8 Metrăsimec Sunartăseic

Orismìc 8.1 Qÿroc mètrou eÐnai mia triĹda (X, M, μ) ìpou X eÐnai èna sÔnolo, M mia σ-Ĺlgebra uposÔnìlwn tou X kai μ èna σ-prosjetikì (jetikì) mètro orismèno sthn M.

Sta epìmena stajeropoioÔme ènan qÿro mètrou (X, M, μ). Ja mac apasqolăsei kurÐwc to

ParĹdeigma 8.1 X = R^d ă X = [a, b] ⊆ R, M = M(m) kai μ = m, to mètro Lebesgue.

Ta apotelèsmata pou akoloujoÔn efarmìzontai ìmwc genikìtera, ìpwc sto

ParĹdeigma 8.2 X = N, M = P(N) kai m(A) = #A, to plăjoc twn stoiqeÐwn tou A, ìtan eÐnai peperasmèno, kai m(A) = ∞, ìtan eÐnai Ĺpeiro.

Orismìc 8.2 Mia sunĹrthsh s : X → R lègetai aplă an to sÔnolo timÿn thc s(X) eÐnai peperasmèno.

An s(X) = {c_1, c_2, . . . , c_n} tìte s = n∑ k=1 c_kχ_{Ek}

ìpou E_k = {x ∈ X : s(x) = c_k} ( h kanonikă morfă thc s). H oikogèneia {E_1, E_2, . . . E_n} eÐnai diamèrish tou X.

Orismìc 8.3 Mia sunĹrthsh f : X → R lègetai metrăsimh an gia kĹje a ∈ R, {x ∈ X : f(x) > a} ∈ M.

Parathrăseic 8.3 (i) An X = R^d ă X = [a, b] ⊆ R, kĹje suneqăc sunĹrthsh eÐnai metrăsimh.

[Apìdeixh: ’Askhsh.]

(ii) Mia aplă sunĹrthsh se kanonikă morfă s = ∑ k c_kχ_{Ek} eÐnai metrăsimh an kai mìnon an E_k ∈ M gia kĹje k = 1, . . . , n.

PrĹgmati an upojèsoume ìti c_1 < c_2 < . . . < c_n kai jewrăsoume bohjhtikĹ arijmoÔc b_1, . . . , b_n me c_1 < b_1 < c_2 < b_2 < . . . < c_{n−1} < b_{n−1} < c_n tìte E_n = {x ∈ X : s(x) > b_{n−1}} E_{n−1} = {x ∈ X : s(x) > b_{n−2}} \ {x ∈ X : s(x) > b_{n−1}} . . .

E_1 = {x ∈ X : s(x) > b_1}^c.

(iii) Epomènwc an oi s, t eÐnai aplèc metrăsimec, to Ðdio isqÔei kai gia tic s + t, s · t, max{s, t}, min{s, t}, |s|, s^+, s^−.

[Apìdeixh: ’Askhsh.]

Lămma 8.4 Mia sunĹrthsh f : X → R eÐnai metrăsimh an kai mìnon an gia kĹje a ∈ R to sÔnolo {x ∈ X : h(x) ≥ a} eÐnai metrăsimo, isodÔnama an gia kĹje a ∈ R to sÔnolo {x ∈ X : h(x) < a} eÐnai metrăsimo.

Apìdeixh Paratărhse ìti an h h eÐnai metrăsimh, tìte gia kĹje a ∈ R, an h(x) ≥ a tìte gia kĹje n ∈ N isqÔei h(x) > a −^1_n kai antÐstrofa, dhladă isqÔei h isìthta

{x ∈ X : h(x) ≥ a} = ⋂ n {x ∈ X : h(x) > a − 1 n } kai Ĺra to {x : h(x) ≥ a} anăkei sthn M. ’Epetai ìti to sÔnolo {x ∈ X : h(x) < a} = {x : h(x) ≥ a}^c anăkei epÐshc sthn M.

An tèloc gia kĹje b ∈ R to sÔnolo {x : h(x) < b} anăkei sthn M tìte, epeidă

{x ∈ X : h(x) > a} = ( ⋂ n {x ∈ X : h(x) < a + 1 n } )_c

gia kĹje a ∈ R, to sÔnolo {x ∈ X : h(x) > a} anăkei sthn M, Ĺra h h eÐnai metrăsimh. �

Prìtash 8.5 An (f_n) eÐnai akoloujÐa metrăsimwn sunartăsewn kai oi f, g orÐzontai apì tic sqèseic f(x) = sup_n f_n(x) kai g(x) = inf_n f_n(x) gia kĹje x ∈ X tìte oi f kai g eÐnai metrăsimec.

