
1 Trigwnometrikèc Seirèc
Trigwnometrik  Seir�:

ao

2
+

∞∑

k=1

ak cos kx +
∞∑

k=1

bk sin kx

Trigwnometrikì polu¸numo:

a0

2
+

N∑

k=1

ak cos kx +
N∑

k=1

bk sin kx

ak = bk = 0 ìtan k > N . Bajmìc N an |aN |+ |bN | 6= 0.
IsodÔnamh morf 

N∑

k=−N

ck exp(ikx)

ìpou
exp(it) ≡ cos t + i sin t

ck =





ak−ibk

2
, k ≥ 1

a0

2
, k = 0

a−k+ib−k

2
, k ≤ −1

Par�deigma 1.1 Gia k�je x ∈ R, x 6= 2kπ,

sn(x) =
n∑

k=1

sin kx = sin x + sin 2x + . . . + sin nx =
cos x

2
− cos(n + 1

2
)x

2 sin x
2

(1)

cn(x) =
1

2
+

n∑

k=1

cos kx =
1

2
+ cos x + cos 2x + . . . + cos nx =

sin(n + 1
2
)x

2 sin x
2

.

'Otan x = 2kπ,

sn(x) = 0

cn(x) = n +
1

2
.
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SÔgklish: 'Estw x ∈ [−π, π] stajerì. An x = 0,±π h akoloujÐa (sn(x))n

eÐnai stajer� Ðsh me 0 en¸ h (cn(x))n teÐnei sto +∞ ìtan x = 0 kai eÐnai (−1)n

2

ìtan x = ±π.
Gia k�je �llh tim  tou x kai oi duo akoloujÐec apoklÐnoun.
Pr�gmati an h (sn(x))n sugklÐnei, tìte prèpei limn sin nx = 0. Tìte ìmwc,

efìson x 6= 0,±π,

sin(n + 1)x → 0

⇒ sin nx cos x + cos nx sin x → 0

sin x 6=0
=⇒ cos nx → 0

�topo, afoÔ cos2 nx + sin2 nx = 0.
OmoÐwc an h (cn(x))n sugklÐnei, tìte prèpei limn cos nx = 0, opìte cos 2nx →

0, dhlad  2 cos2 nx− 1 → 0, opìte cos nx → 1√
2
, �topo.

Molonìti oi dÔo akoloujÐec den sugklÐnoun, eÐnai fragmènec (ìtan x 6= 2kπ).

Parat rhsh 1.2 An x ∈ (0, 2π), gia k�je n ∈ N èqoume
∣∣∣∣∣
1

2
+

n∑

k=1

cos kx

∣∣∣∣∣ ≤
1

2
∣∣sin x

2

∣∣ (2)
∣∣∣∣∣

n∑

k=1

sin kx

∣∣∣∣∣ ≤
1∣∣sin x

2

∣∣ .

Epiplèon gia k�je δ > 0 oi dÔo akoloujÐec eÐnai omoiìmorfa fragmènec sto
di�sthma [δ, 2π − δ]: An x ∈ [δ, 2π − δ], gia k�je n ∈ N èqoume

∣∣∣∣∣
1

2
+

n∑

k=1

cos kx

∣∣∣∣∣ ≤
1

2 sin δ
2

(3)
∣∣∣∣∣

n∑

k=1

sin kx

∣∣∣∣∣ ≤
1

sin δ
2

.

Oi anisìthtec (2) prokÔptoun �mesa apì tic (1) kai oi (3) apì tic (2), efìson
| sin x

2
| ≥ sin δ

2
ìtan x ∈ [δ, 2π − δ].

