6 Eisagwgă sto oloklărwma Lebesgue

6.1 Parathrăseic sto oloklărwma Riemann

Askăseic 6.1 (i) An f = χ_Q upĹrqei akoloujÐa (f_n) apì R-oloklhrÿsimec sunartăseic

• ÿste f_n(t) → f(t) gia kĹje t ∈ [0, 1]?

• mporeÐte na breÐte tètoiec f_n suneqeÐc?

• mporeÐte na breÐte tètoiec f_n ÿste

∫_1 0 |f_n − f_m| → 0 kajÿc n, m → ∞?

(ii) An h f eÐnai R-oloklhrÿsimh sunĹrthsh sto [0, 1] kai ∫ |f(t)|dt = 0, pìso {megĹlo} mporeÐ na eÐnai to sÔnolo

N(f) = {t ∈ [0, 1] : f(t) ≠ 0};

• MporeÐ na eÐnai Ĺpeiro?

• Uperarijmăsimo?

• MporeÐ na perièqei anoiktĹ diastămata (ektìc tou kenoÔ)?

Paratărhsh 6.2 An f_n → f omoiìmorfa sto [0, 1], tìte ∫ f_n → ∫ f. An ìmwc f_n → f katĹ shmeÐo, tìte den èpetai ìti ∫ f_n → ∫ f. ParĹdeigma:

f_n(t) = nt(1−t^2)^n : edÿ f_n(t) → 0 gia kĹje t ∈ [0, 1], allĹ

∫_1 0 f_n →^1_2 . EpÐshc an g_n = nf_n, pĹli g_n(t) → 0 gia kĹje t ∈ [0, 1], allĹ

∫_1 0 g_n → ∞.

’Askhsh 6.3 An

∫_1 0 f_n → 0, eÐnai alăjeia ìti f_n(t) → 0 gia kĹje t ∈ [0, 1]?

An epiplèon f_n(t) ≥ 0 gia kĹje n kai t?

6.2 UpenjÔmish: To oloklărwma Riemann

’Estw f : [a, b] → R fragmènh. Gia kĹje diamèrish P tou [a, b]

P = {I_1, I_2, . . . , I_n}

se xèna anĹ dÔo diastămata I_k = [t_{k−1}, t_k), (k = 1, 2, . . . , n − 1) kai I_n = [t_{n−1}, t_n] jètoume

M_i = M_i(f) = sup{f(s) : s ∈ I_i} m_i = m_i(f) = inf{f(s) : s ∈ I_i} (i = 1, . . . , n). kai L(f, P) = n∑ i=1 m_i(f)(t_i − t_{i−1})

U(f, P) = n∑ i=1 M_i(f)(t_i − t_{i−1}).

Ta L(f, P) kai U(f, P) onomĹzontai to kĹtw kai Ĺnw Ĺjroisma Riemann thc f wc proc th diamèrish P.

EÐnai safèc ìti L(f, P) ≤ U(f, P). Jewrÿntac diadoqikĹ diamerÐseic me ìlo kai perissìtera shmeÐa, ja parathrăsoume ìti ta kĹtw ajroÐsmata megalÿnoun, paramènontac ìmwc ìla mikrìtera (ă Ðsa) apì kĹje Ĺnw Ĺjroisma, enÿ ta Ĺnw ajroÐsmata mikraÐnoun, paramènontac ìmwc ìla megalÔtera (ă Ðsa) apì kĹje kĹtw Ĺjroisma. An upĹrqei ènac kai monadikìc arijmìc I anĹmesa sta kĹtw kai ta Ĺnw ajroÐsmata, dhladă tètoioc ÿste na isqÔei L(f, P) ≤ I ≤ U(f, Q) gia opoiesdăpote dÔo diamerÐseic P kai Q tou [a, b], tìte autìc o arijmìc onomĹzetai to oloklărwma Riemann thc f sto [a, b]. Alliÿc, to oloklărwma Riemann thc f sto [a, b] den upĹrqei. Ta ajroÐsmata Riemann loipìn apoteloÔn kĹtw kai Ĺnw proseggÐseic^1 tou oloklhrÿmatoc Riemann, ìtan autì upĹrqei.

