
9 Eisagwg  sthn Olokl rwsh Lebesgue qw-

rÐc mètro

9.1 To zeÔgoc (Coo(R),
∫

)

O grammikìc q¸roc:

Coo(R) ≡ {f : R→ C : suneq c me sumpag  forèa}

Dhlad  k�je f ∈ Coo(R) fèretai se èna sumpagèc di�sthma [a(f), b(f)] me
thn ènnoia ìti t /∈ [a(f), b(f)]⇒ f(t) = 0.

An f ∈ Coo(R) orÐzetai to olokl rwma Riemann∫
f ≡

∫ b(f)

a(f)

f(t)dt.

H apeikìnish
∫

: Coo(R)→ C : f →
∫
f

eÐnai grammik  kai jetik , dhl. an f(R) ⊆ R+ tìte
∫
f ∈ R+.

Stìqoc: Na thn epekteÐnoume se eurÔterh kl�sh sunart sewn me mia
diadikasÐa pl rwshc.

9.2 H apeikìnish ‖·‖1
Prìtash 9.1 Gia k�je f ∈ Coo(R),∫

|f | = inf

{
∞∑
n=1

∫
hn : hn ∈ Coo(R), hn ≥ 0,

∑
n

hn ≥ |f |

}
.

H apìdeixh sthrÐzetai se èna epiqeÐrhma sump�geiac mèsw tou L mmatoc

L mma 9.2 'Estw fn, f ∈ Coo(R) me f, fn ≥ 0 kai fn ≤ fn+1. Upojètoume
ìti gia k�je t ∈ R èqoume f(t) ≤ limn fn(t) (mporeÐ n�nai +∞). Tìte

(i) Gia k�je ε > 0 up�rqei n ∈ N me sup{f(t)− fn(t) : t ∈ R} ≤ ε
kai
(ii) supn

∫
fn ≥

∫
f .
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Apìdeixh (i) Upojètoume ìti h f fèretai sto [a, b]. 'Estw ε > 0. Gia k�je
n ∈ N orÐzoume

Kn = {x ∈ [a, b] : f(x)− fn(x) ≥ ε}.
AfoÔ h f − fn eÐnai suneq c, to Kn eÐnai kleistì sto [a, b]. Epeid  h (fn)
eÐnai aÔxousa, h (Kn) eÐnai fjÐnousa.

An up�rqei x ∈ ∩nKn tìte limn fn(x) ≤ f(x) − ε (to ìrio up�rqei sto
[0,+∞] lìgw monotonÐac) antÐjeta me thn upìjesh. 'Ara ∩nKn = ∅.

Lìgw sump�geiac tou [a, b], up�rqei nε ¸ste Knε = ∅, opìte Kn = ∅ gia
k�je n ≥ nε.

Dhlad , an n ≥ nε, tìte gia k�je x ∈ [a, b] èqw f(x)−fn(x) < ε. EpÐshc,
an x /∈ [a, b] tìte f(x)− fn(x) = −fn(x) ≤ 0 < ε.

(ii) Apì to (i) me δ = ε
b−a èqoume gia k�je n ≥ nδ kai k�je x ∈ [a, b] thn

anisìthta fn(x) > f(x)− δ kai sunep¸c∫
fn ≥

∫ b

a

fn(x)dx ≥
∫ b

a

f(x)dx− δ(b− a) =

∫
f − ε

�ra supn
∫
fn ≥

∫
f−ε. AfoÔ to ε > 0 eÐnai aujaÐreto, èpetai ìti supn

∫
fn ≥∫

f .
2

Apìdeixh thc Prìtashc Jètontac h1 = |f | kai hk = 0 gia k =
2, 3, . . . blèpoume ìti∫

|f | ≥ inf

{
∞∑
n=1

∫
hn : hn ∈ Coo(R), hn ≥ 0,

∑
n

hn ≥ |f |

}
.

Mènei loipìn na deÐxoume ìti k�je akoloujÐa (hn) ìpou hn ∈ Coo(R), hn ≥ 0
kai
∑

n hn ≥ |f | ikanopoieÐ
∫
|f | ≤

∑
n

∫
hn.

Efarmìzoume to L mma gia thn akoloujÐa (fn) ìpou fn =
∑n

k=1 hk kai thn
|f |: apì to (ii) èqoume

sup
n

∫ n∑
k=1

hk = sup
n

∫
fn ≥

∫
|f |

�ra
∞∑
k=1

∫
hk = sup

n

n∑
k=1

∫
hk = sup

n

∫ n∑
k=1

hk ≥ |f |

(grammikìthta tou oloklhr¸matoc). 2
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Orismìc 9.1 'Estw f : R→ C tuqaÐa sun�rthsh. OrÐzoume

‖f‖1 ≡ inf

{
∞∑
n=1

∫
hn : hn ∈ Coo(R), hn ≥ 0,

∑
n

hn ≥ |f |

}
∈ [0,+∞]

Parat rhse ìti deqìmaste �peira ajroÐsmata.
DeÐxame ìti an f ∈ Coo(R) tìte ‖f‖1 =

∫
|f |.

Parathr seic 9.3 (a) MporeÐ mia f 6= 0 na èqei ‖f‖1 = 0. P.q. h χ{0}  
h χQ.

Genikìtera an A ⊂ R eÐnai opoiod pote arijm simo (  peperasmèno) sÔno-
lo, tìte ‖χA‖1 = 0.
(b) MporeÐ mia f na èqei ‖f‖1 = +∞. P.q. f(t) = t (sto R).
(g) ‖f‖1 =

∥∥f̄∥∥
1

= ‖ |f | ‖1.

Apìdeixh tou (a) 'Estw ε > 0 kai δn =
ε

2n
. An {an : n ∈ N} eÐnai mia

arÐjmhsh tou A, orÐzoume

hn(x) =

{
1− |x−an|

δn
, |x− an| ≤ δn

0, |x− an| > δn

Profan¸c hn(an) = 1, �ra
∑

n hn(a) ≥ 1 gia k�je a ∈ A. Dhlad 
∑

n hn ≥
χA.

Apì thn �llh to
∫
hn eÐnai to embadìn tou isoskeloÔc trig¸nou me b�sh

m kouc 2δn kai Ôyoc 1, �ra
∫
hn =

ε

2n
kai epomènwc

∑
n

∫
hn = ε.

Prìtash 9.4 Gia k�je f, g : R→ C kai λ ∈ C,

(i) ‖λf‖1 = |λ| ‖f‖1 (sÔmbash: 0 · (+∞) = 0)

(ii) ‖f + g‖1 ≤ ‖f‖1 + ‖g‖1

H apìdeixh tou (i) eÐnai apl  efarmog  tou orismoÔ.
To (ii) eÐnai eidik  perÐptwsh thc epìmenhc basik c Prìtashc.

Prìtash 9.5 An gia k�je t ∈ R, |f(t)| ≤
∞∑
n=1

|fn(t)|, tìte ‖f‖1 ≤
∞∑
n=1

‖fn‖1.
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Apìdeixh An k�poio ‖fn‖1 = +∞, to sumpèrasma isqÔei. Upojètw loipìn
ìti ‖fn‖1 < +∞ gia k�je n ∈ N. An dojeÐ ε > 0, gia k�je n ∈ N up�rqoun
mh arnhtikèc hn,j ∈ Coo(R) ¸ste

|fn| ≤
∑
j

|hn,j| (1)

kai ∑
j

∫
hn,j < ‖fn‖1 +

ε

2n
(2)

apo ton orismì thc ‖f‖1. Apì thn (1) èpetai ìti

|f | ≤
∑
n

∑
j

|hn,j|

kai apì thn (2) èqoume∑
n

∑
j

∫
hn,j <

∑
n

‖fn‖1 + ε.

