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Trigwnometrik� polu¸numa

Trigwnometrik  Seir�:

ao

2
+

∞

∑
k=1

ak coskx +
∞

∑
k=1

bk sinkx

Trigwnometrikì polu¸numo:

a0

2
+

N

∑
k=1

ak coskx +
N

∑
k=1

bk sinkx

ak = bk = 0 ìtan k > N. Bajmìc N an |aN |+ |bN | 6= 0.
IsodÔnamh morf 

N

∑
k=−N

ck exp(ikx)

ìpou exp(it)≡ cos t + i sin t ck =


ak−ibk

2 , k ≥ 1
a0
2 , k = 0

a−k+ib−k

2 , k ≤−1



Par�deigma 1.

Gia k�je x ∈ R,

sn(x) =
n

∑
k=1

sinkx = sinx + sin2x + . . .+ sinnx

=

{
cos x

2−cos(n+ 1
2 )x

2sin x
2

, x 6= 2mπ

0, x = 2mπ

cn(x) =
1

2
+

n

∑
k=1

coskx =
1

2
+ cosx + cos2x + . . .+ cosnx

=

{
sin(n+ 1

2 )x
2sin x

2
, x 6= 2mπ

n + 1
2 , x = 2mπ



Par�deigma 1. (sunèqeia)

Molonìti oi dÔo akoloujÐec den sugklÐnoun, eÐnai fragmènec

(ìtan x 6= 2kπ).

An x ∈ (0,2π), gia k�je n ∈ N èqoume∣∣∣∣∣12 +
n

∑
k=1

coskx

∣∣∣∣∣≤ 1

2
∣∣sin x

2

∣∣ kai

∣∣∣∣∣ n

∑
k=1

sinkx

∣∣∣∣∣≤ 1∣∣sin x
2

∣∣ .
Epiplèon gia k�je δ > 0 oi dÔo akoloujÐec eÐnai omoiìmorfa

fragmènec sto di�sthma [δ ,2π−δ ]: Gia k�je x ∈ [δ ,2π−δ ] kai
k�je n ∈ N èqoume∣∣∣∣∣12 +

n

∑
k=1

coskx

∣∣∣∣∣≤ 1

2sin δ

2

kai

∣∣∣∣∣ n

∑
k=1

sinkx

∣∣∣∣∣≤ 1

sin δ

2

.



Par�deigma 2

sn(x) =
n

∑
k=1

1

k2
sinkx = sinx +

1

4
sin2x + . . .+

1

n2
sinnx

cn(x) =
n

∑
k=1

1

k2
coskx = cosx +

1

4
cos2x + . . .+

1

n2
cosnx

SugklÐnoun omoiìmorfa se suneqeÐc sunart seic R→ R diìti

Je¸rhma

An mia akoloujÐa (fn) sunart sewn fn : X → C (ìpou X ⊆ R)
eÐnai omoiìmorfa basik 1, tìte sugklÐnei omoiìmorfa sto X .
An epÐ plèon oi fn eÐnai suneqeÐc sto X , tìte kai to ìriì touc
eÐnai suneq c sun�rthsh.

1 dhlad  ikanopoieÐ: gia k�je ε > 0 up�rqei no ∈ N ¸ste an n,m ≥ no
na isqÔei gia k�je x ∈ X h anisìthta |fn(x)− fm(x)|< ε



Par�deigma 3

Par�deigma

sn(x) =
n

∑
k=1

1

k
sinkx = sinx +

1

2
sin2x + . . .+

1

n
sinnx

cn(x) =
n

∑
k=1

1

k
coskx = cosx +

1

2
cos2x + . . .+

1

n
cosnx

Ja deÐxoume ìti kai oi dÔo akoloujÐec sugklÐnoun gia k�je

x 6= 2kπ kai orÐzoun suneqeÐc sunart seic. ArkeÐ na

periorisjoÔme sto (0,2π), efìson oi dÔo akoloujÐec eÐnai

trigwnometrik� polu¸numa, �ra 2π-periodikèc sunart seic.

(Parat rhse ìti gia x = 2kπ h (cn(x)) apoklÐnei.)



ErgaleÐa

Prìtash (Dirichlet)

'Estw (ak) akoloujÐa sunart sewn ak : X → C kai (bk)
akoloujÐa arijm¸n. An

(i) up�rqei M < ∞ ¸ste ∀t ∈ X , ∀n ∈ N, :

∣∣∣∣∣ n

∑
k=1

ak(t)

∣∣∣∣∣≤M,

(ii) b1 ≥ b2 ≥ . . .≥ bn ≥ 0

kai (iii) bn→ 0,

tìte h seir� ∑k bkak sugklÐnei omoiìmorfa sto X .

