
14 O q¸roc L2(R)

Sumbolismìc Sta epìmena, an f ∈ L1(R) sumbolÐzoume to olokl rwma
Lebesgue I(f) thc f me to sÔmbolo

∫
fdm, dhlad ∫

fdm ≡
∫
f(t)dm(t) ≡ I(f).

Orismìc 14.1 An f : R→ C jètoume ‖f‖2 = ‖f 2‖1/21

dhlad  ‖f‖22 = inf

{
∞∑
n=1

∫
hn : hn∈ Coo(R), hn ≥ 0,

∑
n

hn ≥ |f |2
}
∈ [0,+∞]

Prìtash 14.1 An f, fn : R→ C kai λ ∈ C èqoume

(a) ‖λf‖2 = |λ| ‖f‖2 (sÔmbash: 0 · ∞ = 0)

(b) an ‖f1‖2 <∞ kai ‖f2‖2 <∞ tìte ‖f1f2‖1 ≤ ‖f1‖2 ‖f2‖2 <∞

(g) an |f | ≤
∑
n

|fn| tìte ‖f‖2 ≤
∑
n

‖fn‖2.

Apìdeixh H isìthta (a) eÐnai eÔkolh.
(b) An ‖f1‖2 = 0 tìte ‖|f1|2‖1 = 0, �ra |f1|2 = 0 sqedìn pantoÔ (Prìtash

11.2), opìte f1 = 0 sqedìn pantoÔ, �ra f1f2 = 0 sqedìn pantoÔ, sunep¸c
‖f1f2‖1 = 0 kai h anisìthta isqÔei. To Ðdio sumbaÐnei ìtan ‖f2‖2 = 0.

An ‖f1‖2 ‖f2‖2 > 0 jètw gi = fi

‖fi‖2
opìte ‖gi‖2 = 1 apì thn (a). 'Eqoume

2|g1g2| ≤ |g1|2 + |g2|2

�ra ‖2g1g2‖1 ≤
∥∥|g1|2 + |g2|2

∥∥
1
≤
∥∥|g1|2

∥∥
1

+
∥∥|g2|2

∥∥
1

= ‖g1‖22 + ‖g2‖22

ìpou h pr¸th anisìthta èpetai apì thn monotonÐa thc ‖·‖1 kai h deÔterh a-
pì thn trigwnik  anisìthta gia thn ‖·‖1. 'Omwc ‖gi‖2 = 1, �ra deÐxame ìti
‖2g1g2‖1 ≤ 2, dhlad  ∥∥∥∥ f1

‖f1‖2
f2

‖f2‖2

∥∥∥∥
1

≤ 1

opìte p�li apì thn (a) prokÔptei ìti

‖f1f2‖1 ≤ ‖f1‖2 ‖f2‖2 .
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(g) ArkeÐ na upojèsw ìti ‖fn‖ <∞ gia k�je n (alli¸c, h zhtoÔmenh anisì-
thta isqÔei tetrimèna).

Apo th sqèsh |f | ≤
∑

n |fn| èqoume

|f |2 ≤
∑
n,m

|fn||fm|. (1)

'Omwc xèroume (Prìtash 9.5) ìti an |g| ≤
∑

n |gn| tìte ‖g‖1 ≤
∑

n ‖gn‖1.
Epomènwc h anisìthta (1) dÐnei

‖f‖22 =
∥∥f 2
∥∥

1
≤
∑
n,m

‖fnfm‖1 ≤
∑
n,m

‖fn‖2 ‖fm‖2

(apì to (b)). 'Omwc h teleutaÐa par�stash isoÔtai me
∑

n ‖fn‖
2
2. 2

H anisìthta pou mìlic deÐxame èqei wc �mesh sunèpeia to

Pìrisma 14.2 (a) ‖f1 + f2‖2 ≤ ‖f1‖2 + ‖f2‖2.
(b) An |f | ≤ |g|, tìte ‖f‖2 ≤ ‖g‖2.

Orismìc 14.2 MÐa f : R → C an kei ston L2(R) an up�rqei akoloujÐa
(fn) me fn ∈ Coo(R) ¸ste ‖f − fn‖2 → 0.

Prìtash 14.3 (a) O L2(R) eÐnai grammikìc q¸roc kai h ‖·‖2 eÐnai hmi-
nìrma ston L2(R).
(b) An f : R→ C, tìte ‖f‖2 = 0 an kai mìnon an f(x) = 0 sqedìn gia k�je
x. S' aut n thn perÐptwsh, h f an kei ston L2(R).

Apìdeixh H (a) èpetai eÔkola apì ton orismì kai thn Prìtash 14.1.
(b) An ‖f‖2 = 0 tìte f ∈ L2(R) (p�re fn = 0).
EpÐshc, afoÔ ‖f‖22 = ‖f 2‖1, èqoume ‖f‖2 = 0 ⇐⇒ ‖|f |2‖1 = 0, pr�gma

pou isodunameÐ (Prìtash 11.2) me thn |f1|2 = 0 sqedìn pantoÔ, dhl. f1 = 0
sqedìn pantoÔ.

Prìtash 14.4 An f ∈ Coo(R) kai g ∈ L2(R), tìte f ∈ L2(R) kai
fg ∈ L2(R), m�lista ‖fg‖2 ≤ ‖f‖∞ ‖g‖2.
Dhlad  Coo(R) ⊆ L2(R) kai Coo(R)L2(R) ⊆ L2(R).

