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To zeÔgoc (Coo(R),
∫
)

O grammikìc q¸roc:

Coo(R)≡ {f : R→ C : suneq c me sumpag  forèa}

Dhlad  k�je f ∈ Coo(R) fèretai se èna sumpagèc di�sthma

[a(f ),b(f )] me thn ènnoia ìti t /∈ [a(f ),b(f )]⇒ f (t) = 0.
An f ∈ Coo(R) orÐzetai to olokl rwma Riemann∫

f ≡
∫ b(f )

a(f )
f (t)dt.

H apeikìnish
∫

: Coo(R)→ C : f →
∫

f
eÐnai grammik  kai jetik , dhl. an f (R)⊆ R+ tìte

∫
f ∈ R+.

Stìqoc: Na thn epekteÐnoume se eurÔterh kl�sh sunart sewn

me mia diadikasÐa pl rwshc.



H apeikìnish ‖·‖1

Prìtash

Gia k�je f ∈ Coo(R),

∫
|f |= inf

{
∞

∑
n=1

∫
hn : hn ∈ Coo(R),hn ≥ 0,∑

n

hn ≥ |f |

}
.

H apìdeixh sthrÐzetai se èna epiqeÐrhma sump�geiac mèsw tou

L mmatoc

L mma

'Estw fn, f ∈ Coo(R) me f , fn ≥ 0 kai fn ≤ fn+1. Upojètoume ìti

gia k�je t ∈R èqoume f (t)≤ limn fn(t) (mporeÐ n�nai +∞). Tìte

(i) Gia k�je ε > 0 up�rqei n ∈ N me sup{f (t)− fn(t) : t ∈ R}< ε

kai

(ii) supn

∫
fn ≥

∫
f .



H apeikìnish ‖·‖1

Orismìc

'Estw f : R→ C tuqaÐa sun�rthsh. OrÐzoume

‖f ‖1 ≡ inf

{
∞

∑
n=1

∫
hn : hn ∈ Coo(R),hn ≥ 0,∑

n

hn ≥ |f |

}
∈ [0,+∞]

Parat rhse ìti deqìmaste �peira ajroÐsmata.

DeÐxame ìti an f ∈ Coo(R) tìte ‖f ‖1 =
∫
|f |.

Parathr seic

(a) MporeÐ mia f 6= 0 na èqei ‖f ‖1 = 0. P.q. h χ{0}   h χQ.

(b) MporeÐ mia f na èqei ‖f ‖1 = +∞. P.q. f (t) = t (sto R).
(g) ‖f ‖1 =

∥∥f̄ ∥∥
1

= ‖|f |‖1.



H apeikìnish ‖·‖1

Prìtash

Gia k�je f ,g : R→ C kai λ ∈ C,

(i)‖λ f ‖1 = |λ |‖f ‖1 (sÔmbash: 0 · (+∞) = 0)

(ii)‖f +g‖1 ≤ ‖f ‖1 +‖g‖1

Prìtash

An gia k�je t ∈ R, |f (t)| ≤
∞

∑
n=1
|fn(t)|, tìte ‖f ‖1 ≤

∞

∑
n=1
‖fn‖1.

Pìrisma

An |f | ≤ |g | tìte ‖f ‖1 ≤ ‖g‖1.



O q¸roc L 1(R)

Orismìc

MÐa f : R→ C an kei ston L 1(R) an up�rqei akoloujÐa (fn) me

fn ∈ Coo(R) ¸ste ‖f − fn‖1→ 0.

Parathr seic

(a) Coo(R)⊆L 1(R).
(b) O L 1(R) eÐnai grammikìc q¸roc kai h f →‖f ‖1 eÐnai

hminìrma ston L 1(R), dhlad 

(i)‖λ f ‖1 = |λ |‖f ‖1
(ii)‖f +g‖1 ≤ ‖f ‖1 +‖g‖1

(g) An f ∈L 1(R) tìte f̄ , |f | ∈L 1(R) kai ‖f ‖1 =
∥∥f̄ ∥∥

1
= ‖|f |‖1.

(d) An f1, . . . , fn ∈L 1(R) tìte1 max{f1, . . . , fn} ∈L 1(R).
(e) An ‖f ‖1 = 0, tìte f ∈L 1(R) (p�re fn = 0 gia k�je n).

1h sun�rthsh g = max{f1, . . . , fn} orÐzetai bebaÐwc kat� shmeÐo:

g(t) = max{f1(t), . . . , fn(t)}



To olokl rwma ston L 1(R)

'Estw f ∈L 1(R) kai fn ∈ Coo(R) me ‖f − fn‖1→ 0.
• H (

∫
fn)n eÐnai basik  sto C, �ra sugklÐnei.