Apìdeixh (i) Gia kĹje a ∈ R, an f(x) > a tìte upĹrqei n ÿste f_n(x) > a kai antÐstrofa, dhladă

{x ∈ X : f(x) > a} ⊆ {x ∈ X : ∃n : f_n(x) > a} = ⋃ n {x ∈ X : f_n(x) > a}

⊆ {x ∈ X : f(x) > a} Ĺra isqÔei h isìthta {x ∈ X : f(x) > a} = ⋃ n {x ∈ X : f_n(x) > a}

kai sunepÿc h f eÐnai metrăsimh.

(ii) OmoÐwc gia kĹje a ∈ R isqÔei h isìthta

{x ∈ X : g(x) < a} = ⋃ n {x ∈ X : f_n(x) < a},

sunepÿc h g eÐnai metrăsimh.

Prìtash 8.6 An (f_n) eÐnai akoloujÐa metrăsimwn sunartăsewn kai an to ìrio f(x) = lim_n f_n(x) upĹrqei gia kĹje x ∈ X tìte h f eÐnai metrăsimh. Apìdeixh Gia kĹje x ∈ X kai n ∈ N orÐzoume

u_n(x) = sup{f_k(x) : k ≥ n} = sup{f_n(x), f_{n+1}(x), . . .} v_n(x) = inf{f_k(x) : k ≥ n}.

Apì thn prohgoÔmenh Prìtash, oi u_n kai v_n eÐnai metrăsimec.

Epeidă {f_k(x) : k ≥ n} ⊇ {f_k(x) : k ≥ n + 1}, èqoume u_n(x) ≥ u_{n+1}(x) kai v_n(x) ≤ v_{n+1}(x). Epomènwc oi akoloujÐec (u_n(x)) kai (v_n(x)) sugklÐnoun. IsqurÐzomai ìti kai oi dÔo sugklÐnoun sto f(x). PrĹgmati, ac upojèsoume prÿta ìti f(x) ∈ R. Tìte, gia kĹje ε > 0 upĹrqei n_x ∈ N ÿste gia kĹje k ≥ n_x na isqÔei f(x) − ε < f_k(x) < f(x) + ε Ĺra f(x) − ε ≤ inf{f_k(x) : k ≥ n_x} ≤ sup{f_k(x) : k ≥ n_x} ≤ f(x) + ε dhladă f(x) − ε ≤ v_{nx} (x) ≤ u_{nx} (x) ≤ f(x) + ε.

AllĹ an n ≥ n_x, èqoume v_{nx} (x) ≤ v_n(x) kai u_n(x) ≤ u_{nx} (x) opìte f(x) − ε ≤ v_{nx} (x) ≤ v_n(x) ≤ u_n(x) ≤ u_{nx} (x) ≤ f(x) + ε Ĺra f(x) − ε ≤ v_n(x) ≤ u_n(x) ≤ f(x) + ε.

Sthn perÐptwsh f(x) = +∞ h apìdeixh eÐnai anĹlogh: gia kĹje M > 0 upĹrqei n_x ∈ N ÿste gia kĹje k ≥ n_x na isqÔei M < f_k(x) Ĺra M ≤ inf{f_k(x) : k ≥ n_x} = v_{nx} (x).

AllĹ gia kĹje n ≥ n_x èqoume v_n(x) ≥ v_{nx} (x) Ĺra v_n(x) → +∞ opìte u_n(x) → +∞ afoÔ u_n(x) ≥ v_n(x).

Me anĹlogo trìpo qeirizìmaste kai thn perÐptwsh f(x) = −∞. DeÐxame loipìn ìti

f(x) = lim_n u_n(x) = inf_n u_n(x) gia kĹje x ∈ X (h (u_n) eÐnai fjÐnousa akoloujÐa). Epeidă kĹje u_n eÐnai metrăsimh, apì thn prohgoÔmenh Prìtash èpetai ìti kai h f = inf_n u_n ja eÐnai metrăsimh. � Jeÿrhma 8.7 ’Estw f : X → [0, +∞] mia sunĹrthsh. Tìte upĹrqei aÔxousa akoloujÐa (s_n) aplÿn me s_n(X) ⊆ [0, +∞) gia kĹje n tètoia ÿste s_n(x) → f(x) gia kĹje x ∈ X.