Prìtash 6.4 (Kritărio Riemann) ’Estw f : [a, b] → R fragmènh. H f eÐnai oloklhrÿsimh an kai mìnon an gia kĹje ε > 0 upĹrqei diamèrish P_ε tou [a, b] ÿste U(f, P_ϵ) − L(f, P_ϵ) < ε. (1)

1MporeÐ na diapistÿsei kaneÐc ìti, eÐte upologÐsei ta Ĺnw kai kĹtw ajroÐsmata qrhsimopoiÿntac hmi-Ĺnoiqta diastămata (ìpwc edÿ) eÐte ta upologÐsei qrhsimopoiÿntac kleistĹ diastămata, h Ôparxh kai h timă tou oloklhrÿmatoc thc f den ephreĹzontai.

IsodÔnama:

Gia kĹje diamèrish P tou [a, b] orÐzoume klimakwtèc sunartăseic h_P , g_P wc exăc: kĹje t ∈ [a, b] anăkei akribÿc se èna apì ta I_i kai jètoume

h_P (t) = m_i(f), g_P (t) = M_i(f), t ∈ I_i (i = 1, . . . , n)

dhladă

h_P (t) = n∑ i=1 m_i(f)χ_{Ii} (t), g_P (t) = n∑ i=1 M_i(f)χ_{Ii} (t)

ìpou χ_A(t) = { 1, t ∈ A 0, t /∈ A h qarakthristikă sunĹrthsh tou sunìlou A.

Diapistÿnetai eÔkola ìti

h_P (t) ≤ f(t) ≤ g_p(t) gia kĹje t ∈ [a, b] kai ∫_b a h_P (t)dt = L(f, P),

∫_b a g_P (t)dt = U(f, P).

Epomènwc to kritărio Riemann anadiatupÿnetai wc exăc:

Prìtash 6.5 ’Estw f : [a, b] → R fragmènh. H f eÐnai oloklhrÿsimh an kai mìnon an gia kĹje ε > 0 upĹrqoun klimakwtèc sunartăseic g_ϵ, h_ϵ : [a, b] → R ÿste g_ϵ ≤ f ≤ h_ϵ kai

∫_b a (h_ϵ − g_ϵ) < ϵ.

To oloklărwma loipìn thc f upologÐzetai (ìtan upĹrqei) proseggÐzontac thn f me klimakwtèc sunartăseic kai upologÐzontac to ìrio twn oloklhrwmĹtwn touc. To prìblhma eÐnai ìti, an h f metabĹlletai polÔ {apìtoma} sta upodiastămata tou [a, b] mporeÐ h diaforĹ

∫_b a (h_P − g_P ) na mhn gÐnetai potè {mikră}, ìso kai na ekleptÔnei kaneÐc thn diamèrish tou [a, b]. Gia parĹdeigma an f eÐnai h sunĹrthsh Dirichlet, dhladă h qarakthristikă twn rhtÿn, tìte, afoÔ kĹje mh tetrimèno diĹsthma perièqei kai rhtoÔc kai arrătouc, èqoume pĹnta

∫_b a (h_P − g_P ) = 1.

H basikă idèa gia to oloklărwma Lebesgue eÐnai h akìloujh: antÐ na diamerÐzoume to pedÐo orismoÔ [a, b] thc f, diamerÐzoume to pedÐo timÿn thc f se xèna anĹ dÔo diastămata J_1 = [m_0, m_1), J_2 = [m_1, m_2), . . . , J_n = [m_{n−1}, m_n] kai jewroÔme ta merikĹ ajroÐsmata

L_l(f, P) = n∑ i=1 m_{i−1}μ(f^{−1}(J_i))

U_l(f, P) = n∑ i=1 m_iμ(f^{−1}(J_i))

ìpou μ(f^{−1}(J_i)) eÐnai to {măkoc} tou uposunìlou^2 f^{−1}(J_i) ⊆ [a, b].

To prìblhma tÿra brÐsketai ston orismì tou {măkouc} enìc sunìlou pou den eÐnai diĹsthma. To măkoc enìc diastămatoc me Ĺkra s < t eÐnai bèbaia t−s, kai epomènwc h prÿth douleiĹ pou èqoume na kĹnoume eÐnai na epekteÐnoume thn ènnoia tou măkouc se mia eurÔterh klĹsh sunìlwn.

7 Oloklărwma Lebesgue

7.1 Sunolosunartăseic

H klĹsh twn sunìlwn pou eÐnai {metrăsima}, dhladă {èqoun măkoc} eÐnai (ìpwc ja deÐxoume) kleistă wc proc arijmăsimec enÿseic kai sumplhrÿmata. Mia tètoia klĹsh sunìlwn onomĹzetai σ-daktÔlioc:

Orismìc 7.1 (DaktÔlioi uposunìlwn) An X mh kenì sÔnolo, mia oikogèneia R apì uposÔnola tou X lègetai daktÔlioc an

A, B ∈ R ⇒ A ∪ B ∈ R kai A \ B ∈ R.