L mma (�jroish kat� mèrh)

An b1 ≥ b2 ≥ . . .≥ bn ≥ 0 kai ak ∈ C, tìte jètontac s0 = 0 kai
sk = a1 + a2 + . . .+ ak , èqoume gia k�je m,n ∈ N me n > m ≥ 1,

n

∑
k=m

akbk =
n−1

∑
k=m

sk(bk −bk+1) + snbn− sm−1bm



Seirèc Fourier

An f eÐnai trigwnometrikì polu¸numo, p¸c na br¸ touc

suntelestèc?

Parat rhsh

An f (x) =
a0

2
+

N

∑
k=1

ak coskx +
N

∑
k=1

bk sinkx ,

tìte

a0 =
1

π

∫ 2π

0
f (x)dx

an =
1

π

∫ 2π

0
f (x)cosnxdx

bm =
1

π

∫ 2π

0
f (x)sinmxdx



Seirèc Fourier

Parat rhsh (Migadik  morf )

An f (x) =
N

∑
k=−N

ck exp ikx

tìte,

cm =
1

2π

∫ 2π

0
f (x)exp(−imx)dx , −N ≤m ≤ N.

Diìti an k ∈ Z,

1

2π

∫ 2π

0
exp(ikx)dx =

{
1 k = 0
0 k 6= 0



Seirèc Fourier

GenÐkeush: An dojeÐ 2π-periodik  sun�rthsh f , orÐzoume

an = an(f ) =
1

π

∫ 2π

0
f (x)cosnxdx , (n = 0,1,2, . . .)

bm = bm(f ) =
1

π

∫ 2π

0
f (x)sinmxdx , (m = 1,2, . . .)

f̂ (k) =
1

2π

∫ 2π

0
f (x)exp(−ikx)dx , (k ∈ Z)

arkeÐ ta oloklhr¸mata na up�rqoun.

Orismìc: H seir� Fourier S(f ) thc f :

S(f ,x)≡ ao

2
+

∞

∑
k=1

ak coskx +
∞

∑
k=1

bk sinkx

=
∞

∑
k=−∞

f̂ (k)e ikx(migadik  morf )

(Den exet�zoume proc to parìn an oi seirèc autèc sugklÐnoun  

ìqi)



Par�deigma

Par�deigma (H seir� Fourier thc sun�rthshc

f (t) = t, t ∈ (−π,π))

f ∼ 2

(
sin t− 1

2
sin2t +

1

3
sin3t− 1

4
sin4t + . . .

)
'Opwc èqoume deÐxei, ta merik� ajroÐsmata thc seir�c aut c

sqhmatÐzoun basik  akoloujÐa kai epomènwc h seir� sugklÐnei.

SugklÐnei ìmwc �rage sthn f ?



H seir� Fourier thc sun�rthshc f (t) = t, t ∈ (−π,π)
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To merikì �jroisma thc seir�c mèqri ton 10o ìro.



Seirèc Fourier

Parat rhsh

• H seir� Fourier enìc trigwnometrikoÔ poluwnÔmou eÐnai to Ðdio
to trig. polu¸numo.

• An mia trigwnometrik  seir� f (x) = ∑k cke ikx sugklÐnei
omoiìmorfa, tìte oi suntelestèc Fourier thc f eÐnai oi ck ,
dhlad  h seir� Fourier thc f eÐnai h Ðdia h f .

• Den eÐnai ìmwc al jeia en gènei ìti k�je sugklÐnousa
trigwnometrik  seir� eÐnai seir� Fourier k�poiac sun�rthshc
(bl. p.q. [Ap 30.21]).



Seirèc Fourier

Prìtash (Grammikìthta)

An oi f ,g eÐnai oloklhr¸simec sto [0,2π] kai λ ∈ C,

an(f + λ g) = an(f ) + λ an(g), bn(f + λ g) = bn(f ) + λ bn(g)

(n,m ∈ N)

isodÔnama ̂f + λ g(k) = f̂ (k) + λ ĝ(k) (k ∈ Z)

  Sn(f + λ g) = Sn(f ) + λ sn(g) (n ∈ N).

Prìtash

An f suneq c, 2π-periodik  me oloklhr¸simh par�gwgo,

S(f ′,x) =
∞

∑
k=1

(kbk coskx−kak sinkx).