Parat rhsh 1.3 Oi dÔo akoloujÐec den eÐnai omoiìmorfa fragmènec sto
di�sthma (0, 2π). Den up�rqei dhlad  arijmìc M < +∞ ¸ste |cn(x)| ≤ M
gia k�je n ∈ N kai k�je x ∈ (0, 2π).
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Pr�gmati, an p.q. jèsoume xm = π
2m+1

èqoume apì thn (1)

cm(xm) =
sin π

2

2 sin 1
4m+2

=
1

2 sin 1
4m+2

pou teÐnei sto ∞ kaj¸c m →∞.

Par�deigma 1.4

sn(x) =
n∑

k=1

1

k2
sin kx = sin x +

1

4
sin 2x + . . . +

1

n2
sin nx

cn(x) =
n∑

k=1

1

k2
cos kx = cos x +

1

4
cos 2x + . . . +

1

n2
cos nx

An n,m ∈ N kai n ≥ m
∣∣∣∣∣

n∑

k=m

1

k2
sin kx

∣∣∣∣∣ ≤
n∑

k=m

1

k2
gia k�je x ∈ R

epeid  | sin(kx)| ≤ 1 gia k�je k ∈ N kai k�je x ∈ R. All�
∑∞

k=1
1
k2 < ∞, �ra

gia k�je ε > 0 up�rqei no ∈ N ¸ste an n ≥ m ≥ no na isqÔei
∑n

k=m
1
k2 < ε

opìte

gia k�je x ∈ R kai n ≥ m ≥ no,

∣∣∣∣∣
n∑

k=m

1

k2
sin kx

∣∣∣∣∣ < ε

pr�gma pou shmaÐnei h akoloujÐa twn sunart sewn (sn) (eÐnai basik , �ra)
sugklÐnei omoiìmorfa wc proc x kai sunep¸c to ìriì thc, èstw s, eÐnai suneq c
sun�rthsh.

'Idiec parathr seic isqÔoun kai gia thn akoloujÐa (cn).
Qrhsimopoi same ed¸ to gnwstì (dec [Ru, 7.8, 7.12]   [Ap, 27.11, 27.12])

Je¸rhma 1.5 An mia akoloujÐa (fn) sunart sewn fn : X → C (ìpou X ⊆
R) eÐnai omoiìmorfa basik 1, tìte sugklÐnei omoiìmorfa sto X.

An epÐ plèon oi fn eÐnai suneqeÐc sto X, tìte kai to ìriì touc eÐnai suneq c
sun�rthsh.

1dhlad  ikanopoieÐ: gia k�je ε > 0 up�rqei no ∈ N ¸ste an n, m ≥ no na isqÔei gia
k�je x ∈ X h anisìthta |fn(x)− fm(x)| < ε
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Par�deigma 1.6

sn(x) =
n∑

k=1

1

k
sin kx = sin x +

1

2
sin 2x + . . . +

1

n
sin nx

cn(x) =
n∑

k=1

1

k
cos kx = cos x +

1

2
cos 2x + . . . +

1

n
cos nx

Ja deÐxoume ìti kai oi dÔo akoloujÐec sugklÐnoun gia k�je x 6= 2kπ kai orÐzoun
suneqeÐc sunart seic. ArkeÐ na periorisjoÔme sto (0, 2π), efìson oi dÔo
akoloujÐec eÐnai trigwnometrik� polu¸numa, �ra 2π-periodikèc sunart seic.

UpenjumÐzoume:

L mma 1.7 (�jroish kat� mèrh, [Ru 3.41]) An b1 ≥ b2 ≥ . . . ≥ bn ≥ 0
kai ak ∈ C, tìte jètontac sk = a1 + a2 + . . . + ak kai s0 = 0, èqoume gia k�je
m,n ∈ N me n ≥ m,

n∑

k=m

akbk =
n−1∑

k=m

sk(bk − bk+1) + snbn − sm−1bm

Apìdeixh 'Eqoume

n∑

k=m

akbk =
n∑

k=m

(sk − sk−1)bk =
n∑

k=m

skbk −
n∑

k=m

sk−1bk

=
n∑

k=m

skbk −
(j=k−1)