’Enac daktÔlioc R lègetai Ĺlgebra an X ∈ R.

An R daktÔlioc kai A_1, . . . , A_n ∈ R èqoume n⋃ k=1 A_k ∈ R

(epagwgă) kai A_1 ∩ A_2 ∈ R

diìti A_1 ∩ A_2 = A_1 \ (A_1 \ A_2).

2Dec to sqăma merathr.jpg sthn istoselÐda tou majămatoc.

Orismìc 7.2 (σ-daktÔlioi) An X mh kenì sÔnolo, mia oikogèneia R apì uposÔnola tou X lègetai σ-daktÔlioc an eÐnai daktÔlioc kai epiplèon

A_1, A_2, . . . ∈ R ⇒ ∞⋃ n=1 A_n ∈ R.

Mia Ĺlgebra sunìlwn pou eÐnai σ-daktÔlioc lègetai σ-Ĺlgebra. Orismìc 7.3 An R eÐnai daktÔlioc, mia sunolosunĹrthsh ston R eÐnai mia apeikìnish ϕ : R → [−∞, ∞] ≡ R̄ ≡ R ∪ {−∞, +∞} pou to sÔnolo timÿn thc (a) den perièqei kai tic dÔo timèc −∞, +∞ kai (b) perièqei kai pragmatikèc timèc.

H ϕ lègetai prosjetikă an A, B ∈ R kai A ∩ B = ∅ =⇒ ϕ(A ∪ B) = ϕ(A) + ϕ(B).

H ϕ lègetai σ-prosjetikă ă arijmăsima prosjetikă an

A_n ∈ R xèna anĹ dÔo kai ∞⋃ n=1 A_n ∈ R =⇒ ϕ( ∞⋃ n=1 A_n) = ∞∑ n=1 ϕ(A_n).

Ac jumhjoÔme ìti h ènwsh (antÐstoiqa, h tomă) miac oikogèneiac {A_γ : γ ∈ Γ} uposunìlwn enìc sunìlou X orÐzetai wc exăc: ⋃ γ∈Γ A_γ ≡ {x ∈ X : upĹrqei γ ∈ Γ ÿste x ∈ A_γ } ⋂ γ∈Γ A_γ ≡ {x ∈ X : gia kĹje γ ∈ Γ isqÔei x ∈ A_γ }.

Paratărhsh 7.1 ’Amesec sunèpeiec thc prosjetikìthtac: ϕ(∅) = 0 ϕ(A_1 ∪ A_2 ∪ . . . ∪ A_n) = n∑ k=1 ϕ(A_k) an A_k ∈ R xèna anĹ dÔo ϕ(A ∪ B) + ϕ(A ∩ B) = ϕ(A) + ϕ(B) gia kĹje A, B ∈ R an ϕ(A) ≥ 0 gia kĹje A ∈ R tìte ϕ(A) ≤ ϕ(B) ìtan A ⊆ B, A, B ∈ R.

Prìtash 7.2 An ϕ eÐnai σ-prosjetikă sunolosunĹrthsh sflèna daktÔlio R kai A_1 ⊆ A_2 ⊆ . . . eÐnai aÔxousa akoloujÐa stoiqeÐwn tou R me ∪_nA_n ∈ R, tìte lim_n ϕ(A_n) = ϕ(∪_nA_n).

7.2 Kataskeuă tou mètrou Lebesgue

H kataskeuă ja gÐnei se trÐa stĹdia:

1. OrÐzoume prÿta to măkoc m miac peperasmènhc ènwshc xènwn anĹ dÔo diasthmĹtwn: eÐnai to Ĺjroisma twn mhkÿn twn diasthmĹtwn. ’Etsi èqoume mia prosjetikă mh arnhtikă sunolosunĹrthsh orismènh sflèna daktÔlio E.

2. EpekteÐnoume to m se tuqaÐa uposÔnola, proseggÐzontĹc ta {apflèxw} apì arijmăsimec enÿseic anoiktÿn stoiqeiwdÿn sunìlwn. QĹnoume ìmwc ètsi thn prosjetikìthta tou m.