Apìdeixh H sqèsh Coo(R) ⊆ L2(R) eÐnai profan c. EpÐshc, an f ∈ Coo(R)
kai g ∈ L2(R), èqoume |fg| ≤ ‖f‖∞ |g| opìte ‖fg‖2 ≤ ‖f‖∞ ‖g‖2 apì to Pì-
risma 14.2(b). T¸ra, epilègontac gn ∈ Coo(R) me ‖g − gn‖2 → 0 parathroÔme
ìti fgn ∈ Coo(R) kai ‖fg − fgn‖2 ≤ ‖f‖∞ ‖g − gn‖2 → 0.
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Parat rhsh 14.5 (a) An K ⊆ R eÐnai fragmèno di�sthma1 tìte
L2(K) $ L1(K) (ìpou Lp(K) (p = 1, 2) eÐnai o q¸roc twn sunart sewn tou
Lp(R) pou mhdenÐzontai èxw apì to K).

(b) Genik� oÔte o L1(R) perièqetai ston L2(R) oÔte o L2(R) ston L1(R).

Apìdeixh (a)ParathroÔme kat' arq n ìti h χK eÐnai Riemann-oloklhr¸simh
kai

‖χK‖22 =
∥∥χ2

K

∥∥
1

=

∫
χ2
Kdm =

∫
χK = m(K),

ìpou m(K) to m koc tou diast matoc K. An h f : R → C mhdenÐzetai èxw
apì to K, tìte f = fχK kai sunep¸c

‖f‖1 = ‖fχK‖1 ≤ ‖f‖2 ‖χK‖2 = ‖f‖2
√
m(K)

(apì thn anisìthta 14.1(b)). Epomènwc an f ∈ L2(K) kai fn ∈ Coo(R) me
‖f − fn‖2 → 0, tìte

‖f − fnχK‖1 = ‖(f − fn)χK‖1 ≤ ‖(f − fn)χK‖2
√
m(K)→ 0.

pr�gma pou deÐqnei, efìson fnχK ∈ L1(K), ìti f ∈ L1(K).
'Oti L2(K) 6= L1(K) ja faneÐ me to par�deigma thc f sto (b).

(b) ParadeÐgmatoc q�rin an f, g : R→ R eÐnai oi sunart seic

f(x) =

{ 1√
x
, x ∈ (0, 1]

0, x ∈ (−∞, 0] ∪ (1,∞)
kai g(x) =

{
1
x
, x > 0

0, x ≤ 0

tìte h f an kei ston L1(R) all� ìqi ston L2(R) (m�lista an kei ston L1([0, 1])\
L2([0, 1])), en¸ h g an kei ston L2(R) all� ìqi ston L1(R). (Gia tic apodeÐxeic
twn isqurism¸n, dec tic Ask seic.)

Prìtash 14.6 An f, g ∈ L2(R) tìte fg ∈ L1(R).

Apìdeixh An fn, gn ∈ Coo(R) me ‖fn − f‖2 → 0 kai ‖gn − g‖2 → 0 tìte
fngn ∈ Coo(R) kai

‖fg − fngn‖1 ≤ ‖(f − fn)g‖1 + ‖fn(g − gn)‖1
≤ ‖f − fn‖2 ‖g‖2 + ‖fn‖2 ‖g − gn‖2 → 0.

(Qrhsimopoi same thn anisìthta 14.1(b).)

1
το συμπέρασμα ισχύει γενικότερα όταν το K είναι συμπαγές υποσύνολο
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Orismìc 14.3 An f, g ∈ L2(R) orÐzoume

〈f, g〉 =

∫
fḡdm.

O 〈f, g〉 eÐnai kal� orismènoc migadikìc arijmìc. Oi epìmenec idiìthtec èpontai
�mesa apì th grammikìthta tou oloklhr¸matoc kai thn anisìthta 14.1(b).

Parat rhsh 14.7 An f, g, h ∈ L2(R) kai λ ∈ C tìte 〈f, g〉 ∈ C kai

(i) 〈f + λg, h〉 = 〈f, h〉+ λ 〈g, h〉
(ii) 〈g, f〉 = 〈f, g〉

(iii) 〈f, f〉 = ‖f‖22 ≥ 0

(iv) 〈f, f〉 = 0 ⇐⇒ f = 0 sqedìn pantoÔ

(hmi-eswterikì ginìmeno) kai

| 〈f, g〉 | ≤ ‖f‖2 ‖g‖2

(anisìthta Cauchy-Schwarz).

Je¸rhma 14.8 (plhrìthta) An mia akoloujÐa (fn) stoiqeÐwn tou L2(R)
eÐnai {basik  wc proc thn ‖·‖2}, an dhlad  gia k�je ε > 0 up�rqei no ∈ N ¸ste
‖fn − fm‖2 < ε gia k�je n,m ≥ no, tìte up�rqei (ìqi monadik ) f ∈ L2(R)
¸ste ‖f − fn‖2 → 0.

H apìdeixh eÐnai entel¸c an�logh me ekeÐnhn thc antÐstoiqhc Prìtashc gia
ton L1(R) (Prìtash 10.1).