Epomènwc deÐxame ìti

‖f‖1 ≤
∑
n

∑
j

∫
hn,j <

∑
n

‖fn‖1 + ε

kai epeid  to ε eÐnai tuqaÐo, h apìdeixh oloklhr¸jhke. 2

Pìrisma 9.6 An |f | ≤ |g| tìte ‖f‖1 ≤ ‖g‖1.

9.3 O q¸roc L1(R)

Orismìc 9.2 MÐa f : R→ C an kei ston L1(R) an up�rqei akoloujÐa (fn)
me fn ∈ Coo(R) ¸ste ‖f − fn‖1 → 0.

Parathr seic 9.7 (a) Coo(R) ⊆ L1(R).
(b) O L1(R) eÐnai grammikìc q¸roc kai h apeikìnish

L1(R)→ R+ : f → ‖f‖1
eÐnai hminìrma ston L1(R), dhlad  gia k�je f, g ∈ L1(R) kai λ ∈ C,

(i) ‖λf‖1 = |λ| ‖f‖1
(ii) ‖f + g‖1 ≤ ‖f‖1 + ‖g‖1
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(den eÐnai nìrma giatÐ up�rqoun f 6= 0 me ‖f‖1 = 0, �ra den orÐzei metrik ).
(g) An f ∈ L1(R) tìte f̄ , |f | ∈ L1(R) kai ‖f‖1 =

∥∥f̄∥∥
1

= ‖ |f | ‖1.
(d) An f1, . . . , fn ∈ L1(R) tìte1 max{f1, . . . , fn} ∈ L1(R).
(e) An ‖f‖1 = 0, tìte f ∈ L1(R) (p�re fn = 0 gia k�je n).

Apìdeixh (a) P�re fn = f gia k�je n.
(b) An ‖f − fn‖1 → 0 ìpou fn ∈ Coo(R), �ra ‖fn‖1 =

∫
|fn| < ∞, tìte

anagkastik� ‖f‖1 <∞ (Prìtash 9.4 (ii)). Oi idiìthtec (i) kai (ii) èqoun  dh
apodeiqjeÐ (Prìtash 9.4).

(g) 'Estw fn ∈ Coo(R) me ‖f − fn‖1 → 0. Tìte |(|f | − |fn|)| ≤ |f − fn|,
�ra ‖ |f | − |fn| ‖1 ≤ ‖f − fn‖1 → 0. Epomènwc |f | ∈ L1(R). Me ton Ðdio
trìpo, afoÔ

∥∥f̄ − f̄n∥∥1
→ 0, prokÔptei ìti f̄ ∈ L1(R). Oi isìthtec ‖f‖1 =∥∥f̄∥∥

1
= ‖ |f | ‖1 èqoun  dh deiqjeÐ.

(d) Qrhsimopoi¸ntac th gnwst  kai eÔkolh tautìthta

max{f1(t), f2(t)} =
1

2
(f1(t) + f2(t) + |f1(t)− f2(t))

prokÔptei, afoÔ o L1 eÐnai grammikìc q¸roc, ìti f1−f2 ∈ L1(R), �ra |f1−f2| ∈
L1(R) apì to (g), �ra max{f1, f2} ∈ L1(R) p�li lìgw grammikìthtac. H
genik  perÐptwsh apodeiknÔetai t¸ra �mesa me epagwg .

9.4 To olokl rwma ston L1(R)

'Estw f ∈ L1(R) kai fn ∈ Coo(R) me ‖f − fn‖1 → 0. ParathroÔme ìti:
• H (

∫
fn)n eÐnai basik  sto C, �ra sugklÐnei. Autì eÐnai �meso apì thn

anisìthta∣∣∣∣∫ fn −
∫
fm

∣∣∣∣ =

∣∣∣∣∫ (fn − fm)

∣∣∣∣ ≤ ∫ |fn − fm| = ‖fn − fm‖1
≤ ‖fn − f‖1 + ‖f − fm‖1 .

• An gn ∈ Coo(R) me ‖f − gn‖1 → 0 tìte limn

∫
fn −

∫
gn = 0. Pr�gmati,∣∣∣∣∫ fn −

∫
gn

∣∣∣∣ ≤ ‖fn − f‖1 + ‖f − gn‖1 .

1
η συνάρτηση g = max{f1, . . . , fn} ορίζεται βεβαίως κατά σημείο:

g(t) = max{f1(t), . . . , fn(t)}
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Orismìc 9.3 (To olokl rwma Lebesgue) Gia k�je f ∈ L1(R) orÐ-
zoume I(f) ∈ C wc ex c:
epilègoume fn ∈ Coo(R) me ‖f − fn‖1 → 0 kai jètoume

I(f) = lim
n

∫
fn.

O arijmìc I(f) eÐnai kal� orismènoc. Dhlad  to ìrio limn

∫
fn up�rqei kai

den exart�tai apì thn akoloujÐa pou {proseggÐzei} thn f .

SumbolismoÐ Me I(f) sumbolÐzoume to olokl rwma Lebesgue mi�c sun�r-
thshc f ∈ L1(R). QrhsimopoioÔme to sÔmbolo

∫
f  

∫
f(x)dx gia to olo-

kl rwma Riemann thc f , an up�rqei. (Ja deÐxoume argìtera ìti ìtan to
∫
f

up�rqei, tìte tautÐzetai me to I(f).) 'Alloi sumbolismoÐ gia to olokl rwma
Lebesgue eÐnai

∫
fdm  

∫
f(x)dm(x).

Prìtash 9.8 (a) H apeikìnish I : L1(R) → C eÐnai grammik  kai jetik 
(�ra, an f, g : R→ R ston L1 me f ≤ g, tìte I(f), I(g) ∈ R kai I(f) ≤ I(g)).

(b) An f ∈ Coo(R) tìte I(f) =
∫
f .

(g) An f ∈ L1(R) tìte ‖f‖1 = I(|f |).

Apìdeixh To (b) eÐnai profanèc (jewroÔme th stajer  akoloujÐa fn = f
gia k�je n).

To (a) prokÔptei �mesa apo to (b) kai tic antÐstoiqec idiìthtec tou olo-
klhr¸matoc Riemann. Gia par�deigma an h f ∈ L1(R) paÐrnei timèc ston R+,
mpor¸ na br¸ fn ∈ Coo(R) me ‖f − fn‖1 → 0 epÐshc mh arnhtikèc. 2 'Eqoume
t¸ra

∫
fn ≥ 0 afoÔ fn ≥ 0 kai �ra I(f) = lim

∫
fn ≥ 0.