n−1∑
j=m−1

sjbj+1

=
n−1∑

k=m

skbk + snbn − sm−1bm −
n−1∑
j=m

sjbj+1

=
n−1∑

k=m

skbk + snbn − sm−1bm −
(k=j)

n−1∑

k=m

skbk+1

=
n−1∑

k=m

sk(bk − bk+1) + snbn − sm−1bm.
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L mma 1.8 (Dirichlet, [Ap 27.32])
An (i) b1 ≥ b2 ≥ . . . ≥ bn ≥ 0, (ii) bn → 0,
kai (ak) akoloujÐa sunart sewn ak : X → C ¸ste ta merik� ajroÐsmata thc
seir�c

∑
ak na eÐnai omoiìmorfa fragmèna, na up�rqei dhlad  M < ∞ me

(iii)

∣∣∣∣∣
n∑

k=1

ak(t)

∣∣∣∣∣ ≤ M gia k�je t ∈ X kai k�je n ∈ N,

tìte h seir�
∑

k bkak sugklÐnei omoiìmorfa.

Apìdeixh An n,m ∈ N kai n > m, gia k�je t ∈ X èqoume apì to L mma
∣∣∣∣∣

n∑

k=m

ak(t)bk

∣∣∣∣∣ =

∣∣∣∣∣
n−1∑

k=m

sk(t)(bk − bk+1) + sn(t)bn − sm−1(t)bm

∣∣∣∣∣

≤
n−1∑

k=m

|sk(t)|(bk − bk+1) + |sn(t)|bn + |sm−1(t)|bm (giatÐ bk − bk+1 ≥ 0)

≤
n−1∑

k=m

M(bk − bk+1) + Mbn + Mbm

=M(bm − bn) + Mbn + Mbm = 2Mbm.

Epomènwc, an dojeÐ ε > 0, afoÔ bn → 0, brÐskoume no ∈ N ¸ste bm < ε
2M

ìtan m ≥ no, opìte, gia k�je t ∈ X kai k�je n > m ≥ no èqoume apì thn
prohgoÔmenh anisìthta ∣∣∣∣∣

n∑

k=m

ak(t)bk

∣∣∣∣∣ < ε

kai �ra h seir� eÐnai omoiìmorfa basik  kai sunep¸c (Je¸rhma 1.5) omoiì-
morfa sugklÐnousa. 2

JewroÔme t¸ra thn akoloujÐa (sn) ìpou

sn(x) =
n∑

k=1

1

k
sin kx.

Ed¸ èqoume ak(x) = sin kx kai bk = 1
k
. H (bk) fjÐnei proc to 0, all� ta merik�

ajroÐsmata den eÐnai omoiìmorfa fragmèna sto (0, 2π) (Parat rhsh 1.3). 'Ara
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to L mma tou Dirichlet den efarmìzetai apeujeÐac, gi�autì akoloujoÔme thn
ex c mèjodo: An dojeÐ opoiod pote xo ∈ (0, 2π), up�rqei δ > 0 ¸ste xo ∈
[δ, 2π − δ]. Xèroume ìti gia k�je x ∈ [δ, 2π − δ] isqÔei

∣∣∣∣∣
n∑

k=1

sin kx

∣∣∣∣∣ ≤
1

sin δ
2

.

Epomènwc to L mma tou Dirichlet efarmìzetai sto sÔnolo Xδ = [δ, 2π−δ] kai
epomènwc h seir� aut  sugklÐnei omoiìmorfa sto Xδ, èstw sth sun�rthsh f .
Epeid  ta merik� ajroÐsmata eÐnai suneqeÐc sunart seic, èpetai ìti kai h f ja
eÐnai suneq c sto Ðdio di�sthma. 'Epetai loipìn ìti h sun�rthsh f orÐzetai kai
eÐnai suneq c sto xo. Epeid  to xo eÐnai aujaÐreto shmeÐo tou (0, 2π), deÐxame
ìti h f eÐnai suneq c sto (0, 2π).

