Chapter 6

Riesz Representation Theorems

6.1 Dual Spaces
DEFINITION 6.1.1. Let V and W be vector spaces over R. We let
L(V,W)={T:V — W | T is linear}.

The space L(V,R) is denoted by V* and elements of V' are called linear functionals.

EXAMPLE 6.1.2. 1) Let V = R". Then we can identify R¥ with R as follows:
For each a = (a1, aq,...,ay,) define ¢, : R — R by

n
da((z1,22,...,2,)) =%x-a= inai.
i=1

2) Let (X, d) be a compact metric space. Let zy € X. Define ¢,, : C(X) — R by

Then ¢, € C(X)?.

DEFINITION 6.1.3. Let (V)| - |lv) and (W, || - |lw) be normed linear spaces. Let T : V. — W be linear. We
say that T' is bounded is

sup {[| T(z) |[w} < oo
lzllv <1

In this case, we write
[T = sup {[|T(z) [lw}

lzllv <1

Otherwise, we say that T is unbounded.

The next result establishes the fundamental criterion for when a linear map between normed linear spaces
is continuous. It’s proof is left as an exercise.

THEOREM 6.1.4. Let (V,|| - |lv) and (W, || - |lw) be normed linear spaces. Let T : V' — W be linear. Then
the following are equivalent.

1) T is continuous.

2) T is continuous at 0.
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2) T is bounded.

Proof. 1) = 2) This is immediate.

2) = 3) Assume that T is continuous at 0. Let ¢ be such that if || z ||y < 4, then || T'(z) ||w. It follows
easily that || T [|< %

3) = 1) Note that we may assume that || T ||> 0 otherwise T = 0 and hence is obviously continuous.

Let 2o € V and let € > 0. Let § = 7. Then if || # — 2o ||y < 6, we have

| T(z) = T(xo) llw=lT(x —xo) lw<[| T || - [| # — o [[y <€

REMARK 6.1.5. 1) Let (V.| - |lv) and (W, || - |lw) be normed linear spaces. Let T': V — W be linear.
Then we can easily deduce from the previous theorem that . if T is bounded, then T is uniformly
continuous.

2) Let
B(V,W)={T: X — Y|T is linear and T is bounded}.

Let Ty and T3 be in B(V,W). Then if x € V, we have

| Ty +To(z) lw = || Ti(z) + Ta(z) [w
< | Ti(z) [lw + || To(z) [lw
< Il e llv+ Tl = (v

W+ 12Dy

As such T + T € B(V, W) and in particular
T+ T2 ([<[| T ]+ Ta |l

It follows that (B(V,W),|| - ||) is also a normed linear space.

THEOREM 6.1.6. Assume that (W, | - ||w) be a Banach space. Then so is (B(V,W),| - ).
Proof. Assume that {T},} is Cauchy. Let z € V. Since

| Tn(2) = Ton(2) [lw<|| Tn = T Il = lIv
it follows easily that {7, (x)} is also Cauchy in W. As such we can define Ty by

To(z) = lim T, (x).

n— oo

To see that Ty is linear observe that
To(ax + py) = lim T,(az+ By)
= lim oT,(z) + BT, (y)
n—oo
= aTo(z) + BTo(y)

To see that Ty is bounded first observe that being Cauchy, {7}, } is bounded. Hence we can find an M > 0
such that ||T5,|] < M for each n € N. Moreover, since ||To(x)||lw = lm ||T,(x)|| < M||z|v, we have that
n—oo

[Toll < M.
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Now let € > 0 and choose an N € N so that if n,m > N, then
T — Tl <e.
Let « € V with ||z|[y < 1. Then since ||T},(x) — Ty (z)|lw < € for each m > N, we have

ITa() = Tofe)lw = Tim_[[To(x) — Tonlr) Jw <

In particular
To = lim T,

n—oo

in B(X,Y).

DEFINITION 6.1.7. Let (V.| - ||) be a normed linear space. The space B(V,R) is called the dual space of V
and is denoted by V*.

