp. upper) semicontinuous. But this follows
from the fact that y,(x', y) is lower (resp. upper) semicontinuous
in R?.

(2) For arbitrary measurable K, all Steiner symmetrizations are
measurable and satisfy (Fubini’s theorem)

po(Kv*) = pp(K)-

Two Steiner symmetrizations can only differ by a set of measure zero.
All this is readily seen by sandwiching K between closed sets from
within and open sets from without.

(3) If K and M are measurable sets, Lemma 3.2 gives that
pAKv* 0 My*) 2 po(K 0 M),
and therefore
u(Ky* 4 My¥) < (K 4 M),

In particular, if K and M differ only by a set of measure zero, so do
K, * and M, *.

(4) In view of Remarks 2 and 3, we shall further speak of the
Steiner symmetrization of a measurable set, which in fact associates
with each equivalence class of measurable sets a unique equivalence
class of measurable sets.

ProrosiTioN A.3. Let K and S be as in Lemma A.l. Then
poKy* 4S) < (K 4S)

and the equality holds for all subspaces V iff K = S.
Proof. The < inequality holds by Remark 3 above, since S, * = S.
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Denote by L(v) the straight line perpendicular to ¥ through ve V.
Let K(v) = K N L(v), and let m,(K) be the projection of K on V,

7(K) = {ve V| in(K(v)) > O}

Now let K 5 S so that u,(K\S) = p,(S\K) > 0. It can be shown
by a tedious but trivial argument that there exists a subspace V such
that P = m,(K\S) N m,(S\K) has positive p, ; measure. If ve P,
neither K(v) C S(v) nor S(v) C K(v); therefore

m(Ky*(2) 4 8(v)) = | m(K(v)) — m(S@) < ma(K(2) 4 S(2))-

for all v € P. Because, generally, for allve V
m(Ky*(v) 4 5(v)) < m(K(2) 4 5(v)),
we have for the particular subspace V under consideration
polKy* 4.8) < p(K 4S).

This proves Proposition A.3.
Let us now specify the sequence of sets in Lemma A.l. Given K, ,
choose a subspace ¥V, , such that

ualKiy, 4 S) < inf (K 4 8) + n7t

Then construct K,,, from K, by p consecutive Steiner sym-
metrizations with respect to a set of p — 1 dimensional subspaces
Vi, Vg, V, (beginning with V; specified above) whose orthogonal
complements are pairwise orthogonal. In that way,

#o(Knpa 4 5) < P"p(K:WA S) +n7

for all n and for all subspaces W.

ProposITION A4. There exist a subsequence K, and a measurable
set M such that
lim (K, 4 M) = 0

Proof. Express a point x€R? in coordinates (x%, x%..., xP)
corresponding to the planes used to construct K, . Then, it is not
difficult to show that for » > 0 (i.e., after the first set of p orthogonal
symmetrizations), ¥ € K, impliesy € K, if | y™ | < | a™ |, m = 1,..., p.
Therefore, if y,, is the characteristic function of K,

f dx™ | xp(xh,.ny 2™ 4 Y™, XP) — Yp(®heeny X, 2P)] K 2| ™.
R
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Note that by assumption K is contained in some ball B of radius R
centered at the origin; then also K, C B. This implies that

L, 7% 1 ks ) = xalo)l < 202R) S yml

m=1

In other words

Lm | d% | xa(x + ) — xa(¥)| =0

y—0 R?

uniformly in #. Hence the family of functions {y,} is conditionally
compact in L}(R?) (Dunford and Schwartz [10], Theorem IV, 8.21).
Q.E.D.

Propositions A.3. and A.4. immediately give the following.

CoroLLARY A.S. u, (K, 4 S) decreases monotonously to (M 4 S).

Let us now conclude the proof of Lemma 4.1. Assume that M 5 S;
we shall show that this leads to a contradiction.

Let u, (M 4 S) =8 > 0. Then there exist a p — 1 dimensional
subspace W and an € > 0 such that

po(My*4S) =8 —e.
by Proposition A.3. Also
lim (K 4 My®) =0,
S0
lim (K 4.8) = & — <.
Then there exists an n, such that #,, > 2¢! and
oKk w4 S) < 8 — ¢f2.
But by the construction of the sequence K, ,
pp(Kpar 4 S) < p(Kmw 4 S) 4+ 15" < 3,
which contradicts Corollary A.5.

Thus we find that M = S; then by Corollary A.5., u,(K, 4 S)

decreases monotonously to zero. This proves Lemma A.1.
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