'Idiec parathr seic isqÔoun gia tic seirèc

∞∑

k=1

1

k
cos kx kai

∞∑

k=1

1

k
eikx.

2 Seirèc Fourier

An f eÐnai trigwnometrikì polu¸numo, p¸c na br¸ touc suntelestèc?

Parat rhsh 2.1 An

f(x) =
a0

2
+

N∑

k=1

ak cos kx +
N∑

k=1

bk sin kx

tìte

a0 =
1

π

∫ 2π

0

f(x)dx

an =
1

π

∫ 2π

0

f(x) cos nxdx

bm =
1

π

∫ 2π

0

f(x) sin mxdx

Gia thn apìdeixh, qrhsimopoioÔme thn eÔkolh
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Parat rhsh 2.2 An n,m ∈ N , èqoume

1

π

∫ 2π

0

cos nx cos mxdx =

{
1 n = m 6= 0
0 n 6= m

1

π

∫ 2π

0

sin nx sin mxdx =

{
1 n = m 6= 0
0 n 6= m

1

π

∫ 2π

0

cos nx sin mxdx = 0

'Eqoume loipìn, an 1 ≤ n, m ≤ N ,

1

π

∫ 2π

0

f(x)dx = 2
a0

2
+

N∑

k=1

ak
1

π

∫ 2π

0

cos kxdx +
N∑

k=1

bk
1

π

∫ 2π

0

sin kxdx = a0

1

π

∫ 2π

0

f(x) cos nxdx =

a0

2π

∫ 2π

0

cos nxdx +
N∑

k=1

ak

π

∫ 2π

0

cos kx cos nxdx +
N∑

k=1

bk

π

∫ 2π

0

sin kx cos nxdx = an

1

π

∫ 2π

0

f(x) sin mxdx =

a0

2π

∫ 2π

0

sin mxdx +
N∑

k=1

ak

π

∫ 2π

0

cos kx sin mxdx +
N∑

k=1

bk

π

∫ 2π

0

sin kx sin mxdx = bm

Parat rhsh 2.3 (Migadik  morf ) An k ∈ Z,

1

2π

∫ 2π

0

exp(ikx)dx =

{
1 k = 0
0 k 6= 0

Apìdeixh:

An k 6= 0,
1

2π

∫ 2π

0

exp(ikx)dx =
1

2π

[
exp(ikx)

ik

]2π

0

= 0

Parat rhsh 2.4 An

f(x) =
N∑

k=−N

ck exp ikx
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tìte, an −N ≤ m ≤ N ,

1

2π

∫ 2π

0

f(x) exp(−imx)dx =
N∑

k=−N

ck

2π

∫ 2π

0

exp ikx exp(−imx)dx

=
N∑

k=−N

ck

2π

∫ 2π

0

exp i(k −m)xdx = cm.

GenÐkeush: An dojeÐ sun�rthsh f , orÐzw

an = an(f) =
1

π

∫ 2π

0

f(x) cos nxdx, (n = 0, 1, 2, . . .)

bm = bm(f) =
1

π

∫ 2π

0

f(x) sin mxdx, (m = 1, 2, . . .)

f̂(k) =
1

2π

∫ 2π

0

f(x) exp(−ikx)dx, (k ∈ Z)

arkeÐ ta oloklhr¸mata na up�rqoun.

Me autoÔc touc suntelestèc sqhmatÐzw th seir� Fourier S(f) thc f :

S(f, x) ≡ ao

2
+

∞∑

k=1

ak cos kx +
∞∑

k=1

bk sin kx

Sc(f, x) =
∞∑

k=−∞
f̂(k)eikx

Den exet�zoume aut  th stigm  pìte h seir� Fourier S(f) miac sun�rthshc
sugklÐnei kai poÔ. Apl¸c antistoiqoÔme sthn f th seir� S(f), dhlad  tic
akoloujÐec (an), (bn) twn suntelest¸n.