3. DeÐqnoume ìti upĹrqei ènac σ-daktÔlioc sunìlwn ìpou h sunolosunĹrthsh m^∗ (h epèktash tou m) eÐnai σ-prosjetikă.

Epeidă h kataskeuă tou mètrou Lebesgue ston R eÐnai akribÿc h Ðdia me thn kataskeuă ston R^d, asqoloÔmaste apeujeÐac me ton R^d. ’Etsi, to m antistoiqeÐ sto măkoc gia d = 1, to embadìn gia d = 2 kai ton ìgko gia d = 3.

7.2.1 Prÿto stĹdio: to m sta stoiqeiÿdh sÔnola

Orismìc 7.4 ’Ena diĹsthma ston R^d eÐnai èna sÔnolo thc morfăc

I = {x = (x_1, . . . , x_d) ∈ R^d : a_i ≤ x_i ≤ b_i, i = 1, . . . , d}

ìpou oi arijmoÐ a_i ≤ b_i eÐnai pragmatikoÐ kai oi anisìthtec mporeÐ na eÐnai gnăsiec. OrÐzoume

m(I) = (b_1 − a_1)(b_2 − a_2) · · · (b_n − a_n).

’Ena uposÔnolo A ⊆ R^d ja lègetai stoiqeiÿdec an eÐnai peperasmènh ènwsh diasthmĹtwn. H oikogèneia twn stoiqeiwdÿn sunìlwn sumbolÐzetai E. An A ⊆ R^d eÐnai peperasmènh ènwsh xènwn anĹ dÔo diasthmĹtwn, A = I_1∪. . .∪I_n, orÐzoume

m(A) = n∑ k=1 m(I_k).

Askăseic 7.3 (a) H oikogèneia E eÐnai daktÔlioc, allĹ ìqi σ-daktÔlioc. (b) KĹje A ∈ E grĹfetai wc peperasmènh ènwsh xènwn anĹ dÔo diasthmĹtwn.

(g) An A ∈ E, h timă tou m(A) eÐnai kalĹ orismènh apì thn (7.4), dhladă an A = I_1 ∪ . . . ∪ I_n = J_1 ∪ . . . ∪ J_k

ìpou ta I_i kai J_j eÐnai xèna anĹ dÔo diastămata, tìte n∑ i=1 m(I_i) = k∑ j=1 m(J_j).

Epomènwc èqei orisjeÐ mia sunolosunĹrthsh m ston daktÔlio E. (d) H sunolosunĹrthsh m eÐnai (profanÿc mh arnhtikă kai) prosjetikă ston E.

’Askhsh 7.4 ’Estw f : [a, b] → R Riemann-oloklhrÿsimh. An E[a, b] eÐnai ta stoiqeiÿdh uposÔnola tou [a, b], ti ennooÔme me ton orismì

ϕ(A) = ∫ A f(t)dt

ìtan A ∈ E[a, b]? EÐnai h ϕ kalĹ orismènh sunolosunĹrthsh? EÐnai σprosjetikă?

7.2.2 DeÔtero stĹdio: upoprosjetikă epèktash se aujaÐreta sÔnola

Ja orÐsoume tÿra mia epèktash m^∗ tou m sflìlo to dunamosÔnolo R(R^d). H sunolosunĹrthsh m^∗ ja eÐnai mh arnhtikă kai monìtonh, ìqi ìmwc prosjetikă.

H epèktash aută sthrÐzetai sthn topologikă idiìthta thc kanonikìthtac tou m.

Orismìc 7.5 ’Estw ϕ mia mh arnhtikă prosjetikă sunolosunĹrthsh orismènh ston daktÔlio E ⊆ P(R^d). H ϕ lègetai omală ă kanonikă (regular) an: Gia kĹje A ∈ E kai ϵ > 0 upĹrqoun F, G ∈ E ìpou F kleistì kai G anoiktì, me

F ⊆ A ⊆ G kai ϕ(G) − ϵ ≤ ϕ(A) ≤ ϕ(F ) + ϵ.

’Askhsh 7.5 H sunolosunĹrthsh m eÐnai kanonikă.

Orismìc 7.6 (Exwterikì mètro) ’Estw μ mia omală kai peperasmènh sunolosunĹrthsh orismènh ston daktÔlio E ⊆ P(R^d). An E eÐnai aujaÐreto uposÔnolo tou R^d, orÐzoume

μ^∗(E) = inf

{_∞ ∑ n=1 μ(A_n) : E ⊆ ∞⋃ n=1 A_n, A_n anoiktĹ kai stoiqeiÿdh } . To μ^∗ lègetai to exwterikì mètro (outer measure) pou antistoiqeÐ sto μ. Jeÿrhma 7.6 (a) An A ∈ E, tìte μ^∗(A) = μ(A).