EXAMPLE 6.1.8. 1) Let V = R” with the usual norm | - ||s. For each a = (ay,as,...,a,) we defined
¢a : R™ — R by
dal(x1,22,...,2,)) =x-a= Zwiai.
i=1
Then in fact ¢o € R and
[@all = llal]2-
2) Let (X, d) be a compact metric space. Again, if 29 € X and we define ¢, : (C(X),|| - [|oc) = R by
¢Io (f) = f(xo)a
then ¢, € C(X)*. In this case ||¢z, |-
3) Let (X, A, 1) be a measure space and let 1 < p < oo with % + % = 1. Holder’s Inequality allows us to
define for each g € L, (X, A, 1) and element ¢, € L,(X, A, u)* by

bq(f) = /fg dp.

Moreover, Hélder’s Inequality also shows that ¢4 € L,(X, A, u)* with
P61l < llgllp-

Note that ¢4 has the additional property that if g > 0 p-a.e., then ¢4(f) > 0 whenever f € L,(X, A, p)
and f > 0 p-a.e.

4) Let (X,d) be a compact measure space and let y be a finite regular signed measure on B(X). Define
¢, € C(X)* by

61 = [ £in.

Since

|6u(f)] < /Ifldlul < [Ifllsollillmeas

we see that in fact ¢, € C(X)* and ||¢.|| < ||l meas-
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We note again that ¢, has the additional property that if p is a positive measure on B(X), then
¢u(f) > 0 whenever f € C(X) and f > 0. Furthermore, in this case since

bu(1) = / L = p(X) = 1l meas,

if pu is a positve measure we have
[6ull = llimeas-

PROBLEM 6.1.9. In Ezamples 3) and 4) above we have shown respectively that every element in Ly(X, A, )
determines a continuous functional on L,(X, A, 1) and that if (X, d) is a compact metric space, then every
finite reqular signed measure on B(X) determines a continuous linear functional on C(X). It is natural to
ask:

Do all continuous linear functionals on L,(X, A, n) and C(X) arise in this fashion?

6.2 Riesz Representation Theorem for L7(X, A, u)

In this section we will focus on the following problem:

PROBLEM 6.2.1. What is L (X, A, pn)*?

We have already established most of the following result:

LEMMA 6.2.2. If (X, A, ) is a measure space and if 1 < p < oo with %—i—% =1, then for every g € L1(X, u)
the map T'y : LP(X,pn) — R defined by T'y(f) = fogdu is a continuous linear functional on LP(X, ).
Further, ||Tgll < |lgllq and if 1 < p < oo then ||Ty]| = ||gllq-

Proof. Assignment. |

If (X, u) is o-finite, then equality holds for p = 1 as well.

LEMMA 6.2.3. Let (X, A, 1) be a finite measure space and if 1 < p < co. Let g be an integrable function
such that there exists a constant M with | [ gpdp < M||¢||, for all simple functions ¢. Then g € LY(X, ),
where % + % =1.

Proof. Assume that p > 1. Let 1, be a sequence of simple functions with ,, ,* |g|?. Let ¢, = (¢n)%sgn(g).
Then ¢, is also simple and ||, |, = ([ wndu)%. Since |¢ng| > |S0n||wn|% = |1,|, we have

/wndﬂg/@nngSM”WnIP:M</¢ndN>;

Therefore [ ¢, dp < M?. By the Monotone Convergence Theorem we get that ||g||q < M, so g € LY(X, ).
If p = 1, then we need to show that g is bounded almost everywhere. Let E = {z € X||g(z)| > M}. Let
= ﬁ)@sgn(g). Then f is a simple function and ||f||; = 1. This is a contradiction.

|

LEMMA 6.2.4. Let 1 < p < oco. Let {E,} be a sequence of disjoint sets. Let {f,} C LP(X,u) be such that
falx) =0 if x ¢ B, for eachn>1. Let f =3 " fn. Then f € LP(X, ) if and only if Y"1 || fI[ < oc.
In this case, || £l = 3252 1£15-

Proof. Exercise. |
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THEOREM 6.2.5 [RIESZ REPRESENTATION THEOREM, I]. Let I" € LP(X, pu)*, where 1 < p < oo and p is
o-finite. Then if% + % =1, there exists a unique g € LY(X, u)* such that

Ff)=/ngdu=¢g(f)