An f fragmènh, mporoÔme na dialèxoume tic s_n ÿste s_n → f omoiìmorfa sto X. H idèa thc apìdeixhc: Gia kĹje n ∈ N jètw F_n = {x ∈ X : f(x) ≥ n} QwrÐzw to [0, n) se n · 2^n diastămata [0,^1_{2n} ), [^1_{2n} ,^2_{2n} ), . . . , [^{n2n−1}_{2n} ,^{n2n}_{2n} ) kai jewrÿ tic antÐstrofec eikìnec mèsw thc f :

E_{n,i} = { x ∈ X :

i − 1 2^n

≤ f(x) < i 2^n } , i = 1, 2, . . . , n2^n.

OrÐzw

s_n =

n2^n∑

i=1 i − 1 2^n χ_{En,i} + nχ_{Fn} . �

Jeÿrhma 8.8 Mia sunĹrthsh f :→ R eÐnai metrăsimh an kai mìnon an eÐnai to ìrio miac akoloujÐac^1 (pragmatikÿn) metrăsimwn aplÿn sunartăsewn.

Apìdeixh An f(x) = lim s_n(x) ìpou s_n metrăsimh aplă tìte h f eÐnai metrăsimh apì thn Prìtash 8.6.

AntÐstrofa, èstw f metrăsimh. An epiplèon f ≥ 0 tìte apì to Jeÿrhma 8.7 èqw f(x) = lim s_n(x) ìpou

s_n =

n2^n∑

i=1 i − 1 2^n χ_{En,i} + nχ_{Fn}

me ta E_{n,i} kai F_n ìpwc sto jeÿrhma. AfoÔ h f eÐnai metrăsimh, kĹje E_{n,i} kai F_n eÐnai sthn M kai sunepÿc (Paratărhsh 8.3 (ii)) h s_n eÐnai metrăsimh.

’Epetai tÿra ìti genikĹ an f : X → R eÐnai metrăsimh, tìte, epeidă oi f^+ kai f^− eÐnai metrăsimec, upĹrqoun aplèc metrăsimec sunartăseic g_n, h_n ÿste f^+(x) = lim g_n(x) kai f^−(x) = lim h_n(x), kai Ĺra f(x) = lim s_n(x) ìpou s_n = g_n − h_n eÐnai metrăsimh aplă sunĹrthsh. �

Sumpèrasma H klĹsh twn metrhsÐmwn sunartăsewn perièqei tic suneqeÐc sunartăseic kai epÐshc eÐnai kleistă wc proc tic algebrikèc prĹxeic:

f, g metrăsimec ⇒ f+g, f·g, max{f, g}, min{f, g}, |f|, f^+, f^− metrăsimec

kajÿc kai ta katĹ shmeÐo ìria akoloujiÿn

f_n (n ∈ N) metrăsimec ⇒ sup_n f_n, inf_n f_n, lim_n f_n metrăsimec

(an to teleutaÐo ìrio upĹrqei).

1ìqi katflanĹgkhn monìtonhc

9 Oloklărwsh

Orismìc 9.1 ’Estw s : (X, M, μ) → R aplă metrăsimh, s(X) = {c_1, c_2, . . . , c_n}, s = n∑ k=1 c_kχ_{Ek} .

An E ∈ M, orÐzoume

I_E(s) = n∑ k=1 c_kμ(E ∩ E_k).

Orismìc 9.2 An f ≥ 0 metrăsimh kai E ∈ M, orÐzoume ∫ E fdμ = ∫ E f(x)dμ(x) = sup{I_E(s) : s aplă metrăsimh, 0 ≤ s ≤ f}.

Den apokleÐetai h perÐptwsh ∫ fdμ = +∞.

Paratărhsh 9.1 An s aplă metrăsimh, tìte ∫ E sdμ = I_E(s).

[Apìdeixh: ’Askhsh.]

An f metrăsimh kai E ∈ M, grĹfw f = f^+ − f^−, kai jewrÿ ta oloklhrÿmata ∫ E f^+dμ kai ∫ E f^−dμ. An kĹpoio apì ta dÔo eÐnai peperasmèno, èqei nìhma h diaforĹ touc.

Orismìc 9.3 ’Estw f metrăsimh kai E ∈ M. An kĹpoio apì ta ∫ E f^+dμ kai ∫ E f^−dμ (ìpou f^+ = max{f, 0} kai f^− = − min{f, 0}) eÐnai peperasmèno, orÐzoume ∫ E fdμ = ∫ E f^+dμ − ∫ E f^−dμ.

H f lègetai (apolÔtwc) oloklhrÿsimh ă ajroÐsimh an kai ta dÔo oloklhrÿmata ∫ E f^+dμ kai ∫ E f^−dμ eÐnai peperasmèna (isodÔnama an ∫ E fdμ ∈ R).