Gr�foume

f ∼ ao

2
+

∞∑

k=1

ak cos kx +
∞∑

k=1

bk sin kx   f ∼ (an, bn)

f ∼
∞∑

k=−∞
f̂(k)eikx   f ∼ (f̂k)
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Par�deigma 'Estw 0 < r < 1. OrÐzoume

f(x) =
∞∑

k=1

rk sin kx.

H seir� sugklÐnei omoiìmorfa, �ra h f eÐnai suneq c sun�rthsh. Isqurismìc:

bn(f) = rn n = 1, 2, . . . , an(f) = 0

dhlad  S(f) = f

Apìdeixh: 'Estw n ∈ N. An

sN(x) =
N∑

k=1

rk sin kx

tìte gia k�je N ≥ n,

1

π

∫ 2π

0

sN(x) sin nxdx = rn,
1

π

∫ 2π

0

sN(x) cos nxdx = 0.

All� (omoiìmorfh sÔgklish) an ε > 0 up�rqei No ∈ N ¸ste

gia k�je x ∈ [0, 2π], |sNo(x)− f(x)| < ε

opìte, dialègontac N ∈ N megalÔtero apì to n kai apì to No, èqoume
∣∣∣∣
1

π

∫ 2π

0

f(x) sin nxdx− rn

∣∣∣∣ =

∣∣∣∣
1

π

∫ 2π

0

f(x) sin nxdx− 1

π

∫ 2π

0

sN(x) sin nxdx

∣∣∣∣

≤ 1

π

∫ 2π

0

|f(x)− sN(x)|| sin nx|dx ≤ 1

π

∫ 2π

0

εdx = 2ε

�ra 1
π

∫ 2π

0
f(x) sin nxdx = rn. OmoÐwc 1

π

∫ 2π

0
f(x) cos nxdx = 0.

To par�deigma eÐnai eidik  perÐptwsh thc akìloujhc Prìtashc, pou apodeiknÔe-
tai me ton Ðdio trìpo:

Prìtash 2.5 An
∑ |ck| < ∞ tìte h seir�

∑
k ck exp(ikx) sugklÐnei omoiì-

morfa se suneq  kai 2π-periodik  sun�rthsh g me ĝ(k) = ck gia k�je k ∈ Z.
Parat rhsh 2.6 Genikìtera an mia trigwnometrik  seir� f(x) =

∑
k ck exp(ikx)

sugklÐnei omoiìmorfa, tìte oi suntelestèc Fourier thc f eÐnai oi ck.
Den eÐnai ìmwc al jeia en gènei ìti k�je sugklÐnousa trigwnometrik 

seir� eÐnai seir� Fourier k�poiac sun�rthshc (bl. p.q. [Ap 30.21]).
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Prìtash 2.7 (Grammikìthta) An oi f, g eÐnai oloklhr¸simec sto [0, 2π]
kai λ ∈ C,

S(f + λg) =S(f) + λS(g)

isodÔnama f̂ + λg = f̂ + λĝ.

Apìdeixh 'Epetai �mesa apì th grammikìthta tou oloklhr¸matoc.

Prìtash 2.8 An f suneq c, 2π-periodik  me oloklhr¸simh par�gwgo,

S(f ′) =
∞∑

k=1

(kbk cos kx− kak sin kx).

Migadik  morf :
f̂ ′(k) = ikf̂(k) (k ∈ Z).

Apìdeixh ApodeiknÔoume th migadik  morf : Gia k�je k ∈ Z, me olokl rwsh
kat� mèrh èqoume

f̂ ′(k) =
1

2π

∫ 2π

0

f ′(x) exp(−ikx)dx

=
1

2π

[
f(x)eikx

]2π

0
− −ik

2π

∫ 2π

0

f(x) exp(−ikx)dx = ikf̂(k)

diìti
[
f(x)eikx

]2π

0
= f(2π)e2πi − f(0)e0 = 0, afoÔ h f eÐnai 2π-periodik .