Parìmoia prokÔptei kai to (g): an fn ∈ Coo(R) kai ‖f − fn‖1 → 0 tìte
‖|f | − |fn|‖1 → 0. 'Eqoume I(|f |) = lim

∫
|fn| ex orismoÔ. All� afoÔ fn ∈

Coo(R) xèroume  dh ìti ‖fn‖1 = I(|fn|) (Prìtash 9.1). Epeid  | ‖fn‖1 −
‖f‖1 | ≤ ‖fn − f‖1 → 0 (trigwnik  anisìthta) èqoume telik�

I(|f |) = lim

∫
|fn| = lim ‖fn‖1 = ‖f‖1 . 2

2
πάρε οποιαδήποτε ακολουθία (gn) με gn ∈ Coo(R) ώστε ‖f − gn‖1 → 0 και βάλε fn =

|gn|, παρατηρώντας ότι, αφού |(|f | − |gn|)| ≤ |f − gn| έχουμε ‖|f | − |gn|‖1 ≤ ‖ |f − gn| ‖1
άρα

‖f − |gn|‖1 = ‖ |f | − |gn| ‖1 ≤ ‖ |f − gn| ‖1 = ‖f − gn‖1 → 0.
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L mma 9.9 An f ∈ L1(R) tìte |f | ∈ L1(R) kai

|I(f)| ≤ I(|f |) = ‖f‖1 .

Apìdeixh 'Eqoume  dh parathr sei ìti |f | ∈ L1(R).
'Otan h f paÐrnei pragmatikèc timèc, h anisìthta |I(f)| ≤ I(|f |) eÐnai �mesh

sunèpeia thc jetikìthtac thc apeikìnishc I:

− |f | ≤ f ≤ |f | ⇒ I(−|f |) ≤ I(f) ≤ I(|f |)
⇒− I(|f |) ≤ I(f) ≤ I(|f |)⇒ |I(f)| ≤ I(|f |).

Gia th genik  perÐptwsh3 (ìpou f : R → C) gr�foume ton migadikì arijmì
I(f) se polik  morf  I(f) = reiθ opìte

|I(f)| = r = e−iθI(f) = I(e−iθf).

An t¸ra u ≡ 1
2
(e−iθf + eiθf̄) kai v ≡ 1

2i
(e−iθf − eiθf̄), oi u kai v eÐnai prag-

matikèc sunart seic pou an koun ston L1(R) kai e−iθf = u+ iv. Epomènwc

|I(f)| = I(e−iθf) = I(u) + iI(v).

AfoÔ ìmwc oi |I(f)|, I(u) kai I(v) eÐnai pragmatikoÐ arijmoÐ, èqoume I(v) =
0 opìte |I(f)| = I(u). EpÐshc to pragmatikì mèroc u thc e−iθf den eÐnai
megalÔtero apì thn apìluth tim  thc, dhlad 

u ≤ |e−iθf | = |f |

epomènwc, afoÔ h I diathreÐ th di�taxh pragmatik¸n sunart sewn, èqoume
I(u) ≤ I(|f |). Telik¸c loipìn

|I(f)| = I(u) + iI(v) = I(u) ≤ I(|f |) 2

10 Ta basik� Jewr mata

Je¸rhma 10.1 (Plhrìthta) An fn ∈ L1(R) kai gia k�je ε > 0 up�rqei
no ∈ N ¸ste n,m ≥ no ⇒ ‖fn − fm‖1 < ε, tìte up�rqei f ∈ L1(R) ¸ste
‖fn − f‖1 → 0.

3
Η ανισότητα έπεται βεβαίως άμεσα από την αντίστοιχη ανισότητα για το ολοκλήρωμα

Riemann. Δίνουμε μια αυτοτελή απόδειξη που στηρίζεται μόνο στη γραμμικότητα και τη
θετικότητα της απεικόνσης I.
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Apìdeixh Epilègoume diadoqik� fusikoÔc arijmoÔc k1 < k2 <. . .< kn <. . .
¸ste

i, j ≥ kn ⇒ ‖fi − fj‖1 <
1

2n
. (3)

Eidikìtera an gr�youme gia eukolÐa gn ≡ fkn èqoume gia k�je n ∈ N

‖gn+1 − gn‖1 <
1

2n
.

DouleÔoume arqik� me thn upakoloujÐa (gn). JewroÔme to sÔnolo

A = {t ∈ R : up�rqei sto C to ìrio lim
n→∞

gn(t)}.

kai orÐzoume th sun�rthsh

f(t) =

{
lim
n→∞

gn(t), t ∈ A
0, t /∈ A

H prwtotupÐa thc apìdeixhc eÐnai o akìloujoc
Isqurismìc Gia k�je t ∈ R kai k�je n ∈ N isqÔei h anisìthta

|f(t)− gn(t)| ≤
∞∑
k=n

|gk+1(t)− gk(t)|. (4)

Apìdeixh IsqurismoÔ Gia k�je m > n h trigwnik  anisìthta dÐnei

|gm(t)− gn(t)| ≤
N−1∑
k=n

|gk+1(t)− gk(t)|

opìte, an t ∈ A, to ìrio kaj¸cm→∞ tou arister� mèlouc eÐnai |f(t)−gn(t)|
kai h anisìthta (4) alhjeÔei.

An t /∈ A, tìte
∞∑
k=n

|gk+1(t) − gk(t)| = +∞ opìte h (4) p�li alhjeÔ-

ei. Pr�gmati, an
∞∑
k=n

|gk+1(t) − gk(t)| < ∞ tìte h seir�
∞∑
k=n

(gk+1(t) − gk(t))

sugklÐnei apìluta, �ra sugklÐnei, dhlad  to ìrio lim
m→∞

m−1∑
k=n

(gk+1(t) − gk(t))

up�rqei. 'Omwc to ìrio autì isoÔtai me lim
m→∞

(gm(t)− gn(t)), opìte t ∈ A!
O Isqurismìc apodeÐqjhke.
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Efarmìzontac thn Prìtash 9.5 sthn anisìthta (4), èqoume gia k�je n ∈ N

‖f − gn‖1 ≤
∞∑
k=n

‖gk+1 − gk‖1 ≤
∞∑
k=n

1

2k
=

1

2n−1
.

H apìdeixh eÐnai t¸ra �mesh: an mou d¸soun ε > 0, epilègw n ∈ N ¸ste
1

2n−1 <
ε
2
kai tìte, gia k�je m ≥ kn èqw

‖f − fm‖1 ≤ ‖f − fkn‖1 + ‖fkn − fm‖1 <
1

2n−1
+

1

2n
< ε.

qrhsimopoi¸ntac kai thn (3). 2

Parat rhsh 10.2 Sto Je¸rhma, h f ∈ L1(R) den eÐnai monadik . Pr�g-
mati, an h eÐnai mia opoiad pote sun�rthsh pou ikanopoieÐ ‖h‖1 = 0, tìte
jètontac g = f+h èqoume g ∈ L1(R) kai ‖g − fn‖1 ≤ ‖f − fn‖1+‖h‖1 → 0.

Je¸rhma 10.3 (Monìtonh sÔgklish) 'Estw (fn) mi� aÔxousa ako-
loujÐa ston L1(R). Upojètoume ìti gia k�je t ∈ R to ìrio f(t) = limn fn(t)
up�rqei. An supn I(fn) <∞ tìte

lim
n
fn ∈ L1(R) kai I(lim

n
fn) = lim

n
I(fn).

Apìdeixh Antikajist¸ntac thn fn me thn fn − f1 kai thn f ma thn f − f1

mporoÔme na upojèsoume ìti fn ≥ 0.
H akoloujÐa (I(fn))n eÐnai aÔxousa ston R+ apì thn monotonÐa tou olo-

klhr¸matoc. Jètoume J = supn I(fn) = lim I(fn). Gia k�je n ∈ N kai k�je
t ∈ R èqoume

0 ≤ f(t)− fn(t) =
∞∑
k=n

(fk+1(t)− fk(t)).

