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'Askhsh 20 DeÐxte ìti an fn : [0, 1] → [0, 1] eÐnai suneqeÐc kai to ìrio f(t) = limn fn(t) up�rqei, tìte
f ∈ L1([0, 1]) kai limn

∫
fn =

∫
limn f .

'Askhsh 21 'Ena uposÔnolo A tou [a, b] ja lègetai metr simo1 an χA ∈ L1([a, b]) (gr�foume A ∈M[a, b]).
DeÐxte ìti
(a) an A ∈M[a, b] tìte Ac ∈M[a, b].
(b) An An ∈ M[a, b] (n = 1, 2, . . . ) tìte ∪nAn ∈ M[a, b] kai ∩nAn ∈ M[a, b]. MporoÔme na sumper�noume
to Ðdio gia uperarijm simo pl joc sunìlwn?
(g) An A ⊆ [a, b] eÐnai anoiktì   kleistì, tìte A ∈M[a, b].

'Askhsh 22 'Ena uposÔnolo A tou R ja lègetai metr simo an gia k�je a ≤ b, to sÔnolo A∩ [a, b] an kei
stoM[a, b] (gr�foume A ∈M). DeÐxte ìti
(a) an A ∈M tìte Ac ∈M.
(b) An An ∈M (n = 1, 2, . . . ) tìte ∪nAn ∈M kai ∩nAn ∈M.
(g) An A ⊆ R eÐnai anoiktì   kleistì, tìte A ∈M.

'Askhsh 23 (a) DeÐxte ìti L2(R) * L1(R) kai ìti L1(R) * L2(R).
(b) DeÐxte ìti L2([a, b]) ⊆ L1([a, b]) all� ìti L1([a, b]) * L2([a, b]).
(g) An BL = {f : R → C fragmènh kai f ∈ L1(R)}, deÐxte ìti o q¸roc BL perièqetai ston L1(R) ∩ L2(R)
kai eÐnai puknìc kai stouc dÔo, dhlad  an fi ∈ Li(R) (i = 1, 2) kai ε > 0, up�rqoun gi ∈ BL me ‖fi − gi‖i < ε.

'Askhsh 24 An f ∈ L1(R) kai x ∈ R deÐxte ìti h sun�rthsh fx = χ(−∞,x]f an kei ston L1(R). DeÐxte
epÐshc ìti h sun�rthsh F : R→ C me

F (x) =
∫
fx ≡

∫ x

−∞
f(t)dt

eÐnai suneq c.

'Askhsh 25 An f ∈ L1(R) na deiqjeÐ ìti

lim
x→0

∫
|f(t− x)− f(t)| dt = 0.

Upìdeixh: Exet�ste pr¸ta thn perÐptwsh pou h f eÐnai suneq c me sumpag  forèa.

'Askhsh 26 An f ∈ L1(R) kai ξ ∈ R, deÐxte ìti h sun�rthsh hξ : R → C me h(t) = exp(itξ)f(t) an kei

ston L1(R). DeÐxte epÐshc ìti h sun�rthsh f̂ : R→ C me

f̂(ξ) =
∫
f(t) exp(−itξ)dt

eÐnai suneq c sto R (h f̂ onom�zetai o metasqhmatismìc Fouier thc f). Tèloc, deÐxte ìti an h g me g(x) =
xf(x) an kei ston L1(R), tìte h f̂ eÐnai paragwgÐsimh. !

'Askhsh 27 Lème ìti mia f : R → C mhdenÐzetai sto �peiro an gia k�je ε > 0 up�rqei Kε ⊆ R sumpagèc
¸ste gia k�je t ∈ Kc

ε na isqÔei |f(t)| < ε. ApodeÐxte ìti o q¸roc Co(R) twn suneq¸n sunart sewn f : R→ C
pou mhdenÐzontai sto �peiro eÐnai puknìc upìqwroc tou L1(R) kai tou L2(R) (me thn ènnoia thc 'Askhshc
23). DEN ISQUEI!

1O orismìc autìc eÐnai isodÔnamoc me ton sunhjismèno mìno gia fragmèna uposÔnola tou R.