*O q¸roc Hilbert L2(R) O q¸roc autìc apoteleÐtai apì tic kl�seic isodu-
namÐac [f ] twn stoiqeÐwn tou L2(R) wc proc th sqèsh isìthtac sqedìn pantoÔ. EÐnai
o (grammikìc) q¸roc phlÐko L2(R)/N , ìpou

N = {f : R→ C : ‖f‖2 = 0}
= {f : R→ C : f(x) = 0 sqedìn gia k�je x ∈ R}.

(Dec th sqetik  suz thsh gia ton L1(R)).
H apeikìnish (f, g) → 〈f, g〉 ep�gei èna eswterikì ginìmeno ston L2(R) pou

sumbolÐzetai (kataqrhstik�) p�li 〈·, ·〉 kai orÐzetai apì th sqèsh

〈[f ], [g]〉 = 〈f, g〉 (f, g ∈ L2(R)).
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To eswterikì ginìmeno eÐnai kal� orsmèno: to 〈[f ], [g]〉 den exart�tai apì touc
antipros¸pouc twn kl�sewn [f ] kai [g]. Pr�gmati, an [f ] = [f ′] kai [g] = [g′] tìte
jètontac φ = f − f ′ kai ψ = g− g′ parathroÔme ìti φ = 0 kai ψ = 0 sqedìn pantoÔ
kai �ra 〈

f ′, g′
〉

= 〈f + φ, g + ψ〉 = 〈f, g〉+ 〈f, ψ〉+ 〈φ, g + ψ〉

= 〈f, g〉+
∫
fψ̄dm+

∫
φ(g + ψ)dm = 〈f, g〉

giatÐ fψ̄ = 0 sqedìn pantoÔ kai φ(g + ψ) = 0 sqedìn pantoÔ.
'Epetai ìti h ‖·‖2 ìpou ‖ [f ] ‖22 = 〈[f ], [f ]〉 = ‖f‖22 eÐnai nìrma ston L2(R).
Apì to Je¸rhma 14.8 èpetai ìti o q¸roc L2(R) efodiasmènoc me thn metrik 

d([f ], [g]) = ‖f − g‖2 eÐnai pl rhc metrikìc q¸roc. Epomènwc o q¸roc (L2(R), 〈·, ·〉)
eÐnai q¸roc Hilbert.

O L2(R) apoteleÐtai loipìn apì kl�seic isodunamÐac sunart sewn, kai ìqi apì

sunart seic, ìpwc o L2(R). Sun jwc ìmwc, ìtan den up�rqei kÐndunoc sÔgqushc,

tautÐzoume mia sun�rthsh f ∈ L2(R) me thn kl�sh thc [f ] ∈ L2(R).

15 Seirèc Fourier sunart sewn kl�sewc L2

SumbolismoÐ ‖f‖1 =
1

2π

∫ π

−π
|f(t)|dm(t), ‖g‖22 =

1

2π

∫ π

−π
|g(t)|2dm(t)

〈g, h〉 =
1

2π

∫ π

−π
gh̄dm, f ∈ L1([−π, π]), g, h ∈ L2([−π, π]).

Ac upenjumÐsoume ìti C([−π, π]) ⊆ L2([−π, π]) ⊆ L1([−π, π]) kai ìti2

‖f‖1 ≤ ‖f‖2 ìtan f ∈ L2([−π, π]) kai ‖f‖2 ≤ ‖f‖∞ ìtan f ∈ C([−π, π])
(  ìtan h f eÐnai Riemann-oloklhr¸simh).

'Estw f ∈ L1([−π, π]). An ek(t) = eikt ìpou k akèraioc, parathroÔme ìti
h ek eÐnai suneq c, �ra h fek an kei ston L1([−π, π]). To Ðdio isqÔei kai an
f ∈ L2([−π, π]).

2
Η πρώτη ανισότητα έπεται από την (

∫ π
−π |f |dm)2 ≤

∫ π
−π |f |

2dm
∫ π
−π 12dm (Cauchy-

Schwarz) και η δεύτερη από την
∫ π
−π |f |

2 ≤ 2π sup{|f(t)|2 : t ∈ [−π, π]}.
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Orismìc 15.1 (Suntelestèc Fourier) 'Estw f ∈ L1([−π, π]).
OrÐzoume

f̂(k) =
1

2π

∫ π

−π
fe−kdm =

1

2π

∫ π

−π
f(t)e−iktdm(t) (k ∈ Z)

an(f) =
1

π

∫ π

−π
f(t) cos(nt)dm(t), bn(f) =

1

π

∫ π

−π
f(t) sin(nt)dm(t) (n ∈ N)

Sn(f, t) =
k=n∑
k=−n

f̂(k)eikt (n ∈ N, t ∈ [−π, π]).

Parat rhsh 15.1 An f ∈ L1([−π, π]) tìte gia k�je k ∈ Z èqoume |f̂(k)| ≤
‖f‖1, dhlad 

‖f̂‖∞ ≤ ‖f‖1 .
M�lista an h f eÐnai Riemann-oloklhr¸simh), tìte ‖f̂‖∞ ≤ ‖f‖∞ (afoÔ
‖f‖1 ≤ ‖f‖∞).