Migadik  morf : f̂ ′(k) = ik f̂ (k) (k ∈ Z).



Seirèc Fourier

Parat rhsh ('Askhsh I.3)

An mia oloklhr¸simh 2π-periodik  sun�rthsh f : R→ C eÐnai
�rtia, tìte h seir� Fourier thc eÐnai seir� sunhmitìnwn (dhl.
bn(f ) = 0 gia k�je n ∈ N).An eÐnai peritt , tìte h seir� Fourier
thc eÐnai seir� hmitìnwn (dhl. an(f ) = 0 gia k�je n ∈ N). An h

f paÐrnei pragmatikèc timèc, tìte f̂ (−k) = f̂ (k) gia k�je k ∈ Z.



Aplèc peript¸seic sÔgklishc

Prìtash

An f eÐnai suneq c kai 2π-periodik  sun�rthsh kai ∑ |f̂ (k)|< ∞

(isodÔnama ∑(|ak(f ) + |bk(f )|< ∞) tìte h (SN(f )) sugklÐnei
omoiìmorfa.

P¸c na sumper�nw ìti sugklÐnei sthn f ?



Je¸rhma Monadikìthtac

Je¸rhma

An f kai g eÐnai suneqeÐc kai 2π-periodikèc sunart seic me
ĝ(k) = f̂ (k) gia k�je k ∈ Z (isodÔnama an(f ) = an(g) kai
bn(f ) = bn(g) gia k�je n ∈ N), tìte f = g .

Ja deÐxw ìti an f 6= g , up�rqei trig. polu¸numo p me∫
π

−π
fp 6=

∫
π

−π
gp.



Ta trigwnometrik� polu¸numa pk ,a

pk,a(t) = (a + cos t)k , k = 1,2, . . .
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Ta trig. polu¸numa pk,a me a = 1
10 , k = 2,7,16,25.



To Je¸rhma tou Féjer

'Estw f : R→ C eÐnai suneq c kai 2π-periodik . UpenjÔmish:

Sn(f , t) = ∑
|k|≤n

f̂ (k)e ikt .

H (Sn(f )) den eÐnai p�nta sugklÐnousa (oÔte kan kat� shmeÐo).

'Omwc,

Je¸rhma (Féjer)

An f : R→ C eÐnai suneq c kai 2π-periodik  sun�rthsh, tìte h
akoloujÐa (σn(f )) ìpou

σm(f ) =
1

m + 1

m

∑
n=0

Sn(f ) (m ∈ N)

sugklÐnei sthn f omoiìmorfa.



Ajroisimìthta

Sn(f )(t) =
k=n

∑
k=−n

f̂ (k)exp(ikt)

=
k=n

∑
k=−n

(
1

2π

∫
π

−π

f (s)exp(−iks)ds

)
exp(ikt)

=
1

2π

∫
π

−π

(
k=n

∑
k=−n

exp(ik(t− s))

)
f (s)ds =

1

2π

∫
π

−π

Dn(t− s)f (s)ds.

�ra
σm(f )(t) =

1

m + 1

m

∑
n=0

Sn(f )(t)

=
1

2π

∫
π

−π

(
1

m + 1

m

∑
n=0

k=n

∑
k=−n

exp(ik(t− s))

)
f (s)ds

=
1

2π

∫
π

−π

Km(t− s)f (s)ds.



DÔo pur nec: Dirichlet enantÐon Féjer

Dn(x) =
k=n

∑
k=−n

exp(ikx) =


sin( 2n+1

2 x)
sin(x/2) , x 6= 0,

2n + 1, x = 0

Km(x) =
1

m + 1

(
m

∑
n=0

n

∑
k=−n

exp(ikx)

)

= ∑
|k|≤m

(
1− |k|

m + 1

)
exp(ikx)

=


1

m+1

(
sin(m+1

2 x)
sin(x/2)

)2

, x 6= 0,

m + 1, x = 0



O pur nac tou Dirichlet

Dm(x) =
sin
(

2m+1
2 x

)
sin(x/2)

, x 6= 0, Dm(0) = 2m + 1.
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m = 4,5,7,10,14.



O pur nac tou Féjer

Km(x) =
1

m + 1

(
sin(m+1

2 x)

sin(x/2)

)2

, x 6= 0, Km(0) = m + 1.
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m = 4,5,7,10,14.



