6 Ewoaywyn oto ohoxAnpwpo Lebesgue

6.1 Ilopatnerocic oto oAoxAjewuo Riemann

Aoxfoe 6.1 (1) Av f = xq vrdpyer axolovdia (f,) ané R-odoxkAnpdoipes
ouvaptrioes

o ote f(t) — f(t) ya kde t € [0, 1];
® umopeite va Ppeite Tétoies f,, TUVEYELS;
o umopeite va Ppeite Téroies f, dote fol |fr. — fin] — 0 kaOdg n,m — oo;

(n) Av n [ etvar R-ohoxAnpdoun ovvdptnon oo [0,1] kar [|f(¢)|dt = 0,

méoo «ueydAoy umopel va efvar to oUvoAo
N(f) ={t €[0,1]: f(t) # 0};
o Mmopei va eivar dreipo;
o Trepaprunoio;

o Mrnopel va mepiéyer avoiktd dwaotipata (€ktds Twov kevol);

Mogathenon 6.2 Av f, — f opotbuopga oto [0,1], w6t [ f, — [ f.

Av bpwc f, — f xotd onpeto, téte dev éretan o1t [ f, — [ f. Topdderyuo:
fo(t) =nt(1—t2)": &b fn(t) — 0y xdde t € [0,1], ahr& fol fn — 3. Exlong
AV G = N fn, TN gn(t) — 0 vt x&0e t € [0, 1], adhd& fol Jn — 0.

‘Acxnom 6.3 Av fol fn — 0, elvar arrjdaa 6 f,(t) — 0 ya kdde t € [0,1];
Av emmAéor f,,(t) > 0 yia kdOe n xar t;



6.2 Ynevioworn: To ohoxArpwpa Riemann
‘Eow f:[a,b] — R gpaypévrn. T xdde Stopépton P tou [a, b]
P - {]1,]2,...,]n}

oe &éva avd SVo dothuata I = [ty—1,tk), (K = 1,2,...,n — 1) xa [, =
[tn1,t,] OétoUUE

M; = M;(f) = sup{f(s) : s € I;}
m; = m;(f) =1inf{f(s) : s € I;} (t=1,...,n).

pqeds

L(f,P) = Zmz’(f)(ti —ti1)

U(f,P) = ZMi(f)(ti — ti—1).-

To L(f, P) xar U(f, P) ovopdlovtar To xdte xal dve ddpotcpa Rie-
mann ¢ f w¢ Tpog T dtauéptor P.

Eivow cagéc 61t L(f, P) < U(f,P). Oewpwvtac dodoyixd Suuepioeic Ue
6ho xat TeEpIoc6TEPA oTueia, Yo TapaTNEYicOUUE OTL Tl X4 Tw adpolopaTa HEY -
AOVOUY, TapauévovTas Ouwe Gha wxpdTepa (1 foa) and xdde dvw ddpoloya,
eve T v abpoloyata wixpatvouy, TUEAUEVOVTAS OUWS Oha UEYAN)TERA (v]
foa) and xdlde xdtw ddpowopa. Av undpyer évag kar povadikds aprdude I
AVAPESA GTA XATw Xat Ta dvew adpolopata, dNAadY TETOLOC WOTE v Loy UEL
L(f,P) <1 <U(f, Q) y ormoecdrinote 8o Sapepioec P xow Q tou [a, b],
61 UTOC 0 aptipde ovoudletar o ohoxhfipwuo Riemann tne f oto [a,bl.
Alade, to ohoxhfpwua Riemann tne f oto [a, b] dev undpyet. To adpoiopota
Riemann hotndv anotehodv x4te xat dvw mpoceyyioeic! 1ou ohoxhnpduatog
Riemann, 6tav autd undpyet.