GrĹfoume tìte f ∈ L(μ) sto E ă f ∈ L(E, μ).

Parathrăseic 9.2 (a) An f metrăsimh, E ∈ M, μ(E) < ∞ kai f|_E fragmènh, tìte f ∈ L(E, μ).

(b) An f metrăsimh, E ∈ M, μ(E) < ∞ kai a ≤ f(x) ≤ b gia kĹje x ∈ E, tìte

aμ(E) ≤ ∫ E fdμ ≤ bμ(E).

(g) An f, g ∈ L(E, μ) kai f(x) ≤ g(x) gia kĹje x ∈ E, tìte ∫ E fdμ ≤ ∫ E gdμ.

(d) An f ∈ L(E, μ) kai a ∈ R, tìte af ∈ L(E, μ) kai ∫ E afdμ = a ∫ E fdμ.

(e) An f metrăsimh kai μ(E) = 0, tìte f ∈ L(E, μ) kai ∫ E fdμ = 0.

(st) An L(E, μ) kai A ∈ M, A ⊆ E, tìte f ∈ L(A, μ).

SkiagrĹfhsh apìdeixhc (a) An |f| ≤ M sto E, tìte f^+|_E ≤ M kai f^−|_E ≤ M, Ĺra gia kĹje aplă metrăsimh s me 0 ≤ s ≤ f^+ èqoume 0 ≤ s ≤ M sto E Ĺra ∫ E sdμ ≤ Mμ(E). ’Epetai ìti ∫ E f^+dμ < ∞. OmoÐwc gia thn f^−.

(b) IsqÔei a + f^− ≤ f^+ ≤ b + f^− sto E. Gia kĹje aplă metrăsimh s me 0 ≤ s ≤ f^− èqoume 0 ≤ a + s ≤ f^+ sto E kai h a + s eÐnai aplă me oloklărwma aμ(E) + ∫ E sdμ, Ĺra aμ(E) + ∫ E sdμ ≤ ∫ E f^+dμ. Sunepÿc aμ(E) + ∫ E f^−dμ ≤ ∫ E f^+dμ.

OmoÐwc gia kĹje aplă metrăsimh t me 0 ≤ t ≤ f^+ èqoume 0 ≤ t ≤ b + f^− sto E Ĺra ∫ E tdμ ≤ bμ(E)+ ∫ E f^−dμ. Sunepÿc ∫ E f^+dμ ≤ bμ(E)+ ∫ E f^−dμ.

Epeidă apì to (a) ìla ta oloklhrÿmata eÐnai peperasmèna, to zhtoÔmeno apodeÐqjhke.

(g) Upojètw prÿta ìti f ≥ 0 (opìte kai g ≥ 0 sto E). Tìte gia kĹje aplă metrăsimh s me 0 ≤ s ≤ f èqoume 0 ≤ s ≤ g sto E Ĺra ∫ E sdμ ≤ ∫ E gdμ.

Sunepÿc ∫ E fdμ ≤ ∫ E gdμ.

Sthn genikă perÐptwsh, parathrÿ ìti f^+ ≤ g^+ kai f^− ≥ g^−. PrĹgmati, an f^+(x) = 0 tìte f^+(x) = 0 ≤ g^+(x), kai an f^+(x) > 0 tìte f^+(x) = f(x) ≤ g(x), Ĺra g(x) > 0 opìte g^+(x) = g(x) ≥ f^+(x). H anisìthta f^− ≥ g^− prokÔptei omoÐwc apì th sqèsh −g ≤ −f.

Apì thn prohgoÔmenh parĹgrafo èqoume loipìn ∫ E f^+dμ ≤ ∫ E g^+dμ kai ∫ E f^−dμ ≥ ∫ E g^−dμ kai epomènwc ∫ E f^+dμ − ∫ E f^−dμ ≤ ∫ E g^+dμ − ∫ E g^−dμ.

(d) H apìdeixh gia a ≥ 0 eÐnai eÔkolh. H sqèsh ∫ E(−f)dμ = − ∫ E fdμ apodeiknÔetai parathrÿntac ìti (−f)^+ = f^− kai ìti (−f)^− = f^+.

Prìtash 9.3 An s aplă metrăsimh kai s ≥ 0, orÐzoume

ϕ(A) = ∫ A sdμ (A ∈ M).

Tìte h ϕ : M → R eÐnai σ-prosjetikă sunolosunĹrthsh.