Idiìthtec tou Km

Parat rhsh

O pur nac tou Féjer èqei tic ex c idiìthtec:

(a) Km(x)≥ 0 gia k�je x .

(b) An δ ∈ (0,π), h akoloujÐa (Km) teÐnei sto 0 omoiìmorfa
sto sÔnolo [−π,−δ ]∪ [δ ,π].

(g)
1

2π

∫
π

−π

Km(x)dx = 1 gia k�je m.



Apìdeixh Jewr matoc Féjer

An δ > 0, gia arket� meg�lo m ∈ N to Km(s) eÐnai sqedìn 0
èxw ap�to di�sthma [−δ ,δ ] (apì to (b)). Sunep¸c

σm(f )(t) =
1

2π

∫
π

−π

f (t− s)Km(s)ds ≈ 1

2π

∫
δ

−δ

f (t− s)Km(s)ds

ìpou to sÔmbolo ≈ ed¸ shmaÐnei {perÐpou Ðso}.All� h f eÐnai

omoiìmorfa suneq c, �ra an to δ eÐnai arket� mikrì, ìtan

|s|< δ èqoume f (t− s)≈ f (t). Epomènwc

1

2π

∫
δ

−δ

f (t− s)Km(s)ds ≈ f (t)

(
1

2π

∫
δ

−δ

Km(s)ds

)
kai, p�li apì to (b),

1

2π

∫
δ

−δ

Km(s)ds ≈ 1

2π

∫
π

−π

Km(s)ds = 1

apì to (g). Sunep¸c telik� σm(f )(t)≈ f (t).



PerÐlhyh: f : [−π,π]→ C, oloklhr¸simh, f (−π) = f (π).

1. ∀k ∈ Z, |f̂ (k)| ≤ 1

2π

∫
π

−π

|f | ≤ ‖f ‖
∞
kai ‖σn(f )‖

∞
≤ ‖f ‖

∞
.

2. Féjer: f suneq c, =⇒ ‖σn(f )− f ‖
∞
→ 0.

3. Féjer: ∃f (x+), f (x−) =⇒ σn(f ,x)→ 1
2(f (x+) + f (x−)).

4. Monadikìthta: f ,g suneqeÐc sto x kai f̂ = ĝ ⇒ f (x) = g(x).

5. Bessel: ∑
k∈Z
|f̂ (k)|2 ≤ 1

2π

∫
π

−π

|f |2 < ∞.

6. Riemann – Lebesgue: lim
|k|→∞

f̂ (k) = 0.

7. f suneq c =⇒ 1

2π

∫
π

−π

|Sn(f )− f |2→ 0.



PerÐlhyh: f : [−π,π]→ C, oloklhr¸simh, f (−π) = f (π).

8. (f ,g suneqeÐc) ∑
k∈Z

f̂ (k)ĝ(k) =
1

2π

∫
π

−π

f ḡ .

8a. Parseval: (f suneq c) ∑
k∈Z
|f̂ (k)|2 =

1

2π

∫
π

−π

|f |2 < ∞.

9. f ∈ Cp (p ≥ 1) =⇒ ∃M : ‖Sn(f )− f ‖
∞
≤ M

np− 1
2
.

10. [∃M,δ > 0 : |t|< δ ⇒ |f (x + t)− f (x)| ≤M|t|] =⇒
Sn(f ,x)→ f (x).
p.q. up�rqei f ′ kai eÐnai fragmènh ektìc peperasmènou

pl jouc shmeÐwn.

11. Topikìthta: (a,b)⊂ [−π,π]:
[∀x ∈ (a,b) : f (x) = g(x)] =⇒ [∀x ∈ (a,b) : Sn(f ,x)−Sn(g ,x)→0] .



O pur nac tou Poisson

An f : [−π,π]→ C eÐnai oloklhr¸simh sun�rthsh, gia k�je

0≤ r < 1, h seir�

fr (t)≡ ∑
k∈Z

r |k|f̂ (k)e ikt , t ∈ [−π,π]

sugklÐnei apìluta kai omoiìmorfa,

fr (t) =
1

2π

∫
π

−π

f (s)Pr (t− s)ds

ìpou Pr (t)≡ ∑
n∈Z

r |n|e int =
1− r2

1−2r cos t + r2

Je¸rhma

An f eÐnai suneq c kai 2π-periodik , tìte lim
r↗1

fr (t) = f (t)

omoiìmorfa, dhlad  lim
r↗1
‖fr − f ‖

∞
= 0.
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