Epomènwc apì thn Prìtash 9.5

‖f − fn‖1 ≤
∞∑
k=n

‖fk+1 − fk‖1

=
∞∑
k=n

I(fk+1 − fk) giatÐ fk+1 − fk ∈ L1 kai fk+1 − fk ≥ 0

=
∞∑
k=n

(I(fk+1)− I(fk)) = lim
N
I(fN)− I(fn) = J − I(fn)
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�ra lim
n
‖f − fn‖1 = 0. Epeid  fn ∈ L1(R), apì ton orismì tou L1 up�rqei

gn ∈ Coo(R) ¸ste ‖fn − gn‖1 <
1
n
. 'Eqoume loipìn

‖f − gn‖1 ≤ ‖f − fn‖1 + ‖fn − gn‖1 → 0

pr�gma pou deÐqnei ìti f ∈ L1(R).
T¸ra pou deÐxame ìti f ∈ L1(R), gia k�je n ∈ N èqoume f−fn ∈ L1(R) kai

f − fn ≥ 0, sunep¸c I(f − fn) = ‖f − fn‖1 → 0 (Prìtash 9.8 (g)). Efìson
I(f) ∈ R, apì th grammikìthta tou oloklhr¸matoc èpetai ìti I(f − fn) =
I(f)− I(fn), �ra telik¸c I(f) = lim

n
I(fn). 2

Par�deigma 10.4 An f = χQ   genikìtera f = χA ìpou A ⊆ R arijm si-
mo, tìte f ∈ L1(R) kai I(f) = 0.

Apìdeixh Epilègoume mia arÐjmhsh {an} tou A kai jètoume χn = χ{a1,...,an}.
'Eqoume  dh parathr sei ìti ‖χA‖1 = 0 gia peperasmèna   arijm sima sÔnola.
Epomènwc (Parat rhsh 9.7 (e)) k�je χn ∈ L1(R), �ra I(χn) = ‖χn‖1 = 0.

Epeid  χn(x)↗ χA(x) gia k�je x ∈ R, èpetai apì to teleutaÐo Je¸rhma
ìti χA ∈ L1(R) kai I(χA) = lim I(χn) = 0.

Je¸rhma 10.5 (Beppo Levi) 'Estw gn ∈ L1(R) me gn ≥ 0. Upojètoume
ìti gia k�je t ∈ R,

∑
n

gn(t) <∞. An
∑
n

I(gn) <∞ tìte

∑
n

gn ∈ L1(R) kai I(
∑
n

gn) =
∑
n

I(gn).

Apìdeixh EÐnai apl  efarmog  tou Jewr matoc Monìtonhc sÔgklishc gia

thn akoloujÐa (fn) ìpou fn =
n∑
k=1

gk qrhsimopoi¸ntac kai th grammikìthta

tou oloklhr¸matoc. 2

H enallag  orÐou kai olokl rwshc den isqÔei genik�:

Par�deigma 10.6 'Estw fn : [−1, 1]→ R+ me

fn(x) =


0, x = 0

n2( 1
n
− |x|), 0 < |x| ≤ 1

n

0, |x| > 1
n
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(to {(trÔpio) kapèlo thc m�gisacv}). Ed¸ k�je fn ∈ Coo(R) kai lim
n
fn(x) = 0

gia k�je x. 'Omwc
∫
fn = 1 gia k�je n �ra lim

n

∫
fn 6= 0.

MporeÐc m�lista, an jèleic, na qrhsimopoi seic to {yhlì kapèlo thc m�gisacv}:
gn = nfn, opìte p�li ja èqeic lim

n
gn(x) = 0 gia k�je x all� lim

n

∫
gn = +∞.

'Otan h akoloujÐa (fn) den eÐnai monìtonh, thn enallag  orÐou me olokl rwsh
mporeÐ na thn exasfalÐsei ènac {elegkt c} g ∈ L1(R)

Je¸rhma 10.7 (Kuriarqhmènh sÔgklish) 'Estw fn ∈ L1(R).Upojè-
toume ìti up�rqei g ∈ L1(R) ¸ste |fn| ≤ g gia k�je n. An gia k�je t ∈ R to
ìrio f(t) = limn fn(t) up�rqei tìte

lim
n
fn ∈ L1(R), I(lim

n
fn) = lim

n
I(fn) kai lim

n
‖fn − f‖1 = 0.

Apìdeixh Jewr¸ntac qwrist� pragmatik� kai fantastik� mèrh, mpor¸ na
upojèsw ìti oi fn paÐrnoun pragmatikèc timèc. OrÐzoume

ψm ≡ sup
k≥m

fk (m ∈ N).

H apìdeixh ja gÐnei me ta ex c b mata:

B ma (a) Ja deÐxoume pr¸ta ìti ψm ∈ L1(R).
B ma (b) Ja deÐxoume ìti f = lim

m
ψm ∈ L1(R) kai I(f) = lim

m
I(ψm).

B ma (g) Ja deÐxoume ìti lim sup
m

I(fm) ≤ I(f) kai tèloc, jewr¸ntac thn

(−fn), ja oloklhr¸soume thn apìdeixh.

Analutik�:
B ma (a) Stajeropoi¸ èna m ∈ N kai orÐzw, gia k�je n ∈ N,

φn,m = g + sup{fm, fm+1, . . . , fm+n}

GnwrÐzoume  dh (Parat rhsh 9.7 (d)) ìti sup{fm, fm+1, . . . , fm+n} ∈ L1(R),
�ra φn,m ∈ L1(R). H akoloujÐa (φn,m)n eÐnai bebaÐwc aÔxousa. EpÐshc eÐnai
�nw fragmènh (kat� shmeÐo) afoÔ fk ≤ |fk| ≤ g �ra φn,m ≤ 2g, epomènwc
to ìrio φm = lim

n
φn,m up�rqei. Tèloc gia k�je n èqoume I(φn,m) ≤ I(2g),

�ra supn I(φn,m) < +∞. IkanopoioÔntai loipìn oi upojèseic tou Jewr matoc
Monìtonhc SÔgklishc kai sunep¸c φm = lim

n
φn,m ∈ L1(R). All� ψm =

φm − g kai g ∈ L1(R), �ra ψm ∈ L1(R).
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B ma (b) 'Eqoume t¸ra gia k�je m ∈ N mÐa ψm ∈ L1(R). ParathroÔme ìti
h akoloujÐa (ψm) eÐnai fjÐnousa, �ra, an um ≡ g − ψm, h (um) eÐnai aÔxousa
kai k�je um an kei ston L1(R). Epiplèon um ≤ g + ψm ≤ 2g, �ra to (kat�
shmeÐo) ìrio u = lim

m
um up�rqei kai sup

m
I(um) < ∞ (afoÔ I(um) ≤ I(2g)

gia k�je m). P�li apì to Je¸rhma Monìtonhc SÔgklishc prokÔptei ìti
u = limum ∈ L1(R) kai I(u) = lim

m
I(um). Epomènwc

inf
m
ψm = lim

m
ψm = g − u ∈ L1(R)

kai I(ψm) = I(g)− I(um)→ I(g)− I(u) = I(g − u)

dhlad  lim
m
I(ψm) = I(lim

m
ψm).

ParathroÔme ìmwc ìti4 lim
m
ψm = lim sup

m
fm = lim

m
fm = f efìson apì thn

upìjesh to teleutaÐo ìrio up�rqei. 'Eqoume loipìn  dh apodeÐxei ìti

f ∈ L1(R) kai I(f) = lim
m
I(ψm).