Ja deÐxoume argìtera ìti to sumpèrasma isqÔei gia opoiadăpote f ∈ L(μ). Apìdeixh thc Prìtashc An A_1, A_2, . . . eÐnai xèna anĹ dÔo metrăsima sÔnola kai A =

⋃_∞

n=1 A_n, prèpei na deiqjeÐ ìti ϕ (_∞ ⋃ n=1 A_n ) = ∞∑ n=1 ϕ(A_n).

’Estw prÿta s = χ_E, ìpou E ∈ M. Tìte

ϕ(A) = ∫ A χ_Edμ = I_A(χ_E) = μ(A ∩ E) = μ (_∞ ⋃ n=1 (A_n ∩ E) ) = ∞∑ n=1 μ(A_n ∩ E) = ∞∑ n=1 ϕ(A_n)

apì thn σ-prosjetikìthta tou μ.

Genikìtera an s =

∑_N

k=1 c_kχ_{Ek} eÐnai se kanonikă morfă tìte pĹli

ϕ(A) = ∫ A sdμ = I_A(s) = N∑ k=1 c_kμ(A ∩ E_k)

= N∑ k=1 c_k ∞∑ n=1 μ(A_n ∩ E_k) = ∞∑ n=1 (_N ∑ k=1 c_kμ(A_n ∩ E_k) ) = ∞∑ n=1 ϕ(A_n). �

Ta shmantikìtera pleonektămata tou oloklhrÿmatoc Lebesgue se sqèsh me to oloklărwma Riemann sqetÐzontai me thn enallagă orÐou kai oloklhrÿmatoc, dhladă me to erÿthma, se poièc periptÿseic isqÔei ìti

lim_n ∫ f_ndμ = ∫ (lim_n f_n)dμ

(ìtan to ìrio lim_n f_n upĹrqei katĹ shmeÐo).

Ac parathrăsoume ìti h isìthta aută den mporeÐ na isqÔei oÔte gia aplèc sunartăseic (ìpwc ja deÐxoume me to epìmeno parĹdeigma) qwrÐc kĹpoiec epiplèon sunjăkec. Oi piì shmantikèc tètoiec sunjăkec eÐnai

(a) h akoloujÐa (f_n) na eÐnai monìtonh (Jeÿrhma 9.5 kai Pìrisma 9.10) ă (b) h akoloujÐa (f_n) na kuriarqeÐtai apì mia oloklhrÿsimh sunĹrthsh g, dhladă na isqÔei |f_n| ≤ g gia kĹje n (Jeÿrhma 9.13).

ParĹdeigma 9.4 ’Estw f_n = nχ_{(0,} 1_{n ]}, dhladă f_n(x) = n ìtan 0 < x ≤^1_n kai f_n(x) = 0 alliÿc. EÔkola apodeiknÔetai ìti f_n(x) → 0 gia kĹje x ∈ R, allĹ ∫ f_n(x)dx = 1 gia kĹje n, Ĺra ∫ f_n(x)dx ↛ 0.

ParathroÔme ìti edÿ den ikanopoieÐtai oÔte h sunjăkh (a) oÔte h (b).

Jeÿrhma 9.5 (Monìtonhc SÔgklishc) An (f_n) akoloujÐa metrhsÐmwn sunartăsewn ÿste 0 ≤ f_1 ≤ f_2 ≤ . . ., tìte

lim_n ∫ f_ndμ = ∫ (lim_n f_n)dμ.

Apìdeixh Gia kĹje x ∈ X h akoloujÐa (f_n(x)) eÐnai aÔxousa kai sunepÿc èqei ìrio f(x) ∈ [0, +∞]. Apì thn Prìtash 8.6 h f eÐnai metrăsimh, kai sunepÿc to ∫ fdμ upĹrqei (mporeÐ na eÐnai +∞). Epeidă f_n ≤ f_{n+1} ≤ f, èqoume ∫ f_ndμ ≤ ∫ f_{n+1}dμ ≤ ∫ fdμ (Paratărhsh 9.2, (g)). Epomènwc to ìrio a ≡ lim_n ∫ f_ndμ upĹrqei (mporeÐ na eÐnai ∞) kai a ≤ ∫ fdμ.

Mènei na deiqjeÐ h antÐstrofh anisìthta. Apì ton orismì tou ∫ fdμ arkeÐ na deÐxoume ìti gia kĹje aplă metrăsimh sunĹrthsh s me 0 ≤ s ≤ f isqÔei ∫ sdμ ≤ a.

StajeropoioÔme èna c ∈ (0, 1) kai ja deÐxoume ìti c ∫ sdμ ≤ a.