Moreover, ||| = |lgllq-

Proof. Assume that p is finite. Then every bounded measurable function is in LP(X, u). Define A : A —
R: E~ I(xg). Let {E,} C A be a sequence of disjoint sets, and let E = J)~, E,,. Let a,, = sgnl'(xg, )
and f = Y20 | anx,. Then f € LP(X, ) and T(f) = Y2, [A(Ba)| < o0 and so S0 A(En)| = D(xe) =
A(E). Therefore X is a finite signed measure. Clearly, if u(F) = 0 then xg = 0 almost everywhere, so
AE)—=T(0) = O Therefore |A\| < u. By the Radon-Nikodym Theorem there is an integrable function g
such that A(E) = [, gdu for all E € A. If ¢ is simple, then I'(p) = [ @gdu by linearity of the integral. But
IT(p)| < ||I‘||H<pHp for all simple functions ¢, so g € LY(X, p1) by the lemma above. Now I' — ¢, € LP(X, pu)*
and I'— ¢4 = 0 on the space of simple functions. Since the simple functions are dense in LP(X, u), ' — ¢, =0
on L7 (X, ), soI' = ¢,. We have that ||T|| = ||¢,|| = ||g]|, as before.

Now asume that p is o-finite. We can write X = (J;-, X,,, where p(X,) < oo and X,, C X,41 for
all n > 1. For each n > 1, the proof above gives us g, € L9(X,pu), vanishing outside X,, such that

= [ fgdp for all f € LP(X, pu) vanishing off of X,,. Moreover, ||g,|lq < ||T||. By the uniqueness of the

gn’s, we can assume that g,+1 = g, on X,,. Let g(x) = lim, o gn(x). We have that |g,| 7 |g|. By the
Monotone Convergence Theorem

[lal7du= 1w [ lgnl?au < [Tl

Hence g € LY(X,u). Let f € LP(X,p) and f, = fxx,. Then f, — f pointwise and f,, € LP(X, u) for
all n > 1. Since |fg| € L'(X,u) and f,g| < |fg|, the Lebesque Dominated Convergence Theorem shows

/fg dp = nlgngo/fng dp = lim / fngndp = lim T(fn) =T(f)

If p =1, then we cannot drop the assumption of o-finiteness.

THEOREM 6.2.6 [R1ESZ REPRESENTATION THEOREM, II]. Let ' € LP(X, p)*, where 1 < p < oco. Then if
% + % =1, there exists a unique g € LY(X, u) such that

=/fgdu

Pmof, Let E C X be o-finite. then there exists a unique gg € L9(X, ), vanishing outside of E, such that
I'(f) = [ fgpdu for all g € LP(X, pu) vanishing outside of E. Moreover, if A C E, then g4 = gg almost
everywhere on A. For each o-finite set E let A(E) = [ |gg|idu. If A C E, then A(A) < \(E) < [|T|%.
Let M = sup{A(FE)|FE is o-finite}. Let {E,} be a bequence of o-finite sets such that lim, . A(F,) = M.
If H=\J;_, E, then H is o-finite and \(H) = M. If E is o-finite with H C E, then gp = gy almost
everywhere on H. But

for all f € LP(X, 1). Moreover, ||T'|| = |/gllq-

[laslrdn =) < X&) = [ lgul'dn
so gg = 0 almost everywhere on E\H. Let g = ggyn. Then g € L9(X, 1) and if E is o-finite with H C E

then gg = g almost everywhere. If f € LP(X, u), then let E = {z € X|f(x) # 0}. E is o-finite and hence
E1 = F'U H is o-finite. Hence
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0(0) = [ fam dn= [ fadu=0,(5)

Therefore I' = ¢, and as before ||| = ||g||-

1

We have shown that if 1 < p < co and % + % = 1, then for any measure space (X, A, ), LP(X, pu)*
LA(X, p). If p is o-finite, then L1 (X, u)* = L>°(X, ). What happens when p = 0o? LY(X,u) < L°(X, u)*
but this embedding is not usually surjective. There exists a compact Hausdorff space €2 such that L (X, u)
C (). What is C(Q)?