Apìdeixh |f̂(k)| =
∣∣∣∣ 1

2π

∫ π

−π
fe−kdm

∣∣∣∣ ≤=
1

2π

∫ π

−π
|fe−k|dm = ‖f‖1 . 2

ParathroÔme ìti h sun�rthsh Sn(f) eÐnai trigwnometrikì polu¸numo, �ra
suneq c kai 2π-periodik  sun�rthsh, ìpoia ki an eÐnai h f ∈ L1([−π, π]).

L mma 15.2 O q¸roc twn trigwnometrik¸n poluwnÔmwn (�ra kai o q¸-
roc twn 2π-periodik¸n suneq¸n sunart sewn) eÐnai puknìc upìqwroc tou
L2([−π, π]) wc proc thn ‖·‖2.

To Ðdio isqÔei gia ton (L1([−π, π]), ‖·‖1).

Apìdeixh Ac doÔme thn apìdeixh gia ton L2([−π, π]). H perÐptwsh tou
L1([−π, π]) eÐnai entel¸c ìmoia.

'Estw f ∈ L2([−π, π]) kai ε > 0. Apì ton orismì tou L2([−π, π]), mpor¸
na br¸ g suneq  ¸ste ‖f − g‖2 < ε/2. Mpor¸ ìmwc epÐshc na br¸ mÐa h,
suneq  kai 2π-periodik , ¸ste ‖h− g‖2 < ε/2.

Pr�gmati, gia kat�llhlo δ > 0 (ja to prosdiorÐsw argìtera) brÐskw mia h
¸ste na eÐnai Ðsh me thn g sto di�sthma [−π, π−δ], na ikanopoieÐ h(π) = g(−π)
(opìte h(−π) = h(π)) kai na eÐnai suneq c: gia par�deigma, orÐzw 3

h(t) =

{
g(t), −π ≤ t ≤ π − δ

π−t
δ
g(π − δ) +

(
1− π−t

δ

)
g(−π), π − δ < t ≤ π

3
Δηλαδή, «ακολουθώ το γράφημα της g από το σημείο (−π, g(−π)) μέχρι το

(π − δ, g(π − δ)) και μετά ενώνω το σημείο αυτό με το (π, g(−π)) με ευθ. τμήμα».
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'Eqoume

‖h− g‖22 =
1

2π

∫ π

−π
|h− g|2 =

1

2π

∫ π

π−δ
|h− g|2 ≤ 2

π
‖g‖2∞ δ

giatÐ |h(t)| ≤ sup{|g(t)| : t ∈ [−π, π]} ≡ ‖g‖∞. Epomènwc, gia na exasfalÐsw

ìti ‖h− g‖2 < ε/2, arkeÐ na p�rw apì thn arq  δ < πε2

8‖g‖2∞
.

Efìson h h eÐnai suneq c sto [−π, π] kai h(−π) = h(π), apì to Je¸rhma
tou Féjer mpor¸ na br¸ èna trigwnometrikì polu¸numo p (m�lista, thc morf c
σn(h) gia kat�llhlo n) ¸ste ‖h− p‖∞ < ε, �ra kai ‖h− p‖2 < ε.

'Eqoume telik� ‖f − p‖2 ≤ ‖f − g‖2 + ‖g − h‖2 + ‖h− p‖2 < 2ε kai h
apìdeixh oloklhr¸jhke. 2

L mma 15.3 (Bèltisthc mèshc tetragwnik c prosèggishc)
'Estw f ∈ L2([−π, π]) kai n ∈ N. Tìte gia k�je trigwnometrikì polu¸numo
p bajmoÔ to polÔ n isqÔei

1

2π

∫ π

−π
|f − p|2dm ≥ 1

2π

∫ π

−π
|f − Sn(f)|2dm

dhlad  ‖f − p‖2 ≥ ‖f − Sn(f)‖2 .

Isìthta isqÔei an kai mìnon an p = Sn.
Eidikìtera an m ≤ n tìte ‖f − Sm(f)‖2 ≥ ‖f − Sn(f)‖2.

H Apìdeixh sthrÐzetai stic gewmetrikèc idiìthtec tou hmi-eswterikoÔ gino-
mènou 〈f, g〉: eÐnai Ðdia lèxh proc lèxh me thn apìdeixh tou L mmatoc 5.1.

Prìtash 15.4 An h f ∈ L2([−π, π]), tìte

Sn(f)
‖·‖2−→ f

dhlad 
lim
n

1

2π

∫ π

−π
|Sn(f)− f |2dm = 0.

Apìdeixh 'Estw ε > 0. Apì to L mma 15.2 mpor¸ na br¸ èna trigwnometrikì
polu¸numo p ¸ste ‖f − p‖2 < ε. An no eÐnai o bajmìc tou p, tìte gia k�je n ≥
no isqÔei deg p ≤ n, �ra apì to prohgoÔmeno L mma ja èqw ‖f − Sn(f)‖2 ≤
‖f − p‖2 < ε. 2
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Ac jumhjoÔme ìti me to Je¸rhma 3.2 eÐqame apodeÐxei ìti an dÔo suneqeÐc
2π-periodikèc sunart seic èqoun touc Ðdiouc suntelestèc Fourier, tìte eÐnai
Ðsec. Autì den isqÔei gia Lebesgue oloklhr¸simec sunart seic: mporeÐ na
diafèroun se èna sÔnolo mètrou mhdèn. Autì eÐnai {to qeirìtero pou mporeÐ
na sumbeÐ}:

Je¸rhma 15.5 (Monadikìthta) An f, g ∈ L2([−π, π]) kai ĝ(k) = f̂(k)
gia k�je k ∈ Z (isodÔnama an(f) = an(g) kai bn(f) = bn(g) gia k�je n ∈ N),
tìte f(t) = g(t) sqedìn gia k�je t ∈ [−π, π]. 4

Parat rhsh To je¸rhma monadikìthtac isqÔei kai gia sunart seic pou
an koun ston L1([−π, π]), h apìdeixh ìmwc xepern�ei touc stìqouc aut¸n twn
shmei¸sewn, gi�autì paraleÐpetai.