B ma (g) Epeid  gia k�je k isqÔei h sqèsh I(fk) ≤ I(sup fk), �ra
sup I(fk) ≤ I(sup fk), èqoume t¸ra

lim sup I(fm) = inf
m

(sup
k≥m

I(fk)) ≤ inf
m

(I(sup
k≥m

fk)) = inf
m
I(ψm) = I(f)

opìte lim sup I(fm) ≤ I(f).

Eformìzontac thn Ðdia diadikasÐa sthn akoloujÐa (−fn) pou sugklÐnei sth
−f brÐskoume

lim sup I(−fm) ≤ I(−f) opìte lim inf I(fm) ≥ I(f).

èqoume dhlad 

I(f) ≤ lim inf I(fm) ≤ lim sup I(fm) ≤ I(f)

�ra isqÔei isìthta.
Tèloc, gia na deÐxoume ìti ‖fn − f‖1 → 0, parathroÔme ìti  dh gnwrÐzoume

ìti f − fn ∈ L1(R), epomènwc ‖fn − f‖1 = I(|fn − f |). EpÐshc, |fn − f | → 0
kat� shmeÐo en¸ |fn − f | ≤ |fn| + |f | ≤ 2g. Efarmìzontac loipìn to pr¸to
mèroc tou jewr matoc sthn akoloujÐa (|fn − f |), èqoume lim

n
I(|fn − f |) =

I(lim
n
|fn − f |) = 0 kai h apìdeixh oloklhr¸jhke. 2

4
Υπενθύμιση: lim sup

n
an = lim

n
(sup{ak : k ≥ n}) και lim inf

n
an = lim

n
(inf{ak : k ≥ n}).

Γενικά ισχύει lim inf an ≤ lim sup an με ισότητα αν και μόνον αν το όριο lim an υπάρχει
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11 SÔnola mètrou mhdèn

Orismìc 11.1 'Ena A ⊂ R èqei mètro mhdèn an gia k�je ε > 0 up�rqoun
diast mata Jn ⊆ R me sunolikì m koc

∑
n

m(Jn) < ε ¸ste A ⊆
⋃
n

Jn.

Mia idiìthta isqÔei sqedìn pantoÔ an to sÔnolo twn shmeÐwn sta opoÐa
den isqÔei èqei mètro mhdèn.

L mma 11.1 (a) An J ⊆ R eÐnai (fragmèno) di�sthma me �kra a ≤ b tìte
χJ ∈ L1(R) kai I(χJ) = b− a =

∫
χJ (=to olokl rwma Riemann thc χJ).

(b) An K ⊆ R eÐnai peperasmènh ènwsh (fragmènwn) diasthm�twn, gia
k�je ε > 0 up�rqei g ∈ Coo(R) me χK ≤ g kai

∫
g < I(χK) + ε.

Apìdeixh (a) 'Estw ε > 0. Up�rqoun suneqeÐc h, g : R → [0, 1] ¸ste h g
na isoÔtai me 1 sto [a, b] kai na mhdenÐzetai èxw apì to (a− ε

5
, b+ ε

5
) en¸ h h

mhdenÐzetai èxw apì to (a, b) kai isoÔtai me 1 sto [a+ ε
5
, b− ε

5
] (p�re, an jèleic,

thn g me gr�fhma thn polugwnik  gramm  pou en¸nei ta shmeÐa tou epipèdou
me suntetagmènec (a − ε

5
, 0), (a, 1), (b, 1) kai (b + ε

5
, 0) kai thn h me gr�fhma

thn polugwnik  gramm  pou en¸nei ta shmeÐa (a, 0), (a + ε
5
, 1), (b − ε

5
, 1) kai

(b, 0)).
Tìte h ≤ χJ ≤ g �ra 0 ≤ χJ −h ≤ g−h. Epeid  g−h ∈ Coo(R), apì ton

orismì thc ‖·‖1 prokÔptei ‖χJ − h‖1 ≤
∫

(g − h) ≤ 4
5
ε, giatÐ 0 ≤ g − h ≤ 1

kai h g−h fèretai se dÔo diast mata m kouc 2ε
5
to kajèna. Dhlad  gia k�je

ε > 0 up�rqei h ∈ Coo(R) me ‖χJ − h‖1 < ε.
Autì deÐqnei ìti χJ ∈ L1(R).
T¸ra h sqèsh h ≤ χJ ≤ g dÐnei I(h) ≤ I(χJ) ≤ I(g). All� g, h ∈ Coo(R)

�ra I(h) =
∫
h ≥ (b− ε

5
)−(a+ ε

5
) kai gia ton Ðdio lìgo I(g) ≤ (b+ ε

5
)−(a− ε

5
).

Telik¸c loipìn
(b− a)− ε < I(χJ) < (b− a) + ε

pr�gma pou deÐqnei, afoÔ to ε eÐnai aujaÐreto, ìti I(χJ) = b− a =
∫
χJ .

(b) An to K eÐnai èna di�sthma J , èqoume  dh breÐ sto (a) mia g ∈ Coo(R)
me χK ≤ g kai

∫
g ≤ (b − a) + 2

5
ε < I(χK) + ε. Epeid  k�je peperasmènh

ènwsh K =
n⋃
k=1

Jk diasthm�twn gr�fetai wc peperasmènh ènwsh xènwn an�

dÔo5 diasthm�twn K =
m⋃
i=1

Vi, opìte χK =
m∑
i=1

χVi
, to sumpèrasma èpetai t¸ra

apì th grammikìthta tou oloklhr¸matoc. 2

5
θέτω

K1 = J1, K2 = J2 \ J1, K3 = J3 \ (J1 ∪ J2), . . . .

59



Prìtash 11.2 'Estw h : R→ C. Tìte

‖h‖1 = 0 ⇐⇒ h = 0 sqedìn pantoÔ.

Sthn perÐptwsh aut  h ∈ L1(R).

Apìdeixh 'Eqoume  dh parathr sei ìti kaje sun�rthsh h pou ikanopoieÐ
‖h‖1 = 0 an kei ston L1(R). ArkeÐ loipìn na deÐxoume thn isodunamÐa.

(a) An h = 0 sqedìn pantoÔ, na deÐxoume ìti ‖h‖1 = 0.
(a1) Upojètoume pr¸ta ìti epiplèon h h eÐnai fragmènh, èstw |h| ≤M .
'Estw ε > 0. To sÔnolo A = {t ∈ R : h(t) 6= 0} kalÔptetai apì mÐa

arijm simh ènwsh
⋃
m Jn ⊇ A apì diast mata sunolikoÔ m kouc

∑
nm(Jn) <

ε. Jètw
K1 = J1, K2 = J2 \ J1, K3 = J3 \ (J1 ∪ J2), . . . .

Tìte k�je Kj eÐnai peperasmènh ènwsh diasthm�twn kai kat� sunèpeia h qa-
rakthristik  tou sun�rthsh χj = χKj

an kei ston L1(R) kai I(χj) =
∫
χj.

EpÐshc Kj ⊆ Jj �ra
I(χj) ≤ I(χJj

) = m(Jj)

opìte
∑

n I(χn) ≤
∑

nm(Jn) < ε. ParathroÔme t¸ra ìti h sqèsh A ⊆
∪nJn = ∪nKn sunep�getai, efìson ta Kn eÐnai xèna an� dÔo, ìti 0 ≤ χA ≤∑

n χn kai sunep¸c

|h| = |h|χA ≤M
∑
n

χn (5)

Apì to L mma 11.1 brÐskoume, gia k�je n ∈ N, mia hn ∈ Coo(R) me χn ≤ hn
kai
∫
hn ≤

∫
χn + ε

2n opìte èqoume

|h| ≤M
∑
n

χn ≤
∑
n

(Mhn)

kai
∑
n

∫
(Mhn) ≤M

∑
n

I(χn) +M
∑
n

ε

2n
< 2Mε.