ITpotaot 6.4 (Kerthpto Riemann) FEotw f : [a,b] — R gpaypuévn. H f
efvar ohoxAnpdoun av kar udévov av yia kdde € > 0 vndpyer dapépion Pe. tov
la, b] dote

U(f,Pe) — L(f,P.) <e. (1)

"Mrnopel va dramiotéoer xavelc 61t, eite uTohoyioer Ta dve xou xdtw adpolopata yenot-
HOTIOLOVTAC NuL-GvotyTa SlaoThuaTa (6Tws e86) Elte ot UTONOYIGEL YPNOUOTOLOVTAC XAELOTY
SraothuaTa, 1 Umapdn xat N TLr Tou ohoxAne@patoc e f dev ennpedlovra.
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Ioodbvapas:
[ %89 Sropépton P tou [a, b] opilouye xApaxwTég oUVIPTHOELS hp, gp
oc e€hc: xdle t € [a, b] avixer axpBde oe éva and ta I; xar Vétoupe

h'p(t) :mz(f), gp(t>:MZ(f), tel (Z:L,n)
0D
hp(t) = Zmi(f)XIi(t)7 gp(t) = ZMi(f)XIi (1)

, 1, te A , , ,
6mou xa(t) = 0, t¢ A 1) X APAXTNRLOTIXY] CLUVAETNOY Tou GUVOLoL A.

Awmotovetor ebxoila 6Tl
hp(t) < f(t) < gp(t) v xdde ¢ € [a,b]

b b
xou / hp(t)dt = L(f,P), / gp(t)dt =U(f,P).

Enopéveg 1o xpitfplo Riemann avadiaturn@vetor wg e€Ng:

ITeotaoy 6.5 Eotw f : [a,b] — R gpaypérn. H f eivar okokAnpdoyun av kai
povov av yia kdle € > 0 vndpyowr kAipakwtés ouvaptrioes ge, he @ [a,b] — R
wote g < f < he kai fab(h6 —g.) < e

To ohoxhfpwua hotndy tne f urnohoyileton (6tay undpyel) mpooeyyilovtag
TV [ UE ANUYOXWTES CUVAPTACELS Xat UTOAOYI{OVTAC TO 610 TV OROXATOW-
wdtwy toug. To mpdfinua elvon ot av 1 f ueTadAietar TOAD «andToudy GTA
vrodlo Aot ToU [a, b] umopel 1 Baopd fab(hp — gp) va unv yivetar moté
«uxpny, 660 xat var eEXAenTUVEL xavelc TNy dropépton Tou [a, b]. [ nopdderypor
av f ebvar n ouvdptnon Dirichlet, oniadh 1 yopaxtnplotiny 1wV ENTOY, TOTE,
ool xdVe un TETPIHEVO DLACTNUO TEQIEYEL Xl PNTOUC XAl dPETOUS, EYOUUE
Tdva fab(hp —gp) = 1.

H Boaowr 10éa yia o ohoxifipwua Lebesgue elvar 7 oxdhoudrn: avtl va
drouepilouye To medio opiouov [a, b] ¢ f, olapepiCouue To medlo Ty g f o€
Eéva avd 800 Swothuata Ji = [mg, my), Jo = [m1,ma), ..., Jn = [Mp_1, My
xat Vewpolue to uepd adpoicuata



Li(f,P) = Zmiflu(f’l(z]i))

omou u(f~(J;)) etvar o «whxocy» tou uroouvorou® f1(J;) C [a, b].

To mpoPinua Topa BeloxeTar 6TOV 0PIGUO TOU (U XOUCY» EVOS GUVOAOU TOU
oev ebvan Srdotnue. To urxog evog dracthuatog pe dxpa s < t etvor BEBata t—s,
AL EMOPEVWC 1) TEWTT) DOUAELY TOU €YOUUE VO XAVOUUE EIVUL VO €TEXTEVOUE
TNV €VYOLA TOU UNX0UG OE ULl EVRUTERT] XAAOT) CUVOAWY.

7  OloxMpwpa Lebesgue

7.1 3uvoloouvaptnoelg

H xhdorn twv cuvdiwy mou efvar «ueTpriotuay, dNAadY «Eyouv uhxogy eivou
(6meg Yo BelZouue) XAEWOTH OC TROC aPIIUNOIUES EVOOELC XAt CUUTANEOUATOL.
M tétota xhdor cuvOhwy ovoudletal o-BuxTOMOG:

Oplopde 7.1 (AaxtOAol uTocLVOALY) Av X un kevd olrodo, Jua ouco-
yévela R ané vroouvvoda tov X Aéyetar daxtiAiog av

A BeER = AUBeceRka A\BEeR.