(b) H μ^∗ eÐnai (monìtonh kai) σ-upoprosjetikă, dhladă gia kĹje akoloujÐa (E_n) uposunìlwn tou R^d, èqoume

μ^∗

(_∞ ⋃ n=1 E_n ) ≤ ∞∑ n=1 μ^∗(E_n).

7.2.3 TrÐto stĹdio: orismìc tou σ-daktÔliou M(m)

ìpou to m^∗ eÐnai σ-prosjetikì

XekinĹme me mia omală sunolosunĹrthsh μ (gia parĹdeigma, me to m) orismènh ston daktÔlio E twn stoiqeiwdÿn uposunìlwn tou R^d. Me mia diadikasÐa {plărwshc} tou E wc proc mia {apìstash} metaxÔ sunìlwn pou orÐzetai apì to μ^∗, brÐskoume ton daktÔlio M_F (μ) ìpou to μ^∗ eÐnai σ-prosjetikì kai epiplèon peperasmèno: eÐnai ta {peperasmèna metrăsima} (finitely measurable) sÔnola. An μ^∗(R^d) < ∞ èqoume teleÐwsei. Aută ìmwc eÐnai mia eidikă perÐptwsh: p.q. m^∗(R^d) = ∞. Sth genikă perÐptwsh, ta metrăsima sÔnola prokÔptoun wc arijmăsimec enÿseic sunìlwn apì ton M_F (μ).

Orismìc 7.7 An A, B ∈ R^d h summetrikă diaforĹ twn A kai B eÐnai to sÔnolo

S(A, B) ≡ AΔB ≡ (A \ B) ∪ (B \ A) = (A ∪ B) \ (A ∩ B).

Jètoume d(A, B) = μ^∗(AΔB).

OrÐzoume tic oikogèneiec M_F (μ) kai M(μ) wc exăc A ∈ M_F (μ) ⇐⇒ upĹrqei akoloujÐa (A_n), A_n ∈ E ÿste d(A_n, A) → 0 B ∈ M(μ) ⇐⇒ upĹrqei akoloujÐa (B_n), B_n ∈ M_F (μ) ÿste B = ⋃ n B_n.

O stìqoc eÐnai na apodeÐxoume ìti Jeÿrhma 7.7 O M(μ) eÐnai σ-daktÔlioc kai to μ^∗ eÐnai σ-prosjetikì ston M(μ).

Ja qreiasjoÔn merikèc prokatarktikèc Parathrăseic 7.8 (i) S △ B = B △ A, A △ A = 0 (2) d(A, B) = d(B, A), d(A, A) = 0 (3) A △ B ⊆ (A △ C) ∪ (C △ B) (4) d(A, B) ≤ d(B, C) + d(C, B) (5) Apìdeixh Oi (2) kai (3) eÐnai Ĺmesec apì touc orismoÔc.

H (4) prokÔptei apo tic A \ B ⊆ (A \ C) ∪ (C \ B), B \ A ⊆ (C \ A) ∪ (B \ C) pou epalhjeÔontai Ĺmesa^3.

Apì thn (4) prokÔptei h (5):

d(A, B) = μ^∗(A △ B) ≤ μ^∗((A △ C) ∪ (C △ B)) ≤ μ^∗(B △ C) + μ^∗(C △ B) ìpou h prÿth anisìthta isqÔei lìgw thc monotonÐac kai h deÔterh lìgw thc σ-upoprosjetikìthtac tou μ^∗. �

(ii) (A_1 ∪ A_2) △ (B_1 ∪ B_2)

(A_1 ∩ A_2) △ (B_1 ∩ B_2) (A_1 \ A_2) △ (B_1 \ B_2)

⊆ (A_1 △ B_1) ∪ (A_2 △ B_2) (6)

3an x ∈ (A \ B) tìte ă x /∈ C opìte x ∈ (A \ C) ă x ∈ C opìte x ∈ (C \ B) (afoÔ x /∈ B), Ĺra x ∈ (A \ C) ∪ (C \ B)

d(A_1 ∪ A_2, B_1 ∪ B_2) d(A_1 ∩ A_2, B_1 ∩ B_2) d(A_1 \ A_2, B_1 \ B_2)

≤ d(A_1, B_1) + d(A_2, B_2) (7)

Apìdeixh ApodeiknÔetai eÔkola^4 ìti (A_1 ∪ A_2) \ (B_1 ∪ B_2) ⊆ (A_1 \ B_1) ∪ (A_2 \ B_2). Epomènwc èqoume