Jètoume E_n = {x ∈ X : f_n(x) ≥ cs(x)} (n = 1, 2, . . .).

ParathroÔme ìti E_n ∈ M afoÔ h f_n − cs eÐnai metrăsimh kai E_1 ⊆ E_2 ⊆ . . . afoÔ f_1 ≤ f_2 ≤ . . ..

Isqurismìc:_∞ ⋃ n=1 E_n = X.

PrĹgmati, èstw x ∈ X. An f(x) = 0 tìte s(x) = 0 Ĺra x ∈ E_n gia kĹje n. An pĹli f(x) > 0 tìte f(x) ≥ s(x) > cs(x), opìte efìson f_n(x) ↗ f(x) upĹrqei n ∈ N ÿste f_n(x) ≥ cs(x), Ĺra x ∈ E_n. O isqurismìc apodeÐqjhke.

JewroÔme to mètro ν pou orÐzetai apì th sqèsh

ν(E) = ∫ E sdμ, E ∈ M

’Eqoume

cν(E_n) = c ∫ E_n

sdμ = ∫ E_n

csdμ ≤ ∫ E_n

f_ndμ ≤ ∫ f_ndμ.

’Otan n → ∞, èqoume ν(E_n) → ν(X) = ∫ sdμ apì thn σ-prosjetikìthta tou ν (Prìtash 9.3 kai Prìtash 7.2). EpÐshc ∫ f_ndμ → a. Sunepÿc c ∫ sdμ ≤ a.

AfoÔ h anisìthta aută isqÔei gia kĹje c ∈ (0, 1), jewrÿntac c ↗ 1 prokÔptei ∫ sdμ ≤ a

gia kĹje aplă metrăsimh sunĹrthsh s me 0 ≤ s ≤ f, kai sunepÿc ∫ fdμ = sup {∫ sdμ : s aplă metrăsimh, 0 ≤ s ≤ f } ≤ a Ĺra telikÿc ∫ fdμ = a. �

Pìrisma 9.6 An f, g eÐnai mh arnhtikèc kai metrăsimec, tìte ∫ (f + g)dμ = ∫ fdμ + ∫ gdμ.

Apìdeixh PerÐptwsh (i) f, g ≥ 0, aplèc: Edÿ to oloklărwma eÐnai èna aplì Ĺjroisma, ki ètsi to zhtoÔmeno prokÔptei apì thn antÐstoiqh idiìthta tou ajroÐsmatoc. Sugkekrimèna: An f = n∑ i=1 c_iχ_{Ei} g = m∑ j=1 d_jχ_{F j} ìpou {E_i} kai {F_j} eÐnai diamerÐseic tou X tìte f = n∑ i=1 m∑ j=1 c_iχ_{Ei∩Fj} g = n∑ i=1 m∑ j=1 d_iχ_{Ei∩Fj}

Ĺra f + g = n∑ i=1 m∑ j=1 (c_i + d_j)χ_{Ei∩Fj}

kai sunepÿc ∫ (f + g)dμ= n∑ i=1 m∑ j=1 (c_i + d_j)μ(E_i ∩ F_j)

= n∑ i=1 m∑ j=1 c_iμ(E_i ∩ F_j) + n∑ i=1 m∑ j=1 d_jμ(E_i ∩ F_j) = ∫ fdμ + ∫ gdμ.

PerÐptwsh (ii) f, g ≥ 0 metrăsimec: upĹrqoun tìte aÔxousec akoloujÐec apì aplèc metrăsimec mh arnhtikèc sunartăseic (s_n), (t_n) me s_n ↗ f kai t_n ↗ g (Prìtash 8.6). Apì to Jeÿrhma Monìtonhc SÔgklishc èqoume ∫ s_ndμ ↗ ∫ fdμ kai ∫ t_ndμ ↗ ∫ gdμ. EpÐshc (s_n + t_n) ↗ f + g opìte ∫ (s_n + t_n)dμ ↗ ∫ (f + g)dμ. AllĹ gia kĹje n èqoume ∫ (s_n + t_n)dμ = ∫ s_ndμ + ∫ t_ndμ apì thn PerÐptwsh (i), Ĺra ∫ (f + g)dμ = lim ∫ (s_n + t_n)dμ = lim_n (∫ s_ndμ + ∫ t_ndμ ) = ∫ fdμ + ∫ gdμ.

Prìtash 9.7 ’Estw f : X → R metrăsimh kai E ∈ M. An f ∈ L(E, μ) tìte |f| ∈ L(E, μ) kai | | | ∫ E fdμ | | ≤ ∫ E |f|dμ.