‘Evag daxtidiog R Aéyetar dAyePpa av X € R.
Av R daxtOhog xat Ay, ..., A, € R éyouue
U A, €R
k=1

(emaywyt) xou
AiNAyeR

OL6TL Al N AQ = Al \ (Al \ AQ)

2 Aec o oyfua merathr. jpg otny 1oTooeABo Tou podApaToc.
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Oplopde 7.2 (0-daxtOlor) Av X un kevé odvodo, jua oikoyéveia R ané
7 / A 7. 7 4
urooUvoda tov X Aéyetar o-8aktiAiog av elvar daktiliog Kkar emmAéoy

A, Ay ... ER = UAnER

n=1

Mia dAyeBpa ouvédwv mou eivar o-daxtidiog Aéyetar o-dAyePpa.

Oplopde 7.3 Av R elvar daktdhiog, pa ovvodoovrdpTnon otov R civar
Ma aretkovion

$: R — [~00,00] =R =RU{—00, +c0}

mov to oUvodo TipdY NS (a) dev mepiéyel kar Tig 6o Tués —oo, +0o kai (B)
TEPIEYEl KAl TPAYUATIKES TIES.
H ¢ Aéyerar npoofetikn av

A BeRkamANB=0 = ¢(AUB)=¢(A)+ ¢(B).

H ¢ Aéyerar o-npooBetinn) 1) aprfunorua mpoodetik av

A, € R &éva avd 6o kai U A, eR = ¢(U A,) = Zgb(An).
n=1

n=1 n=1

Ac Yuundodue ot 1 évwan (avtiototya, 1 Toun) wog owxoyévelac {A, v € I'}
UTOGUVOAWY VO cuvorou X opiletar wg edhc:

UAWE{xGX:undpxetvEF(boTexGAv}
~el

ﬂ A, ={r e X vy xdle vy € ' loyler x € A, }.
~vel

IMopatienoy 7.1 Auecoes ovrvéneies tns mpoodetikdtnTag:

¢(0) =0
G(ATUAy U UA,) =) 6(A) av A, € R Eéva avd blo

k=1
H(AUB)+ d(ANB) = ¢(A) + ¢(B) ya kdle A,BER
av p(A) >0 ya kde A€ R tére ¢p(A) < ¢(B) érav AC B, A,B e R.



Ilpbtaon 7.2 Av ¢ eivar o-npooetikny ovvokoovvdptnon o’éva daktidio R
ka1 Ay C Ay C ... elvar a¥éovoa akodovOia oroieiwy tov R ue U A, € R,
ToTE

117511 O(An) = o(UnAL).

7.2 Kataoxevr] tou pétpov Lebesgue

H xoataoxeuy| Yo yiver oe tpla otddro

1. OpiCouye mpwTa T0 Ufxog m wag TEREPACUEVNE Evwong Eévmy avd 600
oo TnudTwy: elvor To ddpoloua TwY Unxwy Ty dwotrnudtwy. ‘Etot
€YOUUE ULl TPOCUETIXT U] AEVNTIXH GUVOROGLVAPTNOT|, OPLOUEVT, G EVa
daxtoho £.

2. Emnexteivouye 10 m oe tuyaia utochvoha, tpooeyyilovtde ta «am’éEwy
a6 apLiUNCUIES EVOELS AVOIXTOY GTOLYEIWOMY CUVOAWY. XAVOUPE duwe
€Tol v TpocieTixdTNTA TOU M.

3. Actyvouue 6Tt udpyEL £vag T-d0uxTOMOC CUVOAWY OTIOU 1) GUVONOGUVEE-
mon m* (n enéxtaon tou m) eivar o-mpocdeTixh.

Eneldy| 1 xataoxevy| tou u€tpou Lebesgue otov R elvor axpifog 7 idta ue tny
AATUOKEVY| OTOV R, acyololuacte aneuldeiac Ue tov R?. 'Etot, T0 m ovTi-
otowyel oto unxog yio d = 1, To euPaddv yia d = 2 xou tov byxo v d = 3.

7.2.1 Ilp®To oTAdlO: TO M GTA GTOLYEWWDY GUVOAL

Oglopoée 7.4 Eva SrdoTnua otov RY efvar éva olvoro NS HOPPTIS
I={x=(21,....,20q) €ERY:0; < ; < bs,i=1,...,d}
omov o1 apiduol a; < b; efvar mpayuatikol kai o1 aviodtnTeS umopel va efvai
yvnoieg. Opilovpe
m(I) = (by —ay)(by — as) -+ (by — ay).