(A_1 ∪ A_2) △ (B_1 ∪ B_2) = [(A_1 ∪ A_2) \ (B_1 ∪ B_2)] ∪ [(B_1 ∪ B_2) \ (A_1 ∪ A_2)] ⊆ [(A_1 \ B_1) ∪ (A_2 \ B_2)] ∪ [(B_1 \ A_1) ∪ (B_2 \ A_2)] = [(A_1 \ B_1) ∪ (B_1 \ A_1)] ∪ [(A_2 \ B_2) ∪ (B_2 \ A_2)] = (A_1 △ B_1) ∪ (A_2 △ B_2). (*)

pou eÐnai h prÿth apì tic sqèseic (6).

Oi Ĺllec dÔo èpontai apì autăn, an parathrăsei kaneÐc ìti

A △ B = B^c △ A^c

ìpou B^c to sumplărwma tou B (prĹgmati, (A \ B)^c = B \ A.) ’Eqoume:

(A_1 ∩ A_2) △ (B_1 ∩ B_2) = (A_1 ∩ A_2)^c △ (B_1 ∩ B_2)^c = (A^c_1 ∪ A^c_2) △ (B^c_1 ∪ B^c_2) ∗ ⊆ (A^c_1 △ B^c_1) ∪ (A^c_2 △ B^c_2) = (A_1 △ B_1) ∪ (A_2 △ B_2).

opìte (A_1 \ A_2) △ (B_1 \ B_2) = (A_1 ∩ A^c_2) △ (B_1 ∩ B^c_2) ⊆ (A_1 △ B_1) ∪ (A^c_2 △ B^c_2) = (A_1 △ B_1) ∪ (A_2 △ B_2)

kai h apìdeixh twn (6) oloklhrÿjhke.

Oi anisìthtec (7) eÐnai tÿra Ĺmesec sunèpeiec twn (6), qrhsimopoiÿntac ìpwc prin thn monotonÐa kai thn upoprosjetikìthta tou μ^∗. �

Paratărhsh 7.9 Oi anisìthtec (3) kai (5) jumÐzoun idiìthtec miac metrikăc. ’Omwc h d den eÐnai metrikă sto sÔnolo ìlwn twn uposunìlwn tou R^d, prÿton giatÐ den paÐrnei pĹnta peperasmènec timèc (p.q. an μ = m kai A = R^d, B = ∅ èqoume d(A, B) = ∞). AllĹ akìmh ki an periorisjoÔme ston daktÔlio E (opìte d(A, B) < ∞ gia kĹje A, B ∈ E), mporeÐ na upĹrqoun sÔnola A ≠ B me d(A, B) = 0.

4An x ∈ (A_1 ∪ A_2) \ (B_1 ∪ B_2) tìte ă x ∈ A_1 opìte x ∈ (A_1 \ B_1) (giatÐ x /∈ (B_1 ∪ B_2)) ă x ∈ A_2 opìte x ∈ (A_2 \ B_2).

ParĹdeigma 7.10 An A ⊆ R arijmăsimo, tìte m^∗(A) = 0, Ĺra d(A, ∅) = 0. Apìdeixh ’Estw A = {a_1, a_2, . . .}. An ε > 0, jètoume I_n = (a_n −^ε_{3·2n} , a_n +^ε_{3·2n} ). ’Eqoume A ⊆ ∪_nI_n kai ∑ n m(I_n) =^{2ε}_3 < ε. � Paratărhsh 7.11 An A, B ⊆ R^d kai èna toulĹqiston apì ta μ^∗(A), μ^∗(B) eÐnai peperasmèno, tìte |μ^∗(A) − μ^∗(B)| ≤ d(A, B). (8) Apìdeixh Upojètoume ìti 0 ≤ μ^∗(B) ≤ μ^∗(A) kai μ^∗(B) < ∞. Epeidă A ⊆ (A △ B) ∪ B èqoume μ^∗(A) ≤ μ^∗(A △ B) + μ^∗(B) = d(A, B) + μ^∗(B) Ĺra μ^∗(A) − μ^∗(B) ≤ d(A, B) ( giatÐ μ^∗(B) < ∞). �

Apìdeixh tou Jewrămatoc Băma 1 To M_F (μ) eÐnai daktÔlioc.

Apìdeixh An A, B ∈ M_F (μ), prèpei na deÐxw ìti A ∪ B ∈ M_F (μ) kai A \ B ∈ M_F (μ).