Apìdeixh Jewr¸ntac thn f − g sth jèsh thc f , arkeÐ na apodeÐxw ìti

An f ∈ L2([−π, π]) kai f̂(k) = 0 gia k�je k ∈ Z,
tìte f(t) = 0 sqedìn gia k�je t ∈ [−π, π].

Apì thn Prìtash 15.4 èqoume ìti

lim
n

1

2π

∫ π

−π
|Sn(f)− f |2dm = 0.

An ìmwc f̂(k) = 0 gia k�je k ∈ Z tìte Sn(f) = 0 gia k�je n ∈ N kai sunep¸c∫
|f |2dm = 0 �ra f(t) = 0 sqedìn gia k�je t. 2

Prìtash 15.6 (Isìthta Parseval) An f ∈ L2([−π, π]), tìte

1

2π

∫ π

−π
|f |2 =

∞∑
k=−∞

|f̂(k)|2.

Apìdeixh 'Epetai apì thn antÐstoiqh isìthta gia trigwnometrik� polu¸numa

(Parat rhsh 5.5) kai apì to gegonìc ìti Sn(f)
‖·‖2−→ f , akrib¸c ìpwc sthn

perÐptwsh twn suneq¸n sunart sewn (Pìrisma 5.9).

Je¸rhma 15.7 (Riemann - Lebesgue) An f ∈ L1([−π, π]), tìte

lim
k→+∞

f̂(k) = lim
k→−∞

f̂(k) = 0.

4
ισοδύναμα, [f ] ≡ [g] στον L2([−π, π])
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Apìdeixh An f ∈ L2([−π, π]), h apìdeixh eÐnai �mesh apì to gegonìc ìti

∞∑
k=−∞

|f̂(k)|2 =
1

2π

∫ π

−π
|f |2 <∞

(m�lista arkeÐ, gia thn apìdeixh, h anisìthta Bessel).
'Omwc an f ∈ L1([−π, π]) \ L2([−π, π]) oi suntelestèc Fourier thc f den

eÐnai tetragwnik� ajroÐsimoi (ìpwc ja doÔme sthn amèswc epìmenh Prìtash).
Epomènwc qrei�zetai mia diaforetik  apìdeixh.

'Estw loipìn f ∈ L1([−π, π]). Gia k�je ε > 0 up�rqei g suneq c kai
2π-periodik  ¸ste ‖f − g‖1 < ε (L mma 15.2). 'Omwc gia k�je k ∈ Z èqoume

|f̂(k)− ĝ(k)| ≤ ‖f − g‖1 < ε

(Parat rhsh 15.1). Efìson h akoloujÐa (ĝ(k)) eÐnai mhdenik  (m�lista eÐnai

tetragwnik� ajroÐsimh, afoÔ g ∈ L2) kai h (f̂(k)) eÐnai omoiìmorfa kont�
sthn (ĝ(k)), ja eÐnai ki aut  mhdenik . Akribèstera: up�rqei n ∈ N ¸ste
|ĝ(k)| < ε gia k�je k ∈ Z me |k| ≥ n, opìte

|f̂(k)| ≤ |f̂(k)− ĝ(k)|+ |ĝ(k)| < 2ε

gia k�je k ∈ Z me |k| ≥ n, �ra

lim
k→+∞

f̂(k) = lim
k→−∞

f̂(k) = 0. 2

Apì thn isìthta Parseval èpetai ìti gia k�je f ∈ L2([−π, π]) (�ra kai
gia k�je suneq  kai 2π-periodik  sun�rthsh), h akoloujÐa twn suntelest¸n
Fourier thc eÐnai tetragwnik� ajroÐsimh.

Apì thn plhrìthta tou q¸rou L2([−π, π]) wc proc thn ‖·‖2 èpetai to
akìloujo antÐstrofo thc parat rhshc aut c.

Prìtash 15.8 An
∑

n∈Z |cn|2 < +∞ tìte up�rqei f ∈ L2([−π, π]) ¸ste

f̂(k) = ck gia k�je k ∈ Z. M�lista an sn(t) =
∑n

k=−n cke
ikt isqÔei ìti

‖f − sn‖2 → 0.

Apìdeixh Sthn akoloujÐa (ck)k∈Z antistoiqoÔme thn trigwnometrik  seir�

∞∑
k=−∞

cke
ikt.
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(Den endiaferìmaste an h seir� aut  sugklÐnei gia k�je t). Ja deÐxoume
ìti h seir� aut  sugklÐnei wc proc thn ‖·‖2, opìte orÐzei èna stoiqeÐo tou
q¸rou L2([−π, π]). Apì thn plhrìthta tou q¸rou L2([−π, π]) wc proc thn
‖·‖2 (Je¸rhma 14.8), arkeÐ na deÐxoume ìti ta merik� ajroÐsmata thc seir�c
apoteloÔn basik  akoloujÐa.