‘Eva vnootvolo A C R a Aéyetar ororyaiddes av elvar nenepaopévn vwon
owotnudtwy. H oikoyévaa twy ototyeiwddy ovvdwy ovpuporiletar £. Av
A C R? eivar remepaopérn évwon Eévawr avd 6vo wwotnudtwr, A = 11U. . .Ul,,

optlovue
m(A) =Y m(Iy).
k=1



Aoxhoeg 7.3 (a) H owoyéveaa & eivar daxtidios, aAdd dy1 o-6akTidi0g.
(B) Kdbe A € € ypdperar ws nenepaouérn évwon Eévwr avd 6o daoTnud-
TwV.
(v) Av A€ &, n uuj ov m(A) etvar kakd opopérn andé wny (7.4), 6nkadr
av

A=LU...Ul,=J1U...UJy

omovu ta I; ka1 J; efvar Eéva avd Ovo dwwotiuata, tdte

k

Z m(l;) = m(J)).

Jj=1

Ernopévang éyer opiolel pna ovvodoourdptnon m otov oaxtidio £.
(6) H ouvoloovvdptnon m eivar (tpopavds un apvnukrj kai) mpooletikr
ovov E.

‘Aoxnorn 7.4 Eoww f : [a,b] — R Riemann-ohoxkAnpdoun. Av Ela,b] evar

ta oTolyeEHdn vrootrvoda tov [a, b], T evvoolue pe tov opiojud

H(A) = / £ (t)dt

érav A € Ela,b]; Eivai n ¢ kadd opouévn ouvvokoouvvdptnon; Efvar o-
mpoodetikn;

7.2.2 Acitepo otddilo: unonpoovetixn enéxtacy oc avdaipeta
oOvoAd

Ou opioovye T wa enéxtacn m* Tou m 6'6ho to duvapocivoro R(RY). H
cuvohoouvdpTnon Mm* Vo elvat ur aEVNTIXT Xot LoVOTOVT), O)L OULS TEOcVETIX.

H enéxtaon auth otnpiletar 6Tty Tomohoyix 0TI TG KavovikoTnTag
ToU M.

Optopoe 7.5 Fotw ¢ pna un apvntixy| TpocleTixr) ovvoloouvdptnon opioué-
vn avov daxtidio € C P(RY). H ¢ Aéyetar opadn 1 wavoviktj (regular)
av:

I'a kd0e A € € ka1 € > 0 vndpyovw F,G € & dnov F kAewoté ka1 G
avoikto, e

FCACG xat ¢(G) —e<P(A) < o(F) +e



‘Aocxnov 7.5 H ovvoloovrdptnon m efvar kavovikn.

Opiopdc 7.6 (EEwtepixd pétpo) FEotw p pua oyahy kar nemepaopévn ov-
vokoourdptnon opiopérn otov daxtidio € C P(RY). Av E evar avdaipeto
vrootvolo tov RY, optlovue

p'(E) = inf {Z w(Ay)  E C U A,, A, avoiktd kai leXezcé(Sn} .
n=1

n=1

To p* Aéyetar to eEwTtepikd pétpo (outer measure) mov avtiotonel oo
78

Oewenua 7.6 (a) Av Ac &, vore " (A) = u(A).
(B) H p* eivar (povérovn kai) o-urnongooVetixt|, dnAadn ya kdle akokovdia
(E,) vroowddewr touv RY, éyouue

w <U En> < ZN*(EH)

7.2.3 Teito otddio: opiopds tov o-8axtOAOL M(m)
omov To m* elval o-npocPeTind

ZEXWVAUE UE Wiol OUoAT) GUYOROOLVEETNOT 4 (Y10l TOEABELY AL, UE TO M) OPLOWE-
N 070V doxTOMo € TwY 6ToYEWWdGY UTocuvélwy tou RY. Me wa dadixacia
«mApwomngy Tou € WS TPOG ULl KATOoTACTy PETA) GUVOAWY Tou oplleTal a-
16 o ¥, Beloxoupe tov SaxtiMo Mp(p) 6mou 1o p* elvon o-npoocdetind xo
eMTAEOV TEREQUOUEVO: ElvVal Tal «TEmEpaoUEVa UeTprioay (finitely measura-
ble) olvora. Av p*(RY) < oo éyouue tehelwoer. Auth duwe ebvon o eldu
nepintwon: my. m*(R?) = co. Y1 yewixh neplntwon, to uetprowa clhvola
TEOXUTTOUY 0 aptIUNCIIES EVICELS GUVOA®Y a6 Tov Mp(f).