Let ¢ : [a,b] = R be defined by ¢(f) = f(xg). Then ¢ € Cla,b]*, and ||¢|| = 1. Let py, be the measure
on [a,b] of the point mass zq. If g € L'([a,b],m), then ¢, (f) = f: fgdm is a linear functional on Cla,b],
and |l¢g|l < |lgll1. g is the Radon-Nikodym derivative of an absolutely continuous measure p on [a, b], and
0g(f) = [ fdp. If p € Meas[a,b], then ¢,(f) = [ fdp is a bounded linear functional on Cfa,b], with
ol < llplivteas-

R .

6.3 Riesz Representation Theorem for C([a,b])

THEOREM 6.3.1. [Jordan Decomposition Theorem]
Let T € C([a,b))*. Then there exist positive linear functionals T, T~ € C([a,b])* such that

r=rt-1-
and
[T [|=T7(1)+ I (D).
Proof. Assume that f > 0. Define
I (f) = sup T(y).
0<o<f
Then I'T(f) > 0 and I'T(f) > I'(f). It is also easy to see that if ¢ > 0, then 't (¢f) = ' (f).
Let f,g>0. If0<¢p<fand0<yY <g,then0< ¢+ < f+gso

L(¢) +T(v) <T*(f +g)

and hence,
IH(f)+T () <TT(f +9).

If0<¢ < f+g,thenlet p =inf{f, ¢} and E =1 —¢. Then 0 < ¢ < f and 0 < & < g. It follows that

L(y) =T(¢) +T() <TF(f) + T (9).

This shows that
TH(f+9) <TT(f) +T"(g)

Therefore,
IH(f+9)=T7(f) +T7(g)

Let f € Cla,b]. Let «, 8 be such that f +al >0 and f+ 1 > 0. Then

It (f+al+pB1) = TH(f+al)+TT(B1)
= TT(f+B1)+TT(al)

This shows that
I (f4+al) —=TH(al) =TH(f + B1) = TF(B1)

As such , if we let
T (f) =T*(f +al) =T (al),
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then I'" is well defined.
Let f,g € Cla,b]. Let «, 8 be chosen so that f +al >0 and g+ 81 > 0. Then f+ g+ («+ 8)1 >0 so
I*(f+g9) = T (f+g+(@+p)1) -T"((a+B)1)

= TT(f+al) +TH(g+ 1) —T7((a+B)1)
= I''(f+al)—TT(al) +TF(g+ B1) =TT (B)1)
= T*(f)+T"(g).

That is I'" is additive.

It is also clear that I'" (¢f) = ¢I'*(f) when ¢ > 0. But since 'V (—f) + I'"(f) = T'7(0) = 0, we get that

I (=f)=-T"(f)

so I'T is linear.
Let
r-=rt-r7

Since it is clear that TF(f) > T'(f) if f > 0, I'" is also positive.
We know that
[T T [+ T =T*(1) + (1)

Let 0 < < 1. Then || 2¢) — 1 ||oc< 1. As such
[ T[>T(2¢—1)=2I()-TI(1)
and therefore

T

\%

2T+ (1) — T'(1)
(1) +T7 (1)

Hence
[T [=T"(1)+T~(1).

THEOREM 6.3.2. [Riesz Representation Theorem for C([a,b])]
Let T € C([a,b])*. Then there exists a unique finite signed measure p on the Borel subsets of [a,b] such
that

I'(f) = fdu

[a,b]
for each f € C([a,b]). Moreover, | T ||=| p | ([a,b]).

Proof. First, we will assume that I' is positive.
For a <t < b and for n large enough so that ¢ + % <b, let

1 if z € [a, ]
orn(z) =% 1—n(@—t) ifze(tt+ 1]
0 if w € (t+1,0]
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g t 11/

Note that if n < m, then
O S @t,m S th,n S 1

. i
t+1/m

It follows that {I'(¢¢,)} is decreasing and bounded below by 0. Therefore, we can define

0 ift<a
g(t) = nl;rréo T(pen) iftea,b)
(1) ift>b
Moreover, if t; > t, we have
Pt,m < Pty,n-
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Since T is positive, g(t) is monotonically increasing.
It is clear that g(t) is right continuous if ¢ < @ or if t > b. Assume that ¢ € [a,b). Let € > 0 and choose
n large enough so that

I
n > max(2, H ”)
€
and
g(t) <T(pen) < g(t) +e
Let
1 if v € [a,t + 5]
Yn(@) = 1- 2 (z—t—L%) ifze(t+ht+l- L]
0 ifxe(t++— 5,0
Then )
” d)n — Ptn ”oog -
n
[} I
I I
I
1
1
]
I
1 .
N t ) t+1/n
t+1/n-1/n?
Therefore,

D) < T(pen) + - T IS g(6) +2¢.
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This means that
1
9(t) < gt + —5) < g(t) + 2.