Apìdeixh ’Eqoume f^+ = max(f, 0) kai f^− = − min(f, 0) opìte |f| = f^++f^−. An f ∈ L(E, μ) tìte ∫ E f^+dμ < +∞ kai ∫ E f^−dμ < +∞ Ĺra ∫ E f^+dμ + ∫ E f^−dμ < +∞. AllĹ apì to Pìrisma 9.6 ∫ E |f|dμ = ∫ (f^+ + f^−)dμ = ∫ f^+dμ + ∫ f^−dμ < +∞.

EpÐshc,

−|f| ≤ f ≤ |f| Ĺra ∫ E (−|f|)dμ ≤ ∫ E fdμ ≤ ∫ E |f|dμ

apì thn Paratărhsh 9.2 (g). ’Omwc apì thn Ðdia paratărhsh èqoume ∫ E(−|f|)dμ = − ∫ E |f|dμ Ĺra telikĹ − ∫ E |f|dμ ≤ ∫ E fdμ ≤ ∫ E |f|dμ. �

Prìtash 9.8 ’Estw f metrăsimh, E ∈ M, g ∈ L(E, μ) kai |f| ≤ g. Tìte f ∈ L(E, μ).

Apìdeixh AfoÔ g ∈ L(E, μ) kai |f| ≤ g èqoume ∫ E |f|dμ ≤ ∫ E gdμ < +∞.

Efìson f^+ ≤ |f| èqoume ∫ E f^+dμ ≤ ∫ E |f|dμ < +∞ (Paratărhsh 9.2 (g)) kai gia ton Ðdio lìgo ∫ E f^−dμ ≤ ∫ E |f|dμ < +∞. Sunepÿc f ∈ L(E, μ). �

Jeÿrhma 9.9 An f, g ∈ L(μ), tìte f + g ∈ L(μ) kai ∫ (f + g)dμ = ∫ fdμ + ∫ gdμ.

Apìdeixh An h = f + g èqoume |h| ≤ |f| + |g| Ĺra, efìson ∫ (|f| + |g|)dμ = ∫ |f|dμ + ∫ |g|dμ < +∞,

h sunĹrthsh h eÐnai oloklhrÿsimh. GrĹfoume

h = h^+ − h^− = f^+ − f^− + g^+ − g^− opìte h^+ + f^− + g^− = f^+ + g^+ + h^−

ìpou oi sunartăseic h^+, f^−, g^−, f^+, g^+, h^− eÐnai mh arnhtikèc. Apì to Pìrisma 9.6, ∫ h^+dμ + ∫ f^−dμ + ∫ g^−dμ = ∫ f^+dμ + ∫ g^+dμ + ∫ h^−dμ.

Epeidă ìla ta oloklhrÿmata eÐnai peperasmèna (diìti f, g, h ∈ L(μ)), èpetai ìti ∫ h^+dμ − ∫ h^−dμ = ∫ f^+dμ − ∫ f^−dμ + ∫ g^+dμ − ∫ g^−dμ Ĺra ∫ hdμ = ∫ fdμ + ∫ gdμ.

Pìrisma 9.10 An (f_n) eÐnai monìtonh akoloujÐa metrhsÐmwn sunartăsewn me f_n ∈ L(μ) kai f(x) = lim_n f_n(x), tìte

lim_n ∫ f_ndμ = ∫ fdμ.

Apìdeixh An h (f_n) eÐnai aÔxousa, jètw g_n = f_n − f_1. An eÐnai fjÐnousa, jètw g_n = f_1 − f_n. Kai stic dÔo periptÿseic h (g_n) eÐnai aÔxousa akoloujÐa mh arnhtikÿn oloklhrÿsimwn sunartăsewn. Apì to Jeÿrhma Monìtonhc SÔgklishc èqoume lim_n ∫ g_ndμ = ∫ lim_n g_ndμ.

Sthn prÿth perÐptwsh, qrhsimopoiÿntac kai to Jeÿrhma 9.9 (efìson f_n, f_1 ∈ L(μ)) èpetai

lim_n (∫ f_ndμ − ∫ f_1dμ ) = lim_n ∫ (f_n − f_1)dμ = ∫ lim_n (f_n − f_1)dμ = ∫ (f − f_1)dμ = ∫ fdμ − ∫ f_1dμ

kai sthn deÔterh perÐptwsh

lim_n (∫ f_1dμ − ∫ f_ndμ ) = ∫ f_1dμ − ∫ fdμ Ĺra kai stic dÔo periptÿseic

lim_n ∫ f_ndμ = ∫ fdμ. �

Jeÿrhma 9.11 (Beppo Levi) An f_n ≥ 0 metrăsimec kai^2 f(x) ≡ ∑ n f_n(x), tìte ∫ fdμ = ∞∑ n=1 ∫ f_ndμ.