Ogopde 7.7 Av A, B € RY n ovupetpixt) diagopd twv A kai B elvai to

oUvoro

S(A,B)= AAB = (A\ B)U (B \ A)
= (AUB)\ (AN B).

Oérouue
d(A, B) = p*(AAB).
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Opilovue g owkoyévere¢ Mp(p) kar M(p) wg €€ng

A e Mp(u) <= vrdpye akodovdia (Ay), A, € € dote d(A,, A) — 0
B e M(u) <= vndpyer akorovdia (B,), B, € Mp(u) dote B = UB"‘

O o16y0¢ elvar va amodellouvye 6TL

Oewpnua 7.7 O M(u) eivar o-daktihiog ka1 to p* eivar o-tpooletixd ooy

M(p).
Oa yeetacoly UEPIUES TROXATAPKTINES

IMopatneroeg 7.8

i) SAB = BAA AAA=0 2)
d(A,B) = d(B,A), d(A,A)=0 (3)
AAB C (AAC)U(CAB) (4)
d(A,B) < d(B,C)+d(C,B) (5)

Amn6dei&n O (2) xon (3) eivar dpecec and toug oplopolc.
H (4) mpoxintet ano T

ANBC (ANC)U(C\B), BNAC(C\A)U(B\C)

mov exaAnvedovTal o’(psoo@.

Ano v (4) npoximter v (5):
d(A, B) = i*(A L B) < (AL C)U(C A B)) < 1 (BAC) +1(C A B)
OTOU 1) TEWTY) AVICOTHTA LoYVUEL AOYW TNE HovoToviog xot 1) delTepn AOYw T1g

o-unoTEocVETIXOTNTAG Tou p*. O

(ii) (A1 U Ay) A (B U By)
(A1 N Ag) A (BN By) } C (A1 A By) U (Ay A By) (6)
(A1 \ A2) A (B1\ By)

Savz € (A\B) w6te fo ¢ Condex € (A\C) fx € C ondte z € (C\ B) (agob
x ¢ B),dpaxze(A\C)U(C\ B)



d(Al U AQ, Bl U BQ)
d(A; N Ay, By N By) v < d(Ay, By) + d(As, Bs) (7)
d(Ay\ Az, B1 \ By)

AnddeEn Anodevieto evxorat 6t
(A1 U Ay) \ (B1UBs) C (A1 \ By) U (Ay )\ By). Enopévwc éyoupe

(AU As) A (By U Bs) = [(Ar U As) \ (B1 U By)] U [(By U By) \ (A U Ay)]
C [(A1\ Bi) U (A2 \ Bo)] U[(B1\ A1) U (Ba \ As)]
= [(A1\ B1) U (B1\ A)] U [(A2\ B2) U (Ba \ As)]
= (A1 A B1) U (42 A By). (*)

).

ToU Elval 1) TEWTYN ATo TG stosng (6
Or dideg dYo EmovTan amd auThY, dv THEATNERoEL XAVElS OTY

ANB=B"A A°
6mou B¢ 10 ouunhipwua tou B (mpdypatt, (A\ B)¢= B\ A.) Eyouye:
(A1 N Ay) A (BN By) = (A1 N Ay A (BN By) = (AT U AS) A (Bf U BY)
C (AS A BS) U (A5 A BS) = (A1 A By U (As A By).

VA A2 & (B \ B) = (A1 45) & (B 1 B)
C (A1 A B)U(AS A BS) = (A, A By U (A A By)

xou 1 anédeln 1wy (6) ohoxinpodinxe.
Ot avicétnteg (7) eivar tdhpa dueoee ouvéneteg v (6), YENOLLOTOIOVTAC
OTWS TEWY TNV YovoTovia xat Ty utorpocietxdtnTa Tou p*. O

IMapathenon 7.9 Ovavicénteg (3) xar (5) Yupilouv Widtnteg prog petpic.
‘Opwe 1 d dev etvar YeTEX ! 6T0 GUVOLO OAWY TWY UTOGUVOALY TOU R, tpctov
yiott dev mafpver Tévta memepaopévec Tpée (. avu =mxa A =R% B =1
éyouue d(A, B) = 00). AMG oxoun xt av meptoptofolye atov doxtiio &
(omote d(A, B) < oo vy xdde A, B € £), unogel vo undpyouv olvoho A # B
ue d(A, B) = 0.

