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'Askhsh 28 (Sunèqeia thc Ask. 21) An A ∈ M[a, b] orÐzoume m(A) = ‖χA‖1. An An ∈ M[a, b], n =
1, 2, . . . eÐnai xèna an� dÔo, deÐxte ìti

m

( ∞⋃
n=1

An

)
=

∞∑
n=1

m(An).

'Askhsh 29 Den eÐnai al jeia ìti o q¸roc C0(R) eÐnai upìqwroc tou L1(R). Gia par�deigma (E.N.) h
sun�rthsh pou isoÔtai me 1 sto [−1, 1] kai me 1

|x| sto [−1, 1]c p�ei sto 0 kaj¸c |x| → ∞, all� den an kei

ston L1(R). AntÐjeta, h f(x) = 1
1+x2 eÐnai ent�xei (giatÐ?). DeÐxte ìti o q¸roc twn suneq¸n sunart sewn

f : R→ C pou teÐnoun sto 0 kaj¸c |x| → ∞ {arket� gr gora} (orismìc: mia f teÐnei sto 0 kaj¸c |x| → ∞
{arket� gr gora} ìtan supx∈R |p(x)f(x)| <∞ gia k�je polu¸numo p) eÐnai puknìc upìqwroc tou L1(R) kai
tou L2(R).

'Askhsh 30 An f : R → C kai t ∈ R, orÐzw ft(x) = f(x − t). DeÐxte ìti an f ∈ L1(R) tìte ft ∈ L1(R)
kai ‖ft‖1 = ‖f‖1 gia k�je t ∈ R. (Lème ìti h om�da R dra isometrik� ston L1(R).) DeÐxte ìti to Ðdio isqÔei
kai gia ton L2(R).

'Askhsh 31 OrÐzoume prìsjesh (mod 1) sto [0, 1) wc ex c:

au b =
{

a+ b, an a+ b < 1
a+ b− 1, an a+ b ≥ 1

(Parat rhse ìti exp(2πi(aub)) = exp(2πia) exp(2πib). 'Etsi to ([0, 1),u) apokt� th dom  abelian c om�dac
isìmorfhc me ton kÔklo S1.)
(i) An A ⊆ [0, 1) kai x ∈ [0, 1), jètoume Ax = {au x : a ∈ A}.

DeÐxte ìti to A eÐnai metr simo (dhlad  χA ∈ L1([0, 1))) an kai mìnon an k�je Ax eÐnai metr simo kai ìti
‖χA‖1 = ‖χAx‖1. [Upìdeixh: an A1 = A ∩ [0, 1 − x) kai A2 = A ∩ [1 − x, 1) tìte ta A1, A2 eÐnai xèna kai
Ax = (A1 + x) ∪ (A2 + (x− 1)).]
(ii) 'Estw F ⊆ [0, 1) me tic idiìthtec:
(a) An p, q ∈ Q1 ≡ Q ∩ [0, 1) kai p 6= q tìte Fq ∩ Fp = ∅ kai
(b)

⋃
q∈Q1

Fq = [0, 1).

DeÐxte ìti h χF den an kei ston L1([0, 1)).

'Askhsh 32 Mia mh arnhtik  sun�rthsh f an kei ston L2(R) an kai mìnon an h f2 an kei ston L1(R).
Up�rqei ìmwc f : R → [−1, 1] ¸ste f2 ∈ L1(R) all� f /∈ L2(R): jewreÐste gia par�deigma thn

f = 2χF − 1 gia kat�llhlo F ⊆ R.