Apo ton orismì thc ‖·‖1, autì deÐqnei ìti ‖h‖1 = 0.
DeÐxame loipìn ìti, an h h mhdenÐzetai sqedìn pantoÔ kai epiplèon eÐnai

fragmènh, tìte ‖h‖1 = 0.

και παρατηρώ ότι κάθε Kj είναι πεπερασμένη ένωση διαστημάτων
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(a2) An h h den eÐnai fragmènh, proseggÐzoume thn |h| me fragmènec
sunart seic {stamat¸ntac k�je for� sto Ôyoc n}, dhlad  orÐzontac

hn(t) = min{|h(t)|, n} =

{
|h(t)|, an |h(t)| ≤ n
n, an |h(t)| > n

Epeid  k�je hn eÐnai fragmènh kai (ìpwc kai h h) mhdenÐzetai sqedìn pantoÔ,
èpetai ìti ‖hn‖1 = 0, ìpwc mìlic apodeÐxame. ParathroÔme ìti hn ∈ L1(R)
(afoÔ ‖hn‖1 = 0), ìti h akoloujÐa (hn) eÐnai aÔxousa, kai ìti hn → |h| kat�
shmeÐo. To Je¸rhma Monìtonhc SÔgklishc deÐqnei loipìn ìti h ∈ L1(R) kai

‖h‖1 = I(|h|) = lim
n
I(hn) = 0

giatÐ I(hn) = ‖hn‖1 = 0 (afoÔ hn ≥ 0).

(b) Upojètoume t¸ra antÐstrofa ìti ‖h‖1 = 0 kai ja deÐxoume ìti h = 0
sqedìn pantoÔ.

'Estw A = {t ∈ R : h(t) 6= 0}. Ja deÐxw ìti to A èqei mètro mhdèn.
Parathr¸ pr¸ta ìti ‖χA‖1 = 0. Pr�gmati: Gr�fw A = ∪nAn ìpou

An = {t ∈ R : |h(t)| ≥ 1
n
}. EÔkola faÐnetai6 ìti 1

n
χAn ≤ |h|. Kat� sunèpeia

èqw
∥∥ 1
n
χAn

∥∥
1
≤ ‖h‖1 = 0 �ra ‖χAn‖1 = 0 kai sunep¸c χAn ∈ L1(R). 'Omwc

χAn ↗ χA �ra apì monìtonh sÔgklish èqw χA ∈ L1(R) kai ‖χA‖1 = I(χA) =
lim I(χAn) = 0.

'Estw ε ∈ (0, 1
2
). Efìson ‖χA‖1 = 0 up�rqoun hn ∈ Coo(R), hn ≥ 0 ¸ste

χA ≤
∑

n hn kai
∑

n

∫
hn < ε. Jètoume

fn(t) = min

{
n∑
k=1

hk(t), 1

}
.

ParathroÔme (a) ìti fn ∈ Coo(R), (b) ìti h akoloujÐa (fn) eÐnai aÔxousa kai
fragmènh (apì to 1), epomènwc sugklÐnei kat� shmeÐo kai (g) ìti gia k�je n
isqÔei

I(fn) =

∫
fn ≤

∫ n∑
k=1

hk =
n∑
k=1

∫
hk ≤ ε.

'Estw f = lim
n
fn. Apì to Je¸rhma Monìtonhc SÔgklishc èqoume ìti f ∈

L1(R) kai I(f) = lim I(fn) ≤ ε.

6
αν t /∈ An τότε

1
nχAn

(t) = 0 ≤ |h(t)| ενώ αν t ∈ An τότε
1
nχAn

(t) = 1
n ≤ |h(t)|
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'Estw U = {x ∈ R : f(x) > 1
2
}. Parat rhse ìti to U eÐnai anoiktì.

(Pr�gmati, an x ∈ U , tìte afoÔ lim
n
fn(x) > 1

2 up�rqei n ¸ste fn(x) > 1
2 opìte

to sÔnolo Un = {y ∈ R : fn(y) > 1
2} perièqei to x, eÐnai anoiktì (afoÔ h f eÐnai

suneq c) kai perièqetai sto U , afoÔ k�je y ∈ Un ikanopoieÐ lim
m
fm(y) ≥ fn(y) > 1

2 .)

Epeid  0 ≤ 1
2
χU ≤ f , èqoume

‖χU‖1 ≤ 2 ‖f‖1 = 2I(f) ≤ 2ε.

Gr�foume to U wc arijm simh xènh ènwsh anoikt¸n diasthm�twn U =
⋃
k Jk.

K�je Jk an kei ston L1(R) kai I(χJk
) = m(Jk), to m koc tou diast matoc.

All� χU =
∑
χJk

afou ta Jk eÐnai xèna, �ra gia k�je n èqoume
∑n

k=1 χJk
≤

χU kai sunep¸c

n∑
k=1

m(Jk) =
n∑
k=1

I(χJk
) = I

(
n∑
k=1

χJk

)
=

∥∥∥∥∥
n∑
k=1

χJk

∥∥∥∥∥
1

≤ ‖χU‖1 ≤ 2ε .

'Omwc, to U perièqei to A, giatÐ an t ∈ A tìte, efìson 1 = χA(t) ≤
∞∑
k=1

hk(t)

up�rqei n ¸ste
n∑
k=1

hk(t) >
1
2
opìte fn(t) = min{

n∑
k=1

hk(t), 1} > 1
2
�ra

f(t) > 1
2
, opìte t ∈ U .

DeÐxame loipìn ìti gia k�je ε up�rqoun diast mata Jk me A ⊆
⋃
k Jk kai∑n

k=1m(Jk) < 3ε pr�gma pou shmaÐnei ìti to A èqei mètro mhdèn. 2

Pìrisma 11.3 'Estw f, g : R→ C. Tìte

‖f − g‖1 = 0 ⇐⇒ f = g sqedìn pantoÔ.

Sthn perÐptwsh aut  h f an kei ston L1(R) an kai mìnon an h g an kei ston
L1(R).

*O q¸roc Banach L1(R) ParathroÔme ìti h sqèsh {f(x) = g(x) sqedìn gia
k�je x ∈ R} eÐnai sqèsh isodunamÐac ston grammikì q¸ro L1(R). To sÔnolo twn
kl�sewn isodunamÐac onom�zetai L1(R). EÐnai o (grammikìc) q¸roc phlÐko L1(R)/N ,
ìpou

N = {f : R→ C : ‖f‖1 = 0}
= {f : R→ C : f(x) = 0 sqedìn gia k�je x ∈ R}.
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Pr�gmati, an f, g ∈ L1(R), tìte f = g sqedìn pantoÔ an kai mìnon an f − g ∈ N .
O N eÐnai uposÔnolo tou L1(R), diìti an ‖f‖1 = 0 tìte f ∈ L1(R), kai eÐnai

grammikìc upìqwroc afoÔ h ‖·‖1 eÐnai hminìrma ston L1(R).
H ‖·‖1 ep�gei mia nìrma ston L1(R) pou sumbolÐzetai (kataqrhstik�) p�li ‖·‖1

kai orÐzetai apì th sqèsh

‖ [f ] ‖1 = ‖f‖1 (f ∈ L1(R))

ìpou [f ] = {g ∈ L1(R) : g = f sqedìn pantoÔ} = {f + h : h ∈ N}
eÐnai h kl�sh isodunamÐac mi�c f ∈ L1(R).