Me ton Ðdio trìpo brÐskoume ìti

ak(f
′) = kbk(f), bk(f

′) = −kak(f), k = 0, 1, . . .

'Askhsh 2.9 An h sun�rthsh f eÐnai 2π-periodik  lÔsh thc grammik c o-
mogenoÔc diaforik c exÐswshc

ay′′ + by′ + cy = 0

me stajeroÔc suntelestèc a, b, c ∈ R ìpou b 6= 0, na brejoÔn oi suntelestèc
Fourier thc f .

MporeÐte t¸ra na breÐte mia lÔsh thc exÐswshc

ay′ + by′ + cy =
N∑

k=−N

cke
ikx

ìpou ck ∈ C stajerèc?
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'Askhsh 2.10 An mia oloklhr¸simh sun�rthsh f : [−π, π] → C eÐnai �rtia,
tìte h seir� Fourier thc eÐnai seir� sunhmitìnwn (dhlad  bn = 0 gia k�je
n ∈ N). An eÐnai peritt , tìte h seir� Fourier thc eÐnai seir� hmitìnwn
(dhlad  an = 0 gia k�je n ∈ N). An h f paÐrnei pragmatikèc timèc, tìte
c−k = ck gia k�je k ∈ Z.

Parathr seic 2.11 (Periodikìthta) (i) Ta trigwnometrik� polu¸numa,
kai genikìtera oi sugklÐnousec trigwnometrikèc seirèc, eÐnai 2π-periodikèc
sunart seic. Gia to lìgo autì exet�zoume seirèc Fourier 2π-periodik¸n
sunart sewn. An mia sun�rthsh f mac dojeÐ orismènh sto [0, 2π]   sto
[−π, π], kai ikanopoieÐ f(0) = f(2π) (antÐstoiqa f(−π) = f(π)) thn epek-
teÐnoume periodik� s�ìlo to R. An ìmwc f(0) 6= f(2π), prin thn epekteÐ-
noume prèpei na thn all�xoume ¸ste na mporeÐ na epektajeÐ periodik�. Di-
alègoume loipìn mia tim  c kai orÐzoume mia nèa sun�rthsh g sto [0, 2π] jè-
tontac g(t) = f(t) gia k�je t ∈ (0, 2π) kai g(0) = c = g(2π). BebaÐwc oi
suntelestèc Fourier thc g ja eÐnai oi Ðdioi me touc suntelestèc Fourier thc f .

(ii) 'Otan lème ìti mia 2π-periodik  sun�rthsh f eÐnai p.q. suneq c  
suneq¸c paragwgÐsimh, akìma ki�an èqei dojeÐ arqik� sto (0, 2π), ennooÔme
ìti èqei aut n thn idiìthta afoÔ epektajeÐ periodik� s�olìklhro to R. Gia
par�deigma h sun�rthsh f(t) = t, (t ∈ (0, 2π)) den èqei suneq  periodik 
epèktash sto R, diìti h periodik  epèktas  thc parousi�zei asunèqeiec sta
shmeÐa 0,±2π,±4π, . . .. H sun�rthsh g(t) = t2 − π2, (t ∈ [−π, π]), pou eÐnai
suneq c 2π-periodik , den èqei suneq  2π-periodik  par�gwgo (parìti h f ′

eÐnai suneq c sto [−π, π]).
(iii) An mia oloklhr¸simh sun�rthsh f : R→ C eÐnai periodik  me perÐodo

ω > 0, tìte h seir� Fourier thc orÐzetai wc ex c:

f ∼ ao

2
+

∞∑

k=1

ak cos

(
2kπ

ω
x

)
+

∞∑

k=1

bk sin

(
2kπ

ω
x

)

ìpou

an = an(f) =
2

ω

∫ ω

0

f(x) cos

(
2nπ

ω
x

)
dx, (n = 0, 1, 2, . . .)

bm = bm(f) =
2

ω

∫ ω

0

f(x) sin

(
2mπ

ω
x

)
dx, (m = 1, 2, . . .)
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3 Aplèc peript¸seic sÔgklishc

Prìtash 3.1 An f eÐnai suneq c kai 2π-periodik  sun�rthsh kai
∑ |f̂(k)| <

∞ (isodÔnama
∑

(|ak(f) + |bk(f)| < ∞) tìte SN(f) → f omoiìmorfa.