'Estw ε > 0. Jètw an =
n∑

k=−n

|ck|2. AfoÔ
∑
n∈Z

|cn|2 < +∞, apì to krit rio

Cauchy èqoume ìti up�rqei no ∈ N ¸ste gia k�je m,n ∈ N me m > n ≥ no

na isqÔei |am − an| < ε dhlad 
∑

n<|k|≤m

|ck|2 < ε. Apì thn isìthta Parseval,

∑
n<|k|≤m

|ck|2 =
1

2π

∫ π

−π

∣∣∣∣∣∣
∑

n<|k|≤m

cke
ikt

∣∣∣∣∣∣
2

dt.

ParathroÔme ìmwc ìti gia k�je m,n ∈ N me m > n,

sn =
∑
|k|≤n

ckek �ra sm − sn =
∑

n<|k|≤m

ckek.

Sunep¸c

‖sm − sn‖22 =
1

2π

∫ π

−π

∣∣∣∣∣∣
∑

n<|k|≤m

cke
ikt

∣∣∣∣∣∣
2

dt =
∑

n<|k|≤m

|ck|2 < ε.

Epomènwc h akoloujÐa (sn) eÐnai basik  ston q¸ro L2([−π, π]). Up�rqei
loipìn f ∈ L2([−π, π]) ¸ste ‖sn − f‖2 → 0, dhlad 

1

2π

∫ π

−π
|f(t)− sn(t)|2dm(t)→ 0.

'Epetai t¸ra apì thn anisìthta Cauchy-Schwarz ìti gia k�je k ∈ Z, an
n > |k|,

|f̂(k)− ck| =
∣∣∣∣ 1

2π

∫ π

−π
(f(t)− sn(t))e−iktdm(t)

∣∣∣∣2 ≤ ‖f − sn‖2‖ek‖2
kai epeid  ‖ek‖2 = 1 kai ‖f − sn‖2 → 0 èqoume telik� |f̂(k)− ck| = 0. 2

Parat rhsh 15.9 ApodeÐxame ìti an
∑
|ck|2 < ∞ tìte h seir�

∑
ckek

sugklÐnei wc proc th ‖·‖2 se mÐa f ∈ L2([−π, π]). EÐnai al jeia ìti h seir�∑
cke

ikt sugklÐnei sqedìn gia k�je t, all� autì eÐnai polÔ piì dÔskolo na
apodeiqjeÐ. [L. Carleson, Acta Math. 116 (1966), 135�157.]
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15.1 EÐnai k�je trigwnometrik  seir�,

seir� Fourier?

H trigwnometrik  seir�
∑∞

k=1
1
ik
ek sugklÐnei gia k�je t 6= 2kπ (Dirichlet) al-

l� den eÐnai seir� Fourier kammi�c Riemann-oloklhr¸simhc sun�rthshc giatÐ
ta merik� ajroÐsmata den eÐnai omoiìmorfa fragmèna (bl. Parat rhsh 6.5).

'Omwc, efìson
∑∞

k=1

∣∣ 1
ik

∣∣2 <∞, eÐnai seir� Fourier miac f ∈ L2([−π, π]).
Up�rqoun �rage sugklÐnousec trigwnometrikèc seirèc pou den eÐnai seirèc

Fourier kammi�c Lebesgue-oloklhr¸simhc sun�rthshc?
Ja deÐxoume ìti h sugklÐnousa trigwnometrik  seir�

∞∑
k=2

sin kt

log k

(seir� hmitìnwn) den eÐnai seir� Fourier kammi�c Lebesgue-oloklhr¸simhc su-
n�rthshc, en¸ h antÐstoiqh seir� sunhmitìnwn

∞∑
k=2

cos kt

log k

eÐnai!
Parat rhse ìti an jèsoume

bk =


−1

log |k| , k ≤ −2

0, −1 ≤ k ≤ 1
1

log k
, k ≥ 2

kai ak =


1

log |k| , k ≤ −2

0, −1 ≤ k ≤ 1
1

log k
, k ≥ 2

tìte

2
∞∑
k=2

cos kt

log k
=
∑
k∈Z

ake
ikt kai 2i

∞∑
k=2

sin kt

log k
=
∑
k∈Z

bke
ikt

Prìtash 15.10 An f ∈ L1 kai gia k�je n ∈ N èqoume −f̂(−n) = f̂(n) ≥ 0
tìte

∞∑
n=1

1

n
f̂(n) <∞.

Parat rhse ìti
∑∞

n=2
1
n

1
logn

=∞. Kat� sunèpeia h
∑∞

k=2
sin kt
log k

den eÐnai seir�
Fourier.
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Prìtash 15.11 'Estw an ≥ 0, an → 0 kai an ≤ 1
2
(an−1 + an+1) gia k�je

n ∈ N. Tìte up�rqei f ∈ L1([−π, π]) me

f̂(k) = a|k| gia k�je k ∈ Z.