However, as ¢(t) is increasing, this is sufficient to show that g(¢) is right continuous.
The Hahn Extension Theorem gives a Borel measure p such that pu((a, 8]) = g(8) — g(@). In particular,
if a < ¢ <b, then
p(la, d]) = pl(a = 1,]) = g(o).

Let f € C([a,b]) and let € > 0. Let ¢ be such that if | z — y |< 6 and z,y € [a,b], then

| flx) = fly) |<e

Let P = {a = to,t1,...,t,m = b} be a partition with sup(tx —tx_1) < g. Then choose n large enough so that
% < inf(ty — tp—1) and
*) 9(t) < Dlpen) < glti) + mriy—

Next, we let
Fi(@) = Ft)enm + > ) (Pren — Ptiin)
k=2
and .
Fo(@) = FE)X(toua) T D FE Xt st0)
k=2

Note that f; is continuous and piecewise linear. f, is a step function. It is also true that both f; and fo
agree with f(x) at each point t; for k¥ > 1. Moreover, the function f; takes on values between f(tx_; and
f(tx) on the interval [tg_1,tx]. As such

|| fl_f ||o<>§6

and
sup{| f2(z) — f(z) [| x € [a,b]} <e.
From this we conclude that
IT(f)=T(fi)I<e| T -

We use (*) to see that for 2 < k <m

| T (Puuin = o) = o(t8) = g(tx1)) 1< -

Next, we apply I' to f1 and integrate fo with respect to u to get

F(fl)/[ . Jadp |<e

We also have that
fadn [ fdn|< enla,b).
[a,b] [a,b]

Therefore,

| T(f) - i fdp|< e[ T +p(la, b])-

Since € is arbitrary,

L(f) = fdu

[ab]

for each f € Cla,b]. Moreover, ||T'||=T(1) =| | ([a,d]).
The general result follows from the previous theorem.
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6.4 Riesz Representation Theorem for C((2)

In this section we will briefly discuss how to extend the Riesz Representation to C(€2) when (£2,d) is a
compact metric space. In fact we can state this extension in greater generality:

THEOREM 6.4.1. [Riesz Representation Theorem for C(Q)] Let (Q,7) be a compact Hausdorff space. Let
T e C(Q)*. Then there exists a unique finite reqular signed measure p on the Borel subsets of Q0 such that

r(f) =/Qfdu

for each f € C(R2). Moreover, | T ||=| 1| ().

REMARK 6.4.2. Let € Meas(Q,B(2)). If I',, is defined by

N = [ Fan )
for each f € C(Q), then T',, € C(2)* and

l L, =] 1| () = lptllmeas-

PROBLEM 6.4.3. For the converse how do we construct the measure pi?

Sketch: We will sketch a solution in the special case where (2, d) is a compact metric space.

By the Jordan Decomposition Theorem, we may again assume that I' is positive.

Key Observation: Let K C Q be compact. Assume that {¢,} is a sequence of continuous functions
such that

0 S (pn+1(t> S @n(t) S 1
for every t € Q) with

Jim o = X
pointwise. Then
lim T'(on)
n—oo

exists. Moreover, if u is a measure satisfying (), then the Lebesgue Dominated Convergence Theorem shows
that

p(K) :/XK dp = lim /tpn dp = lim T(p,).
O n—oo [ n—00
From here, let K be compact. For each n € N let

U, = B(m,%)

rzeK
and let F,, = Q\ U,. Then define

B dist(z, Fy,)
- dist(z, F,,) + dist(z, K)

on ()
where dist(z, A) = inf{d(z,y) |y € A}.Then p,(z) =1if x € K and ¢, (z) =0 if x € F,,. Hence ¢, — Xk

pointwise.
Moreover since {dist(x, F,,)} is decreasing, we get

0 < pna(t) < enlt) < 1.
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