Apì thn Prìtash 2.5 xèroume ìti h akoloujÐa (SN(f)) sugklÐnei omoiìmorfa
se mia suneq  sun�rthsh g me ĝ(k) = f̂(k) gia k�je k ∈ Z.

P¸c ìmwc ja sumper�noume ìti f = g?
To gegonìc autì èpetai apì to akìloujo basikì Je¸rhma, pou ja apodeÐxoume

sthn epìmenh par�grafo:

Je¸rhma 3.2 (Je¸rhma Monadikìthtac) An f kai g eÐnai suneqeÐc kai
2π-periodikèc sunart seic me ĝ(k) = f̂(k) gia k�je k ∈ Z (isodÔnama an(f) =
an(g) kai bn(f) = bn(g) gia k�je k ∈ N), tìte f = g.

Ac shmei¸soume apì t¸ra ìti to Je¸rhma den alhjeÔei wc èqei qwrÐc thn
upìjesh thc sunèqeiac. Gia par�deigma an h f eÐnai diaforetik  apo to 0

mìno se peperasmèno pl joc shmeÐwn tou [0, 2π], tìte f̂(k) = 0 gia k�je
k ∈ Z.

Gia thn epìmenh Prìtash ja mac qreiasjeÐ èna apotèlesma, gnwstì apì
thn Pragmatik  An�lush ([Ru 7.17], [Ap 27.29, 27.30]). To diatup¸noume
sthn eidik  perÐptwsh pou ja to qreiasjoÔme:

Prìtash 3.3 An fn : [a, b] → C eÐnai suneq¸c paragwgÐsimec sunart seic,
¸ste fn(x) → f(x) gia k�je x ∈ [a, b] kai f ′n → g omoiìmorfa sto [a, b]. Tìte
h f eÐnai paragwgÐsimh me suneq  par�gwgo thn g.

Apìdeixh Lìgw thc omoiìmorfhc sÔgklishc f ′n → g, gia k�je x ∈ [a, b]
èqoume ∫ x

a

f ′n(t)dt →
∫ x

a

g(t)dt.

All� apì to Jemeli¸dec Je¸rhma tou ApeirostikoÔ LogismoÔ èqoume
∫ x

a

f ′n(t)dt = fn(x)− fn(a).

Epeid  fn(x) → f(x) kai fn(a) → f(a) èpetai ìti

f(x)− f(a) =

∫ x

a

g(t)dt.
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All� h g eÐnai suneq c sun�rthsh, wc omoiìmorfo ìrio suneq¸n sunart sewn.
Kat� sunèpeia to aìristo olokl rwm� thc eÐnai paragwgÐsimh sun�rthsh me
par�gwgo thn g. Dhlad  h f eÐnai paragwgÐsimh kai f ′ = g. 2

Prìtash 3.4 An f eÐnai suneq c kai 2π-periodik  sun�rthsh kai
∑ |kf̂(k)| <

∞ tìte h f eÐnai suneq¸c paragwgÐsimh kai h seir�
∑

ikf̂(k) exp ikx sugk-
lÐnei omoiìmorfa sto [0, 2π] sthn f ′.