Apì to Je¸rhma 10.1 èpetai ìti o q¸roc L1(R) efodiasmènoc me thn metrik 
d([f ], [g]) = ‖f − g‖1 eÐnai pl rhc metrikìc q¸roc. Dhlad  o q¸roc (L1(R), ‖·‖1)
eÐnai q¸roc Banach.

O L1(R) apoteleÐtai loipìn apì kl�seic isodunamÐac sunart sewn, kai ìqi apì

sunart seic, ìpwc o L1(R). Sun jwc ìmwc, ìtan den up�rqei kÐndunoc sÔgqushc,

tautÐzoume mia sun�rthsh f ∈ L1(R) me thn kl�sh thc [f ] ∈ L1(R).

12 Olokl rwma Lebesgue kai olokl rwma

Riemann

12.1 UpenjÔmish: To olokl rwma Riemann

'Estw f : [a, b]→ R fragmènh. Gia k�je diamèrish P tou [a, b]

P = {a = t0 < t1 < · · · < tn = b}

se xèna an� dÔo diast mata
Ik = [tk−1, tk), (k = 1, 2, . . . , n− 1) kai In = [tn−1, tn] jètoume

Mi = Mi(f) = sup{f(s) : s ∈ Ii}
mi = mi(f) = inf{f(s) : s ∈ Ii} (i = 1, . . . , n).

kai

L(f,P) =
n∑
i=1

mi(f)(ti − ti−1) U(f,P) =
n∑
i=1

Mi(f)(ti − ti−1).

Ta L(f,P) kai U(f,P) onom�zontai to k�tw kai �nw �jroisma
Riemann thc f wc proc th diamèrish P .
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EÐnai safèc ìti L(f,P) ≤ U(f,P). Jewr¸ntac diadoqik� diamerÐseic me
ìlo kai perissìtera shmeÐa, ja parathr soume ìti ta k�tw ajroÐsmata me-
gal¸noun, paramènontac ìmwc ìla mikrìtera (  Ðsa) apì k�je �nw �jroi-
sma, en¸ ta �nw ajroÐsmata mikraÐnoun, paramènontac ìmwc ìla megalÔtera
(  Ðsa) apì k�je k�tw �jroisma. An up�rqei ènac kai monadikìc arijmìc
I an�mesa sta k�tw kai ta �nw ajroÐsmata, dhlad  tètoioc ¸ste na isqÔei
L(f,P) ≤ I ≤ U(f,Q) gia opoiesd pote dÔo diamerÐseic P kai Q tou [a, b],
tìte autìc o arijmìc onom�zetai to olokl rwma Riemann thc f sto [a, b].
Alli¸c, to olokl rwma Riemann thc f sto [a, b] den up�rqei. Ta ajroÐsmata
Riemann loipìn apoteloÔn k�tw kai �nw proseggÐseic7 tou oloklhr¸matoc
Riemann, ìtan autì up�rqei.

Prìtash 12.1 (Krit rio Riemann) 'Estw f : [a, b]→ R fragmènh. H
f eÐnai oloklhr¸simh kat� Riemann an kai mìnon an gia k�je ε > 0 up�rqei
diamèrish Pε tou [a, b] ¸ste

U(f,Pε)− L(f,Pε) < ε.

IsodÔnama:
Gia k�je diamèrish P tou [a, b] orÐzoume klimakwtèc sunart seic hP , gP

sto [a, b] wc ex c: k�je t ∈ [a, b] an kei akrib¸c se èna apì ta Ii kai jètoume

hP(t) = mi(f), gP(t) = Mi(f), t ∈ Ii
dhlad 

hP =
n∑
i=1

mi(f)χIi , gP =
n∑
i=1

Mi(f)χIi

Diapist¸netai eÔkola ìti

hP(t) ≤ f(t) ≤ gp(t) gia k�je t ∈ [a, b]

kai

∫ b

a

hP(t)dt = L(f,P),

∫ b

a

gP(t)dt = U(f,P).

Epomènwc to krit rio Riemann anadiatup¸netai wc ex c:

Prìtash 12.2 'Estw f : [a, b] → R fragmènh. H f eÐnai eÐnai oloklhr¸-
simh kat� Riemann an kai mìnon an gia k�je ε > 0 up�rqoun klimakwtèc

sunart seic gε, hε : [a, b]→ R ¸ste gε ≤ f ≤ hε kai
∫ b
a
(hε − gε) < ε.

7
Μπορεί να διαπιστώσει κανείς ότι, είτε υπολογίσει τα άνω και κάτω αθροίσματα χρησι-

μοποιώντας ημι-ανοιχτα διαστήματα (όπως εδώ) είτε τα υπολογίσει χρησιμοποιώντας κλειστά

διαστήματα, η ύπαρξη και η τιμή του ολοκληρώματος της f δεν επηρεάζονται.
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12.2 Olokl rwma Riemann kai olokl rwma Lebe-
sgue

Exet�zoume t¸ra th sqèsh an�mesa sto olokl rwma Riemann kai to olokl -
rwma Lebesgue.

Onom�zoume R ton grammikì q¸ro twn Riemann oloklhr¸simwn sunar-
t sewn f : R → C. UpenjumÐzoume ìti mia sun�rthsh f : R → C eÐnai
Riemann oloklhr¸simh an kai mìnon an to pragmatikì kai fantastikì thc
mèroc u kai v eÐnai Riemann oloklhr¸simec sunart seic. Tìte h f eÐnai
anagkastik� fragmènh kai fèretai se èna sumpagèc di�sthma [a, b], kai ex ori-
smoÔ

∫
f =

∫
u+ i

∫
v (ìpou ta oloklhr¸mata eÐnai oloklhr¸mata Riemann

sto [a, b].)
MporoÔme loipìn na periorisjoÔme se sunart seic me pragmatikèc timèc.

Ja deÐxoume ìti k�je Riemann oloklhr¸simh sun�rthsh f an kei ston
L1(R) kai ìti I(f) =

∫
f .

Epeid  oi sunart seic hP kai gP thc prohgoumènhc paragr�fou eÐnai klima-
kwtèc (dhlad  grammikoÐ sunduasmoÐ qarakthristik¸n sunart sewn (fragmè-
nwn) diasthm�twn), apì to L mma 11.1 an koun ston L1(R) kai to olokl rwma
Riemann twn sunart sewn aut¸n sumpÐptei me to olokl rwma Lebesgue.

Epilègoume epagwgik� diamerÐseic P1 ⊆ P2 ⊆ . . . ⊆ Pn ⊆ . . . ¸ste h
{leptìthta} (dhlad  h apìstash dÔo diadoqik¸n shmeÐwn) thc Pn na eÐnai
mikrìterh apì 1

n
kai

lim
n→∞

∫ b

a

hPn = sup
P
L(f,P) ≡

∫ b

a

f, lim
n→∞

∫ b

a

gPn = inf
P
U(f,P) ≡

∫ b

a

f.

ParathroÔme ìti h akoloujÐa (hPn) = (hn) eÐnai aÔxousa kai h (gPn) = (gn)
eÐnai fjÐnousa kai ìti hn ≤ f ≤ gn gia k�je n. Jètoume h = supn hn kai
g = infn gn . Ta ìria aut� up�rqoun kai

h ≤ f ≤ g.