• An gn ∈ Coo(R) me ‖f −gn‖1→ 0 tìte limn
∫

fn = lim
∫

gn.

Orismìc (To olokl rwma Lebesgue)

Gia k�je f ∈L 1(R) orÐzoume I (f ) ∈ C wc ex c:

epilègoume fn ∈ Coo(R) me ‖f − fn‖1→ 0 kai jètoume

I (f ) = lim
n

∫
fn.

EÐnai kal� orismèno.

'Alloc sumbolismìc: I (f ) =
∫

fdm =
∫

f (t)dm(t).



To olokl rwma ston L 1(R)

Prìtash

(a) H apeikìnish I : L 1(R)→ C eÐnai grammik  kai jetik .

(�ra, an f ,g : R→ R ston L 1 me f ≤ g , tìte I (f ), I (g) ∈ R kai

I (f )≤ I (g)).
(b) An f ∈ Coo(R) tìte I (f ) =

∫
f .

(g) An f ∈L 1(R) tìte ‖f ‖1 = I (|f |).

L mma

An f ∈L 1(R) tìte |f | ∈L 1(R) kai

|I (f )| ≤ I (|f |) = ‖f ‖1 .



Epan�lhyh

Orismìc

'Estw f : R→ C tuqaÐa sun�rthsh. OrÐzoume

‖f ‖1 ≡ inf

{
∞

∑
n=1

∫
hn : hn ∈ Coo(R),hn ≥ 0,∑

n

hn ≥ |f |

}
∈ [0,+∞]

Orismìc

MÐa f : R→ C an kei ston L 1(R) an up�rqei akoloujÐa (fn) me

fn ∈ Coo(R) ¸ste ‖f − fn‖1→ 0.

Orismìc

Gia k�je f ∈L 1(R) orÐzoume I (f ) ∈ C wc ex c:

epilègoume fn ∈ Coo(R) me ‖f − fn‖1→ 0 kai jètoume

I (f ) = lim
n

∫
fn.



Ta basik� Jewr mata

Je¸rhma (Plhrìthta)

An fn ∈L 1(R) kai gia k�je ε > 0 up�rqei no ∈ N ¸ste

‖fn− fm‖1 < ε ìtan n,m ≥ no ,

tìte up�rqei f ∈L 1(R) (m�lista up�rqoun pollèc) ¸ste

‖fn− f ‖1→ 0.

Je¸rhma (Monìtonh sÔgklish)

'Estw fn ∈L 1(R) me 0≤ f1 ≤ f2 ≤ . . . . Upojètoume ìti gia k�je

t ∈ R to ìrio f (t) = limn fn(t) up�rqei. An supn I (fn) < ∞ tìte

f ∈L 1(R) kai

I (lim
n

fn) = lim
n

I (fn).

Par�deigma

An f = χQ tìte f ∈L 1(R) kai I (f ) = 0.



Ta basik� Jewr mata

Je¸rhma (Beppo Levi)

'Estw gn ∈L 1(R) me gn ≥ 0. Upojètoume ìti gia k�je

t ∈ R, ∑
n

gn(t) < ∞. An ∑
n

I (gn) < ∞ tìte ∑
n

gn ∈L 1(R) kai

I (∑
n

gn) = ∑
n

I (gn).

H enallag  orÐou kai olokl rwshc den isqÔei genik�:

Par�deigma (to {kapèlo thc m�gisacv})

fn(x) =


0, x = 0

n2( 1
n −|x |), 0 < |x | ≤ 1

n
0, |x |> 1

n

Ed¸ k�je fn eÐnai Riemann-oloklhr¸simh kai lim
n

fn(x) = 0 gia

k�je x . 'Omwc
∫

fn = 1 gia k�je n �ra lim
n

∫
fn 6= 0.



Ta basik� Jewr mata

Je¸rhma (Kuriarqhmènh sÔgklish)

'Estw fn : R→ C, fn ∈L 1(R). Upojètoume ìti up�rqei

g ∈L 1(R) ¸ste |fn| ≤ g gia k�je n. An gia k�je t ∈ R to ìrio

f (t) = limn fn(t) up�rqei tìte f ∈L 1(R),

I (lim
n

fn) = lim
n

I (fn) kai lim
n
‖fn− f ‖1 = 0.