*Avx e (A1 UA2)\ (B1UBsy) t6te oz € Ay ondte z € (A1 \ B1) (ywotl = ¢ (B1 U By))
iz € Ay ondte z € (As \ Ba).
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IMogdderypa 7.10 Av A C R apifunjoipo, téte m*(A) = 0, dpa d(A, D) = 0.

An6dei&n Eow A = {a1,as,...}. Ave >0, ¥étouyue

Iy = (an — 557, an + 557). Eyouvue A C UL, xu > m(l,) =3 <e. O

Mopathenon 7.11 Av A, B C R? xon éva touhdytotov ané ta p*(A), u*(B)
elvol TEMEQACUEVD, TOTE

|1 (A) — " (B)| < d(A, B). (8)

Anédei&n Trodétouue 61t 0 < p*(B) < p*(A) xou p*(B) < oo. Emedy
A C (AA B)U B éyouue

1 (A)

< p (AL B)+p'(B) =d(A B) + p(B)
bpa pi*(A) — p*(B) <d

(A,B) (ywrtip*(B) <oo). O

Anodedy) Ttou Oeswprpatog
BApa 1 To Mp(p) eivar doxtihog.

AnédeiEn Av A, B € Mp(p), npérer v 8eilw 61t AU B € Mp(p) xou
A\ B € Mp(p).

Ané tov oplopd tou Mp(p) urdpyouy A, B, € € dote d(A,,A) — 0,
d(B,, B) — 0. Enetdt| 0 € eivau daxtohog, éyouue A,UB,, € € xat A,\B,, € &,
onédte and y (7) npoxinter 6Tt

d(A,UB,,AUB) — 0, dpa AUB € Mp(u)
xou d(A, \ B,,A\B) =0, dpoe A\ B € Mp(p). O
Brpa 2 H p* eivar un apynuixy, tencpacpévn xou tpocVetixt) atov Mp(u).
Ano6dei&n Av A, € € (ondte p*(A,) = 1(A,) < 0o) wote d(4,,A) — 0, and

™V (8) €youye
p(An) = " (An) — p*(A)

oo 11" (A) > 0. Exione
W (A) < d(A, A) + i (Ay) < o0

doa p*(A) € R.
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Téhoc, av A, B € Mp(u) xat Ay, B, € € pe d(A,, A) — 0xou d(B,,, B) —
0, amd v (8) éyoupe u(Ay,) = n*(A,) — p*(A) xa u(B,) — p*(B). Ouoing,
enedfy d(A, U By, AU B) — 0 xat d(A, N B,, AN B) — 0 (Myw v (7)),
éyouue (A, UB,) — p (AU B) xou (A, N B,) — p* (AN B). Al yw
x40e n, enedr) 1 p elvor TpocsUeTiny| 6Tov € €)0UlE

1(An) + w(Bp) = u(An U By) + p(A, N By)
enopévee p(A) +p*(B) = (AU B) + p (AN B).

EWwétepa av AN B = 0 téte p*(A) + p*(B) = p* (AU B), xat n mpocie-
TIXOTNTAL amodelyUnxXe. a

Bruga 3 O SaxtOhoc Mp(p) anoteleitar and dAa o UETPHOLUU GUVONO TOU
€Y OUVY TETMEQUOUEVO UETPO:

Mp(p) ={A € M(p) : p*(A) < oo}.