QwrÐc kammi� upìjesh gia thn f (ektìc tou ìti eÐnai fragmènh) apì to
Je¸rhma Kuriarqhmènhc SÔgklishc sumperaÐnoume ìti oi h kai g an koun
ston L1(R) kai ìti

I(h) = lim
n
I(hn) =

∫ b

a

f kai I(g) = lim
n
I(gn) =

∫ b

a

f.
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Pr�gmati, jètontac φ = max{|h1|, |g1|}, parathroÔme ìti φ ∈ L1(R). Oi
anisìthtec h1 ≤ hn ≤ gn ≤ g1 dÐnoun |hn| ≤ φ kai |gn| ≤ φ opìte to Je¸rhma
Kuriarqhmènhc SÔgklishc efarmìzetai.

Epomènwc h f eÐnai Riemann oloklhr¸simh an kai mìnon an isqÔei h isìthta

I(h) = I(g).

Efìson h ≤ g, h isìthta aut  isqÔei an kai mìnon an h(x) = g(x) sqedìn gia
k�je x ∈ [a, b]. 'Eqoume loipìn:

Parat rhsh H f eÐnai Riemann oloklhr¸simh an kai mìnon an h(x) = g(x)
sqedìn pantoÔ.

Tìte isqÔei kai h(x) = f(x) = g(x) sqedìn gia k�je x ∈ [a, b] opìte h f
an kei ston L1(R) (Pìrisma 11.3)

I(f) = I(h) =

∫ b

a

f

dhlad  to olokl rwma Lebesgue thc f sumpÐptei me to olokl rwma Riemann.

Ja deÐxoume t¸ra ìti h f eÐnai Riemann oloklhr¸simh an kai mìnon an
eÐnai sqedìn pantoÔ suneq c.

Isqurismìc 'Estw x ∈ [a, b] pou den an kei se kanèna apì ta diaqwristik�
shmeÐa kammi�c apì tic diamerÐseic Pn. Tìte h f eÐnai suneq c sto x an kai
mìnon an h(x) = g(x).

Apìdeixh An h f eÐnai suneq c sto x, tìte gia k�je ε > 0 up�rqei δ > 0
¸ste an t ∈ [a, b] kai |t − x| < δ na isqÔei |f(t) − f(x)| < ε. Epilègoume
n ∈ N ¸ste 1

n
< δ, opìte h leptìthta thc antÐstoiqhc diamèrishc Pn eÐnai

mikrìterh apì δ. 'Epetai ìti an Ik eÐnai to di�sthma8 thc Pn ìpou an kei to x,
tìte k�je t ∈ Ik ja ikanopoieÐ |t− x| < δ, �ra |f(t)− f(x)| < ε kai sunep¸c
|Mk(f)− f(x)| ≤ ε kai |mk(f)− f(x)| ≤ ε �ra |Mk(f)−mk(f)| ≤ 2ε. AfoÔ
x ∈ Ik, èqoume gn(x) = Mk(f) kai hn(x) = mk(f) opìte gn(x)− hn(x) ≤ 2ε.
All� 0 ≤ g(x) − h(x) ≤ gn(x) − hn(x) ≤ 2ε, pr�gma pou shmaÐnei (afoÔ to
ε > 0 eÐnai aujaÐreto) ìti g(x)− h(x) = 0.

An antÐstrofa g(x) − h(x) = 0 tìte gia k�je ε > 0 up�rqei n ∈ N
¸ste 0 ≤ gn(x) − hn(x) < ε opìte, an Ik = [tk−1, tk) eÐnai to di�sthma thc

8
μοναδικό, αφού τα In είναι ξένα
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antÐstoiqhc Pn ìpou an kei to x, tìte mk(f) ≤ f(x) ≤ Mk(f) kai gia k�je
t ∈ Ik èqoume mk(f) ≤ f(t) ≤Mk(f), �ra

|f(t)− f(x)| ≤Mk(f)−mk(f) = gn(x)− hn(x) < ε.

Dhlad  gia k�je ε > 0 up�rqei anoiktì di�sthma (tk−1, tk) gÔrw apì to x
¸ste gia k�je t ∈ (tk−1, tk) na isqÔei |f(t) − f(x)| < ε, pou shmaÐnei ìti h f
eÐnai suneq c sto x. 2

'Estw loipìn ìti h f eÐnai Riemann oloklhr¸simh. Apì thn Parat rhsh,
up�rqei èna sÔnolo N1 ⊆ [a, b] mètrou mhdèn ¸ste h(x) = g(x) gia k�je
x ∈ [a, b] \ N1. An onom�soume N thn ènwsh tou N1 me to sÔnolo ∪nPn
ìlwn twn shmeÐwn ìlwn twn diamerÐsewn Pn, n ∈ N (pou eÐnai arijm simo,�ra
èqei mètro mhdèn), tìte to N èqei mètro mhdèn kai h f eÐnai suneq c se k�je
x ∈ [a, b] \N , dhlad  sqedìn pantoÔ. Pr�gmati, an x /∈ N tìte to x den eÐnai
shmeÐo kammi�c diamèrishc; epÐshc x /∈ N1 �ra h(x) = g(x), opìte h f eÐnai
suneq c sto x apì ton Isqurismì.

'Estw antÐstrofa ìti h f eÐnai suneq c sqedìn pantoÔ, dhlad  up�rqei
èna sÔnolo N2 ⊆ [a, b] mètrou mhdèn ¸ste h f na eÐnai suneq c se k�je
x ∈ [a, b] \ N2. Jètoume M = N2 ∪ (∪nPn). Gia k�je x ∈ M c, h f eÐnai
suneq c sto x, opìte apì ton Isqurismì prokÔptei h isìthta h(x) = g(x).
All� toM èqei mètro mhdèn, �ra h = g sqedìn pantoÔ. Apì thn Parat rhsh
prokÔptei ìti to olokl rwma Riemann thc f sto [a, b] up�rqei.

SunoyÐzoume:

Je¸rhma 12.3 Mia fragmènh sun�rthsh f : [a, b]→ R eÐnai Riemann olo-
klhr¸simh an kai mìnon an eÐnai sqedìn pantoÔ suneq c, an dhlad  to sÔnolo
twn asuneqei¸n thc èqei mètro mhdèn. Tìte h f eÐnai Lebesgue oloklhr¸simh
kai ta dÔo oloklhr¸mata sumpÐptoun.

Parat rhsh 12.4 Ac tonÐsoume th diafor� an�mesa sthn ènnoia {sqedìn
pantoÔ suneq c} kai thn ènnoia {sqedìn pantoÔ Ðsh me mia suneq  sun�rth-
sh}:

Gia par�deigma h sun�rthsh Dirichlet, dhlad  h qarakthristik  sun�rthsh
twn rht¸n, den eÐnai poujen� suneq c, all� eÐnai sqedìn pantoÔ Ðsh me th
suneq  sun�rthsh f(t) = 0. AntÐjeta h qarakthristik  sun�rthsh tou [1

3
, 2

3
]

eÐnai sqedìn pantoÔ suneq c (afoÔ eÐnai asuneq c mìno sta shmeÐa 1
3
kai 2

3
),

all� den mporeÐ na eÐnai sqedìn pantoÔ Ðsh me mia suneq  sun�rthsh, giatÐ
èqei �lma sta dÔo aut� shmeÐa.
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