'Ena par�deigma eÐnai h akoloujÐa a0 = a1 = 0, an = 1
logn

, n ≥ 2. Epomè-

nwc, h
∑∞

k=2
cos kt
log k

eÐnai seir� Fourier k�poiac sun�rthshc pou an kei5 ston

L1([−π, π]).

Apìdeixh thc Prìtashc 15.10 Afair¸ntac th stajer� 1
2π

∫ π
−π f(t)dm(t)

apì thn f , mporoÔme na upojèsoume ìti f̂ = 0. OrÐzoume

g(x) =

∫ x

−π
f(t)dm(t), x ∈ [−π, π].

Tìte h g eÐnai suneq c, g(−π) = g(π) kai ikĝ(k) = f̂(k) (dec L mma 15.12).
Kat� sunèpeia, apì to Je¸rhma tou Féjer, h akoloujÐa (σn(g, 0))n ìpou

σn(g, 0) =
∑
|k|≤n

(
1− |k|

n+ 1

)
ĝ(k)

sugklÐnei (sto g(0)), �ra sugklÐnei kai h akoloujÐa (σn(g, 0)− ĝ(0)). 'Omwc

σn(g, 0)− ĝ(0) =
∑

0<|k|≤n

(
1− |k|

n+ 1

)
ĝ(k) =

∑
0<|k|≤n

(
1− |k|

n+ 1

)
f̂(k)

ik
.

'Omwc epeid  f̂(−k) = −f̂(k), to teleutaÐo �jroisma isoÔtai me

2
n∑
k=1

(
1− k

n+ 1

)
f̂(k)

ik
= 2

n∑
k=1

f̂(k)

ik
− 2

n∑
k=1

1

n+ 1

f̂(k)

i
.

'Omwc h akoloujÐa (f̂(n)) eÐnai mhdenik  (Je¸rhma Riemann–Lebesgue 15.7),

�ra kai oi mèsoi ìroi thc

(
1

n+1

n∑
k=1

f̂(k)

)
n

apoteloÔn mhdenik  akoloujÐa. 'E-

petai apì thn teleutaÐa isìthta ìti kai h

(
n∑
k=1

f̂(k)
ik

)
n

ja sugklÐnei. 2

Qrhsimopoi same to

5
αλλα όχι στον L2([−π, π]), αφού οι συντελεστές Fourier δεν είναι τετραγωνικά αθροίσι-

μοι!
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L mma 15.12 An f ∈ L1([−π, π]) kai 1
2π

∫ π
−π f(t)dm(t) = 0, tìte to aìristo

olokl rwma g thc f ,

g(x) =

∫ x

−π
f(t)dm(t), x ∈ [−π, π]

eÐnai suneq c, g(−π) = g(π) kai ikĝ(k) = f̂(k) gia k�je k ∈ Z.

Apìdeixh H isìthta g(−π) = g(π) ofeÐletai sthn upìjesh
∫ π
−π f(t)dm(t) =

0. An h f  tan suneq c sun�rthsh, h g ja  tan suneq¸c paragwgÐsimh, opìte

ja eÐqame thn isìthta ikĝ(k) = f̂(k) me olokl rwsh kat� mèrh (Prìtash 2.9).
Sth genik  perÐptwsh ìpou f ∈ L1([−π, π]) proseggÐzoume thn g me {ka-

lèc} sunart seic:
AfoÔ f ∈ L1([−π, π]), apì to L mma 15.2 up�rqoun trigwnometrik� po-

lu¸numa pn me ‖f − pn‖1 → 0. Parat rhse ìti afoÔ f̂(0) = 1
2π

∫ π
−π f(t)dm(t) =

0, èqoume

|p̂n(0)| = |p̂n(0)− f̂(0)| =
∣∣∣∣ 1

2π

∫ π

−π
(pn(t)− f(t))eiktdm(t)

∣∣∣∣ ≤ ‖f − pn‖1 → 0.

Epomènwc, antikajist¸ntac ta pn me ta trigwnometrik� polu¸numa qn ìpou
qn(t) = pn(t)− p̂n(0), exasfalÐzoume ìti q̂n(0) = 0 kai ‖f − qn‖1 → 0. Ono-
m�zontac gn to aìristo olokl rwma thc qn èqoume suneqeÐc sunart seic sto
[−π, π] me gn(−π) = gn(π) (afoÔ q̂n(0) = 0) kai, gia k�je x ∈ [−π, π],

|gn(x)− g(x)| =
∣∣∣∣∫ x

−π
(qn(t)− f(t))dm(t)

∣∣∣∣ ≤ ∫ x

−π
|qn(t)− f(t)|dm(t)

≤
∫ π

−π
|qn(t)− f(t)|dm(t) = ‖f − qn‖1

�ra ‖gn − g‖∞ ≤ ‖f − qn‖1 → 0, dhlad  gn → g omoiìmorfa sto [−π, π].
Epomènwc h g eÐnai omoiìmorfo ìrio suneq¸n, �ra suneq c sun�rthsh.
T¸ra k�je gn eÐnai suneq¸c paragwgÐsimh ma g′n = qn, opìte h isìthta

ikĝn(k) = q̂n(k) alhjeÔei. EpÐshc, gia k�je k ∈ Z,

|q̂n(k)− f̂(k)| ≤ ‖f − qn‖1 → 0

kai |ĝn(k)− ĝ(k)| ≤ ‖gn − g‖∞ → 0.