SÔnola mètrou mhdèn

Orismìc

'Ena A⊂ R èqei mètro mhdèn an gia k�je ε > 0 up�rqoun

diast mata Jn ⊆ R me ∑
n

m(Jn) < ε ¸ste A⊆
⋃
n

Jn.

Mia idiìthta isqÔei sqedìn pantoÔ an to sÔnolo twn shmeÐwn

pou den isqÔei èqei mètro mhdèn.

Prìtash

An h : R→ C, tìte: ‖h‖1 = 0 ⇐⇒ h = 0 sqedìn pantoÔ.
Sthn perÐptwsh aut  h ∈L 1(R).

Pìrisma

'Estw f ,g : R→ C. Tìte

‖f −g‖1 = 0 ⇐⇒ f = g sqedìn pantoÔ.

Sthn perÐptwsh aut  h f an kei ston L 1(R) an kai mìnon an h

g an kei ston L 1(R).



Olokl rwma Lebesgue kai olokl rwma Riemann

Je¸rhma

Mia fragmènh sun�rthsh f : [a,b]→ R eÐnai Riemann
oloklhr¸simh an kai mìnon an eÐnai sqedìn pantoÔ suneq c, an

dhlad  to sÔnolo twn asuneqei¸n thc èqei mètro mhdèn.

Tìte h f eÐnai Lebesgue oloklhr¸simh kai ta dÔo oloklhr¸mata

sumpÐptoun, dhlad 

∫
f (t)dm(t) =

∫ b

a
f (t)dt.



H apeikìnish f →‖f ‖2

Orismìc

An f : R→ C jètoume

‖f ‖2 =
∥∥f 2
∥∥1/2

1

Prìtash

An f , fn : R→ C kai λ ∈ C èqoume

1 an ‖f1‖2 < ∞ kai ‖f2‖2 < ∞ tìte ‖f1f2‖1 ≤ ‖f1‖2 ‖f2‖2 < ∞

2 ‖λ f ‖2 = |λ |‖f ‖2
3 an |f | ≤ ∑

n
|fn| tìte ‖f ‖2 ≤ ∑

n
‖fn‖2.

Pìrisma

(a) ‖f1 + f2‖2 ≤ ‖f1‖2 +‖f2‖2.
(b) An |f | ≤ |g |, tìte ‖f ‖2 ≤ ‖g‖2.



O q¸roc L 2(R)

Orismìc

MÐa f : R→ C an kei ston L 2(R) an up�rqei akoloujÐa (fn) me

fn ∈ Coo(R) ¸ste ‖f − fn‖2→ 0.

Prìtash

(a) O L 2(R) eÐnai grammikìc q¸roc kai h ‖·‖2 eÐnai hminìrma

ston L 2(R).
(b) An f : R→C, tìte ‖f ‖2 = 0 an kai mìnon an f (x) = 0 sqedìn

gia k�je x . S' aut n thn perÐptwsh, h f an kei ston L 2(R).

Prìtash

An f ∈ Coo(R) kai g ∈L 2(R), tìte f ∈L 2(R) kai

fg ∈L 2(R), m�lista ‖fg‖2 ≤ ‖f ‖∞
‖g‖2.

Dhlad  Coo(R)⊆L 2(R) kai Coo(R)L 2(R)⊆L 2(R).



O q¸roc L 2(R)

Parat rhsh

(a) An K ⊆ R eÐnai fragmèno di�sthma2 tìte

L 2(K ) $ L 1(K ) (ìpou L p(K )(p = 1,2) eÐnai o q¸roc twn

sunart sewn tou L p(R) pou mhdenÐzontai èxw apì to K ).
(b) Genik� oÔte o L 1(R) perièqetai ston L 2(R) oÔte o L 2(R)
ston L 1(R).

Prìtash

An f ,g ∈L 2(R) tìte fg ∈L 1(R).

Orismìc

An f ,g ∈L 2(R) orÐzoume 〈f ,g〉=
∫

f ḡdm.

2to sumpèrasma isqÔei genikìtera ìtan to K eÐnai sumpagèc uposÔnolo



O q¸roc L 2(R)

Je¸rhma (plhrìthta)

An mia akoloujÐa (fn) stoiqeÐwn tou L 2(R) eÐnai {basik  wc

proc thn ‖·‖2}, an dhlad  gia k�je ε > 0 up�rqei no ∈ N ¸ste

‖fn− fm‖2 < ε gia k�je n,m ≥ no , tìte up�rqei (ìqi monadik )

f ∈L 2(R) ¸ste ‖f − fn‖2→ 0.