Apìdeixh Jètoume fN = SN(f). Kat�arq n parathroÔme ìti
∑ |f̂(k)| ≤∑ |kf̂(k)| < ∞. Sunep¸c apì thn Prìtash 3.1 h seir� Fourier thc f sugk-

lÐnei omoiìmorfa sthn f , dhlad  fN → f omoiìmorfa:

f(x) =
+∞∑

k=−∞
f̂(k) exp ikx.

'Omwc èqoume

f ′N(x) =
d

dx
SN(f, x) =

d

dx

(
N∑

k=−N

f̂(k)eikx

)
=

N∑

k=−N

f̂(k)ikeikx

All� apì thn upìjesh
∑ |kf̂(k)| < ∞ sumperaÐnoume (Prìtash 2.5) ìti h h

akoloujÐa (f ′N) sugklÐnei omoiìmorfa se mia suneq  sun�rthsh g, dhlad 

g(x) =
+∞∑

k=−∞
ikf̂(k) exp ikx.

'Epetai loipìn apì thn Prìtash 3.3 ìti h f eÐnai paragwgÐsimh me par�gwgo
thn suneq  sun�rthsh g.

L mma 3.5 An h f kai oi par�gwgoÐ thc f ′, f ′′, . . . , f (n) eÐnai suneqeÐc 2π-
periodikèc sunart seic kai an |f (n)(t)| ≤ M gia k�je t tìte |f̂(k)| ≤ M

|k|n gia
k�je k 6= 0.

Apìdeixh Efarmìzontac thn Prìtash 2.8 gia tic 2π-periodikèc kai suneq¸c
paragwgÐsimec sunart seic f, f ′, . . . , f (n−1) èqoume, gia k�je k ∈ Z,

f̂ ′(k) = ikf̂(k), f̂ ′′(k) = ikf̂ ′(k) = (ik)2f̂(k), . . . f̂ (n)(k) = (ik)nf̂(k).
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All�

|f̂ (n)(k)| =
∣∣∣∣

1

2π

∫ 2π

0

f (n)(x) exp(ikx)dx

∣∣∣∣ ≤
1

2π

∫ 2π

0

∣∣f (n)(x) exp(ikx)
∣∣ dx ≤ M

kai sunep¸c

|f̂(k)| =
∣∣∣∣∣
f̂ (n)(k)

(ik)n

∣∣∣∣∣ ≤
M

|k|n

ìtan k 6= 0. 2

Prìtash 3.6 An oi f, f ′ kai f ′′ eÐnai suneqeÐc kai 2π-periodikèc, h seir� S(f)
sugklÐnei omoiìmorfa sthn f .

Apìdeixh Epeid  oi f, f ′ kai f ′′ eÐnai ex upojèsewc suneqeÐc sto [0, 2π], eÐnai
fragmènec. An M eÐnai ènac arijmìc ¸ste |f ′′(t)| ≤ M gia k�je t, apì to
L mma èpetai ìti |f̂(k)| ≤ M

|k|2 gia k�je k 6= 0, kai sunep¸c
∑ |f̂(k)| < ∞.

To sumpèrasma èpetai t¸ra apì thn Prìtash 3.1. 2

'Askhsh 3.7 Na exetasjeÐ an sugklÐnei h trigwnometrik  seir�2

4

π

(
sin x +

1

3
sin 3x +

1

5
sin 5x + . . .

)

kai na brejeÐ to ìriì thc, an up�rqei.

'Askhsh 3.8 DÐdontai oi sunart seic

f1 :[−π, π] → R me f1(t) = t, f2 : [0, 2π] → R me f2(t) = t,

f3 :[−π, π] → R me f3(t) = t2 − π2

(bl. Parat rhsh 2.11). Na epektajoÔn periodik� sto R kai na brejoÔn oi
seirèc Fourier touc. Na exetasjeÐ an oi seirèc autèc sugklÐnoun kai poÔ.
Efarmìzontai oi Prot�seic pou mìlic deÐxame stic sunart seic autèc?

2bl. tic grafikèc parast�seic sthn hlektronik  selÐda tou maj matoc
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