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'Askhsh 12 DeÐxte ìti an fn → f omoiìmorfa se èna sÔnolo A tìte gia k�je akoloujÐa (tn) tou A
isqÔei limn(fn(tn)− f(tn)) = 0.
Autì deÐqnei ìti to fainìmeno Gibbs den emfanÐzetai ìtan h seir� Fourier sugklÐnei omoiìmorfa.

'Askhsh 13 K�je oloklhr¸simh sun�rthsh f : [−π, π] → C gr�fetai kat� monadikì trìpo f = fa + fp
ìpou h fa eÐnai �rtia kai h fp peritt . DeÐxte ìti

1
2π

∫ π

−π
|f |2 =

1
2π

∫ π

−π
|fa|2 +

1
2π

∫ π

−π
|fp|2.

'Askhsh 14 An S(f) =
+∞∑

k=−∞
f̂(k)ek eÐnai h seir� Fourier miac suneqoÔc sun�rthshc, deÐxte ìti h seir�

S+(f) =
+∞∑
k=0

f̂(k)ek eÐnai basik  wc proc thn d2. DeÐxte epÐshc ìti gia ta merik� ajroÐsmata twn seir¸n

aut¸n isqÔei h anisìthta ‖S+
n (f)‖2 ≤ ‖Sn(f)‖2 kai exet�ste an isqÔei h ‖S+

n (f)‖∞ ≤ ‖Sn(f)‖∞.

'Askhsh 15 An f : R→ C eÐnai 2π periodik  kai oloklhr¸simh sun�rthsh, na deiqjeÐ ìti

lim
x→0

1
2π

∫ π

−π
|f(t− x)− f(t)| dt = 0.

Upìdeixh: Exet�ste pr¸ta thn perÐptwsh pou h f eÐnai suneq c.

'Askhsh 16 ApodeÐxame, wc pìrisma thc anisìthtac Bessel, ìti an h sun�rthsh f : R→ C
eÐnai 2π-periodik  kai oloklhr¸simh, tìte, an n ∈ N kai n→∞,

1
2π

∫ π

−π
f(t) cos(nt)dt→ 0 kai

1
2π

∫ π

−π
f(t) sin(nt)dt→ 0.

Me tic Ðdiec upojèseic, apodeÐxte ìti genikìtera, an λ ∈ R kai λ→∞,

1
2π

∫ π

−π
f(t) cos(λt)dt→ 0 kai

1
2π

∫ π

−π
f(t) sin(λt)dt→ 0.

Upìdeixh: MporeÐte an jèlete na qrhsimopoi sete thn prohgoÔmenh �skhsh, afoÔ deÐxete ìti

1
2π

∫ π

−π
f(t) sin(λt)dt = − 1

2π

∫ π−π/λ

−π−π/λ
f(t+

π

λ
) sin(λt)dt.

Parat rhsh: Oi akoloujÐec (fn) kai (gn) ìpou fn(t) = f(t) sin(nt) kai fn(t) = f(t) cos(nt)
DEN sugklÐnoun en gènei, ìpwc eÐdame, oÔte kat� shmeÐo.

'Askhsh 17 Qrhsimopoi¸ntac to Je¸rhma Féjer, apodeÐxte to Je¸rhma Weierstrass:
Gia k�je suneq  sun�rthsh f : [a, b]→ R kai gia k�je ε > 0 up�rqei polu¸numo
p(t) = c0 + c1t+ . . .+ cnt

n ¸ste sup{|f(t)− p(t)| : t ∈ [a, b]} < ε .

'Askhsh 18 An f(t) = |t|, t ∈ [−π, π], breÐte th seir� Fourier thc f , kai apodeÐxte ìti
∞∑
n=0

1
(2n+ 1)2

=
π2

8
kai

∞∑
n=1

1
n2

=
π2

6
.

'Askhsh 19 BreÐte th seir� Fourier thc qarakthristik c sun�rthshc χ[a,b] enìc diast matoc [a, b] ⊆
[−π, π]. ApodeÐxte ìti, an a 6= b kai [a, b] 6= [−π, π], h seir� sugklÐnei sto χ[a,b](x) gia k�je x ∈ [−π, π]
ektìc twn a kai b. Ti sumbaÐnei sta dÔo aut� shmeÐa?