L mma

O q¸roc twn trigwnometrik¸n poluwnÔmwn (�ra kai o q¸roc

twn 2π-periodik¸n suneq¸n sunart sewn) eÐnai puknìc

upìqwroc tou L 2([−π,π]) wc proc thn ‖·‖2.
To Ðdio isqÔei gia ton (L 1([−π,π]),‖·‖1).



Seirèc Fourier sunart sewn kl�sewc L 2

SumbolismoÐ

‖f ‖1 =
1

2π

∫
π

−π

|f (t)|dm(t), ‖g‖22 =
1

2π

∫
π

−π

|g(t)|2dm(t)

〈g ,h〉=
1

2π

∫
π

−π

gh̄dm, f ∈L 1([−π,π]), g ,h ∈L 2([−π,π]).

Orismìc (Suntelestèc Fourier)

'Estw f ∈L 1([−π,π]). OrÐzoume

f̂ (k) =
1

2π

∫
π

−π

fe−kdm =
1

2π

∫
π

−π

f (t)e−iktdm(t) (k ∈ Z)

an(f ) =
1

π

∫
π

−π

f (t)cos(nt)dm(t), bn(f ) =
1

π

∫
π

−π

f (t)sin(nt)dm(t)

(n ∈ N)

Sn(f , t) =
k=n

∑
k=−n

f̂ (k)e ikt (n ∈ N, t ∈ [−π,π]).



Seirèc Fourier sunart sewn kl�sewc L 2

L mma (Bèltisthc mèshc tetragwnik c prosèggishc)

'Estw f ∈L 2([−π,π]) kai n ∈ N. Tìte gia k�je trigwnometrikì

polu¸numo p bajmoÔ to polÔ n isqÔei

1

2π

∫
π

−π

|f −p|2dm ≥ 1

2π

∫
π

−π

|f −Sn(f )|2dm

dhlad  ‖f −p‖2 ≥ ‖f −Sn(f )‖2 .

Isìthta isqÔei an kai mìnon an p = Sn.

Eidikìtera an m ≤ n tìte ‖f −Sm(f )‖2 ≥ ‖f −Sn(f )‖2.

Prìtash

An h f ∈L 2([−π,π]), tìte Sn(f )
‖·‖2−→ f dhlad 

lim
n

1

2π

∫
π

−π

|Sn(f )− f |2dm = 0.



Seirèc Fourier sunart sewn kl�sewc L 2

Je¸rhma (Monadikìthta)

An f ,g ∈L 2([−π,π]) kai ĝ(k) = f̂ (k) gia k�je k ∈ Z
(isodÔnama an(f ) = an(g) kai bn(f ) = bn(g) gia k�je n ∈ N),

tìte f (t) = g(t) sqedìn gia k�je t ∈ [−π,π]. 3

Prìtash

An f ,g ∈L 2([−π,π]), tìte

1

2π

∫
π

−π

f ḡ =
∞

∑
k=−∞

f̂ (k)ĝ(k)

kai
1

2π

∫
π

−π

|f |2 =
∞

∑
k=−∞

|f̂ (k)|2

(Isìthta Parseval)

3isodÔnama, [f ]≡ [g ] ston L2([−π,π])



Seirèc Fourier sunart sewn kl�sewc L 2

Je¸rhma (Riemann - Lebesgue)

An f ∈L 1([−π,π]), tìte

lim
k→+∞

f̂ (k) = lim
k→−∞

f̂ (k) = 0.

Prìtash

An ∑n∈Z |cn|2 < +∞ tìte up�rqei f ∈L 2([−π,π]) ¸ste f̂ (k) = ck

gia k�je k ∈ Z. M�lista an sn(t) = ∑
n
k=−n cke ikt isqÔei ìti

‖f − sn‖2→ 0.



Trigwnometrikèc seirèc kai seirèc Fourier

Prìtash

An f ∈L 1 kai gia k�je n ∈ N èqoume −f̂ (−n) = f̂ (n)≥ 0 tìte

∞

∑
n=1

1

n
f̂ (n) < ∞.

Kat� sunèpeia h ∑
∞
k=2

sinkt
logk den eÐnai seir� Fourier.

Prìtash

'Estw an ≥ 0, an→ 0 kai an ≤ 1
2(an−1 +an+1) gia k�je n ∈ N.

Tìte up�rqei f ∈L 1([−π,π]) me f̂ (k) = a|k| gia k�je k ∈ Z.

Epomènwc, h ∑
∞
k=2

coskt
logk eÐnai seir� Fourier k�poiac sun�rthshc

pou an kei ston L 1([−π,π]) (alla ìqi ston L 2([−π,π])).
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