Apì ton orismì tou M_F (μ) upĹrqoun A_n, B_n ∈ E ÿste d(A_n, A) → 0, d(B_n, B) → 0. Epeidă o E eÐnai daktÔlioc, èqoume A_n∪B_n ∈ E kai A_n\B_n ∈ E, opìte apì thn (7) prokÔptei ìti d(A_n ∪ B_n, A ∪ B) → 0, Ĺra A ∪ B ∈ M_F (μ) kai d(A_n \ B_n, A \ B) → 0, Ĺra A \ B ∈ M_F (μ). �

Băma 2 H μ^∗ eÐnai mh arnhtikă, peperasmènh kai prosjetikă ston M_F (μ). Apìdeixh An A_n ∈ E (opìte μ^∗(A_n) = μ(A_n) < ∞) ÿste d(A_n, A) → 0, apì thn (8) èqoume μ(A_n) = μ^∗(A_n) → μ^∗(A) Ĺra μ^∗(A) ≥ 0. EpÐshc μ^∗(A) ≤ d(A, A_n) + μ^∗(A_n) < ∞ Ĺra μ^∗(A) ∈ R.

Tèloc, an A, B ∈ M_F (μ) kai A_n, B_n ∈ E me d(A_n, A) → 0 kai d(B_n, B) → 0, apì thn (8) èqoume μ(A_n) = μ^∗(A_n) → μ^∗(A) kai μ(B_n) → μ^∗(B). OmoÐwc, epeidă d(A_n ∪ B_n, A ∪ B) → 0 kai d(A_n ∩ B_n, A ∩ B) → 0 (lìgw twn (7)), èqoume μ(A_n ∪ B_n) → μ^∗(A ∪ B) kai μ(A_n ∩ B_n) → μ^∗(A ∩ B). AllĹ gia kĹje n, epeidă h μ eÐnai prosjetikă ston E èqoume

μ(A_n) + μ(B_n) = μ(A_n ∪ B_n) + μ(A_n ∩ B_n) epomènwc μ^∗(A) + μ^∗(B) = μ^∗(A ∪ B) + μ^∗(A ∩ B).

Eidikìtera an A ∩ B = ∅ tìte μ^∗(A) + μ^∗(B) = μ^∗(A ∪ B), kai h prosjetikìthta apodeÐqjhke. �

Băma 3 O daktÔlioc M_F (μ) apoteleÐtai apì ìla ta metrăsima sÔnola pou èqoun peperasmèno mètro:

M_F (μ) = {A ∈ M(μ) : μ^∗(A) < ∞}.

Apìdeixh An A ∈ M_F (μ) tìte μ^∗(A) < ∞ apì to băma 2. AntÐstrofa, èstw A ∈ M(μ). To A mporeÐ na grafteÐ^5 wc arijmăsimh ènwsh xènwn anĹ dÔo sunìlwn pou anăkoun ston M_F (μ) : A = ∞⋃ n=1 A_n ìpou A_n ∈ M_F (μ), xèna anĹ dÔo.

Apì thn σ-upoprosjetikìthta tou μ^∗ èqoume μ^∗(A) ≤ ∞∑ n=1 μ^∗(A_n).

Apì thn Ĺllh meriĹ, efìson to μ^∗ eÐnai prosjetikì ston M_F (μ) (Băma 2), gia kĹje n èqoume,

μ^∗(A_1) + μ^∗(A_2) + . . . + μ^∗(A_n) = μ^∗(A_1 ∪ A_2 ∪ . . . ∪ A_n) ≤ μ^∗(A)

5PrĹgmati, èstw A = ∪_nB_n ìpou B_n ∈ M_F (μ). Jètoume C_1 = B_1, C_2 = (B_1 ∪ B_2), . . . , C_n = (B_1 ∪ . . . ∪ B_n), . . .. Tìte C_n ∈ M_F (μ) diìti M_F (μ) daktÔlioc, C_n ⊆ C_{n+1} kai ∪_{k≤n}C_k = ∪_{k≤n}B_k gia kĹje n. ’Ara to A eÐnai arijmăsimh ènwsh miac aÔxousac akoloujÐac sunìlwn apì to M_F (μ). An tÿra jèsoume A_1 = C_1, . . . , A_n = C_n \ C_{n−1}, . . . tìte A_n ∈ M_F (μ), xèna anĹ dÔo kai ∪_{k≤n}A_k = ∪_{k≤n}C_k = ∪_{k≤n}B_k gia kĹje n, opìte A = ∪_nA_n.