Kat� sunèpeia

ikĝ(k) = lim
n
ikĝn(k) = lim

n
q̂n(k) = f̂(k). 2
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Gia thn apìdeixh thc Prìtashc 15.11, ja qreiasjeÐ èna stoiqei¸dec L mma:

L mma 15.13 An (an) eÐnai mia mhdenik  akoloujÐa mh arnhtik¸n pragma-
tik¸n arijm¸n me thn idiìthta 2an ≤ an−1 + an+1 gia k�je n ∈ N tìte

∞∑
n=1

n(an−1 + an+1 − 2an) = a0.

Apìdeixh H sqèsh 2an ≤ (an−1 + an+1) mporeÐ na grafteÐ (an − an+1) ≤
(an−1− an), opìte h akoloujÐa bn ≡ an− an+1 eÐnai fjÐnousa. AfoÔ eÐnai kai
mhdenik  (|bn| ≤ |an| + |an+1| → 0) èqoume bn ≥ 0 gia k�je n. IsqurÐzomai
ìti nbn → 0: Pr�gmati, 0 ≤ nb2n ≤ bn + · · · + b2n = an − a2n+1 → 0, �ra
(2n)b2n → 0. EpÐshc 0 ≤ (2n + 1)b2n+1 ≤ 3nb2n+1 ≤ 3nb2n → 0. AfoÔ
oi akoloujÐec twn �rtiwn kai twn peritt¸n ìrwn thc (nbn) teÐnoun sto 0, o
isqurismìc apodeÐqjhke.

Tìte ìmwc

N∑
n=1

n(an−1 + an+1 − 2an)=
N∑
n=1

n(an−1 − an + an+1 − an)=
N∑
n=1

n(bn−1 − bn)

=
N∑
n=1

((n− 1)bn−1 − nbn) +
N∑
n=1

bn−1

= 0b0−NbN+
N∑
n=1

bn−1 = −N(aN − aN+1)+ a0− aN .

'Omwc aN → 0 kai N(aN − aN+1) = NbN → 0 kaj¸c N → ∞, �ra∑N
n=1 n(an−1 + an+1 − 2an)→ a0. 2

Apìdeixh thc Prìtashc 15.11 OrÐzoume thn akoloujÐa trigwnometri-
k¸n poluwnÔmwn (fN) apì ton tÔpo

fN =
N∑
n=1

n(an−1 + an+1 − 2an)Kn−1 =
N∑
n=1

cnKn−1

ìpou (Kn) eÐnai o pur nac tou Féjer. Epeid  ‖Kn‖1 = 1
2π

∫ π
−πKn(t)dt = 1 kai

cn = n(an−1 + an+1 − 2an) ≥ 0, gia k�je M > N èqoume

‖fM − fN‖1 ≤
M∑

n=N+1

cn ‖Kn−1‖1 =
M∑

n=N+1

cn
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pr�gma pou shmaÐnei, epeid  h (cn) eÐnai ajroÐsimh (apì to L mma), ìti h (fN)
eÐnai basik  wc proc thn ‖·‖1. Apì thn plhrìthta tou L1 (!) èpetai t¸ra ìti
up�rqei f ∈ L1 ¸ste ‖f − fN‖1 → 0.

Isqurismìc f̂(k) = a|k| gia k�je k ∈ Z.
Apìdeixh Gia k�je k ∈ Z èqoume

|f̂(k)− f̂N(k)| ≤ ‖f − fN‖1 → 0

dhlad 

f̂(k) = lim
N
f̂N(k) =

∞∑
n=1

cnK̂n−1(k).

Ac jumhjoÔme ìmwc6 ìti Kn−1 =
∑
|j|≤n−1

(
1− |j|

n

)
ej, opìte

K̂n−1(k) =
∑
|j|≤n−1

(
1− |j|

n

)
êj(k) =

{
1− |k|

n
, |k| ≤ n− 1

0, |k| > n− 1

afoÔ êj(k) = δj,k. 'Epetai loipìn ìti

f̂(k) =
∞∑

n=|k|+1

cn

(
1− |k|

n

)
=

∞∑
n=|k|+1

n(an−1 + an+1 − 2an)

(
1− |k|

n

)

=
∞∑

n=|k|+1

(n− |k|)(an−1 + an+1 − 2an) =
∞∑
m=1

m(dm−1 + dm+1 − 2dm)

ìpou dm = am+|k|. H akoloujÐa (dn) ikanopoieÐ tic upojèseic tou L mmatoc,

�ra
∑∞

m=1m(dm−1 + dm+1 − 2dm) = d0 = a|k|. 'Ara telik� f̂(k) = a|k| kai h
apìdeixh eÐnai pl rhc.

6
από τον ορισμό Kn−1 =

1
n

n−1∑
m=0

 ∑
|j|≤m

ej

 έχουμε
nKn−1 =

n−1∑
m=0

(e0 + e−1 + e1 + e−2 + e2 + · · ·+ e−(n−1) + en−1)

= ne0 + (n− 1)(e−1 + e1) + (n− 2)(e−2 + e2) + · · ·+ (e−(n−1) + en−1)

=
∑
|j|≤n−1

(n− |j|)ej .
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