Anodegn Av A € Mg(u) tote p*(A) < oo and o Briga 2. Avtiotpoga,
¢otw A € M(p). To A uropet va ypaptel® wg apripfiown évworn Eévwv avd
000 CUVOAWY ToU avixouy otov Mp(u) :

A= U A, bmou A, € Mp(p), Eéva avd d0o.

n=1

Aré6 v o-unompocleTixdtnta Tou 1 €youpe pf(A) < Zp*(An).
n=1

Ao v dhhn pepid, epbéoov To it eivar Tpoo¥eTind oTOV Mp(p) (Bhpa 2),
yio xade n €YouE,

P (AL + i (A2) + o 1 (An) = 1 (A U A UL U A,) < p(A)

SMpdypatt, éotw A = U, B, 6mou B, € Mp(u). ©étoupe C; = By, Cy = (B U Ba),

Cp = (B1U...UBy),.... Tote C,, € Mp(u) dbtt Mp(u) daxtdhog, Cp, C Cpia
xat Up<nCr = Ur<nBr yia xdde n. ‘Apa 1o A elvar aprdurown évwon uag avéovoag
axoroudioc cuvOrwY and t0 Mp(n). Av topa Yéoovye A1 = Cy,..., A = Cp \ Cpq, . ..
téte A, € Mp(p), Eéva avd 800 xat Ug<nAr = Up<nCk = Uk<n Bk v xdde n, ondte
A=U,A,.
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o0

(n aviedtnro éneton and T povotovia Tou 1), Enouévec Z w(A,) < u*(A)
n=1

dpo TEALXS €Y OUUE LOOTNTAL:

St (A) = (A).

o0
Av p*(A) < oo 1ot éneton 6Tt lim g A, =0.
n—oo
k=n+1

Enouévwe, av C, = A U A, U ... UA,, woylet 6T

d(Aan):N*(A\On):M*( G Ak) < i A —0

k=n+1 k=n-+1

(mdht Moyw o-unonpoodetxbdtnrac tou p*). Erewdr C,, € Mp(p), ya xd-
Ve n urdpyer B, € € wote d(B,,C,) < =, onéte d(B,, A) < d(B,,C,) +
d(Cp, A) — 0. Aciape howmdy 61t A € Mp(p).

BAua 4 To p* etvow o-npocietind otov M(p).

Anédeln 'Eotww D = U,D, 6nou D,, € M(pu) eivar Eéva avd 80o xar D €
M(p). Av pu*(D,) < +oo yia xdde n, 161€ D,, € Mp(u) yioa x&e n, ondte
N 06T T

W' (D) =3 (D)

€yl anodetyvel oto Brjya 3.
Av ndh vndpyet n ye p*(D,) = 400, téte enedf p* (D) > p*(D,,) éxouue
(D) = 400 dpa mdht Eyouue

p(D) =Y i (D).

BAua 5 O M(p) eivar o-Baxtihoc.
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Anédei&n Av A, € M(p), €€ opiouol xdie A, ypdgetar A, = UpB,  6Tou
Bk € Mp(p). 'Eneton 611 1) évoon

UAn =B, UBpsUBj3U. ..
n=1

UBQlLJBQQUBQgU...
UB?,1UB32UB33U...
:Bll U (812 U B21) U (Bl3 U BQQ U 831) U...

(o)

k=3
onou Yo xdde k
Cy= |J Bij € Mr(p)
i+j=k

(Yt o TAHlog Ty bpev g Evworg elvor tenepacuévo). Apoa UiCl, € M ().
AeiZoye hotmév ot U, A, € M(p).

‘Eotw tdpa A = U, A, xar C = U,,C), 6nou A, C,, € Mp(p). Oa deilouue
o1t A\ C € M(p). "Eyouvye, yia xdde n,

A,nC = J(A,nCy).

k=1

Egbéoov xdde A, N Cl, € Mp(p), éretar 61t A, NC € M(pn). A&
P (A, NC) < p*(A,) < oo, dpa A, NC € Mp(p) and to Brua 3.
Eropévoc A, \ C = A, \ (A, NC) € Mp(u) xou dpo tehixd

AN C = (4, \ C) € M(p).

H an6deiln tou dewpripatoc ohoxhnewinxe!

Y10 €&¥g Yo oupfolilouue PE [t TOV TEPLOPOUG TOU [1° GTOV T-BAXTUAIO
M(p): mpdxerton Yoo TNV o-TEOGUETIX EREXTACY) TOU 1 ATd TOV BAXTOMO TwYV
OTOLYELOWY CUVOLLYV:

1= 1 M)

Ogtopde 7.8 To pétpo Lebesque otov RY elvar n enéxtaon tov m otov o-
daxtidio M(m) twr Lebesque-petprioiwy ovvdiwr.
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