(h anisìthta èpetai apì th monotonÐa tou μ^∗). Epomènwc ∞∑ n=1 μ^∗(A_n) ≤ μ^∗(A)

Ĺra telikĹ èqoume isìthta: ∞∑ n=1 μ^∗(A_n) = μ^∗(A).

An μ^∗(A) < ∞ tìte èpetai ìti lim_{n→∞} ∞∑ k=n+1

A_k = 0.

Epomènwc, an C_n = A_1 ∪ A_2 ∪ . . . ∪ A_n, isqÔei ìti

d(A, C_n) = μ^∗(A \ C_n) = μ^∗

(_∞ ⋃ k=n+1

A_k ) ≤ ∞∑ k=n+1

A_k → 0

(pĹli lìgw σ-upoprosjetikìthtac tou μ^∗). Epeidă C_n ∈ M_F (μ), gia kĹje n upĹrqei B_n ∈ E ÿste d(B_n, C_n) <^1_n , opìte d(B_n, A) ≤ d(B_n, C_n) + d(C_n, A) → 0. DeÐxame loipìn ìti A ∈ M_F (μ).

Băma 4 To μ^∗ eÐnai σ-prosjetikì ston M(μ).

Apìdeixh ’Estw D = ∪_nD_n ìpou D_n ∈ M(μ) eÐnai xèna anĹ dÔo kai D ∈ M(μ). An μ^∗(D_n) < +∞ gia kĹje n, tìte D_n ∈ M_F (μ) gia kĹje n, opìte h isìthta μ^∗(D) = ∑ μ^∗(D_n) èqei apodeiqjeÐ sto Băma 3.

An pĹli upĹrqei n me μ^∗(D_n) = +∞, tìte epeidă μ^∗(D) ≥ μ^∗(D_n) èqoume μ^∗(D) = +∞ Ĺra pĹli èqoume

μ^∗(D) = ∑ μ^∗(D_n).

Băma 5 O M(μ) eÐnai σ-daktÔlioc.

Apìdeixh An A_n ∈ M(μ), ex orismoÔ kĹje A_n grĹfetai A_n = ∪_kB_{n,k} ìpou B_{n,k} ∈ M_F (μ). ’Epetai ìti h ènwsh ∞⋃ n=1 A_n =B_{11} ∪ B_{12} ∪ B_{13} ∪ . . .

∪B_{21} ∪ B_{22} ∪ B_{23} ∪ . . . ∪B_{31} ∪ B_{32} ∪ B_{33} ∪ . . .

=B_{11} ∪ (B_{12} ∪ B_{21}) ∪ (B_{13} ∪ B_{22} ∪ B_{31}) ∪ . . .

=B_{11} ∪

(_∞ ⋃ k=3 C_k )

ìpou gia kĹje k C_k = ⋃ i+j=k

B_{ij} ∈ M_F (μ)

(giatÐ to plăjoc twn ìrwn thc ènwshc eÐnai peperasmèno). ’Ara ∪_kC_k ∈ M(μ). DeÐxame loipìn ìti ∪_nA_n ∈ M(μ).

’Estw tÿra A = ∪_nA_n kai C = ∪_nC_n ìpou A_n, C_n ∈ M_F (μ). Ja deÐxoume ìti A \ C ∈ M(μ). ’Eqoume, gia kĹje n,

A_n ∩ C = ∞⋃ k=1 (A_n ∩ C_k).

Efìson kĹje A_n ∩ C_k ∈ M_F (μ), èpetai ìti A_n ∩ C ∈ M(μ). AllĹ μ^∗(A_n ∩ C) ≤ μ^∗(A_n) < ∞, Ĺra A_n ∩ C ∈ M_F (μ) apì to Băma 3.

Epomènwc A_n \ C = A_n \ (A_n ∩ C) ∈ M_F (μ) kai Ĺra telikĹ

A \ C = ∞⋃ n=1 (A_n \ C) ∈ M(μ).

H apìdeixh tou jewrămatoc oloklhrÿjhke!

Sto exăc ja sumbolÐzoume me μ ton periorismì tou μ^∗ ston σ-daktÔlio M(μ): prìkeitai gia thn σ-prosjetikă epèktash tou μ apì ton daktÔlio twn stoiqeiwdÿn sunìlwn: μ ≡ μ^∗|_{M(μ)}.

Orismìc 7.8 To mètro Lebesgue ston R^d eÐnai h epèktash tou m ston σdaktÔlio M(m) twn Lebesgue-metrăsimwn sunìlwn.