Apìdeixh Jètoume g_n =

∑_n

k=1 f_n. Tìte kĹje g_n eÐnai mh arnhtikă kai metrăsimh kai h akoloujÐa (g_n) auxĹnetai proc thn f, Ĺra apì to Jeÿrhma Monìtonhc SÔgklishc, ∫ g_ndμ → ∫ fdμ.

AllĹ apì to Pìrisma 9.6 epagwgikĹ èqoume gia kĹje n ∈ N ∫ g_ndμ = ∫ n∑ k=1 f_ndμ = n∑ k=1 ∫ f_ndμ

kai sunepÿc

lim_{n→∞} n∑ k=1 ∫ f_ndμ = ∫ fdμ. �

Pìrisma 9.12 An f metrăsimh kai f ≥ 0 ă f ∈ L(X, μ), tìte h sunolosunĹrthsh ϕ ìpou ϕ(A) = ∫ A fdμ, A ∈ M

eÐnai σ-prosjetikì mètro.

Apìdeixh An A_1, A_2, . . . eÐnai xèna anĹ dÔo metrăsima sÔnola kai A = ⋃_∞

n=1 A_n, prèpei na deiqjeÐ ìti ϕ (_∞ ⋃ n=1 A_n ) = ∞∑ n=1 ϕ(A_n).

Jètw f_n = fχ_{An} , opìte oi f_n eÐnai metrăsimec kai f = ∑ n f_n katĹ shmeÐo.

Parathrÿ ìti ∫ X f_ndμ = ∫ A_n

fdμ.

2to ìrio thc seirĹc upĹrqei sto [0, +∞] giatÐ h akoloujÐa twn merikÿn ajroismĹtwn eÐnai aÔxousa

Sthn perÐptwsh f ≥ 0, efarmìzw to Jeÿrhma Beppo Levi kai èqw

ϕ(A) = ∫ X fdμ = ∞∑ n=1 ∫ X f_ndμ = ∞∑ n=1 ∫ A_n

fdμ = ∞∑ n=1 ϕ(A_n).

Sthn perÐptwsh f ∈ L(X, μ) oi sunartăseic f^+ kai f^− èqoun kai oi dÔo peperasmèna oloklhrÿmata kai efarmìzontac to Jeÿrhma Beppo Levi stic f^+ kai f^− kai to Jeÿrhma 9.9 èqoume

ϕ(A) = ∫ (f^+ − f^−)dμ = ∫ f^+dμ − ∫ f^−dμ = ∞∑ n=1 ∫ f^+_n dμ − ∞∑ n=1 ∫ f^−_n dμ

= ∞∑ n=1 (∫ A_n

f^+dμ − ∫ A_n

f^−dμ ) = ∞∑ n=1 ϕ(A_n). �

Jeÿrhma 9.13 (Kuriarqhmènhc SÔgklishc) ’Estw (f_n) akoloujÐa metrăsimwn sunartăsewn pou sugklÐnei gia kĹje x ∈ X kai èstw f(x) = lim_n f_n(x).

An upĹrqei g ∈ L(μ) ÿste^3 |f_n| ≤ g gia kĹje n, tìte f ∈ L(μ) kai

lim_{n→∞} ∫ |f_n − f|dμ = 0

lim_{n→∞} ∫ f_ndμ = ∫ fdμ.

Apìdeixh H f eÐnai metrăsimh diìti kĹje f_n eÐnai metrăsimh. Efìson |f_n| ≤ g kai g ∈ L(μ), èqoume f_n ∈ L(μ) (Prìtash 9.8). Gia ton Ðdio lìgo (efìson |f| = lim_n |f_n| ≤ g) èqoume epÐshc f ∈ L(μ). Epomènwc | | ∫ f_ndμ − ∫ fdμ | | = | | ∫ (f_n − f)dμ | | ≤ ∫ |f_n − f| dμ

ìpou h prÿth isìthta prokÔptei apì to jeÿrhma 9.9 kai h deÔterh anisìthta apì thn Prìtash 9.7.

3upenjumÐzoume ìti h upìjesh |f_n| ≤ g den mporeÐ en gènei na paraleifjeÐ

ArkeÐ loipìn na deÐxoume ìti ∫ |f_n − f| dμ → 0.

Jètoume h_n = |f_n −f| kai parathroÔme ìti 0 ≤ h_n ≤ 2g kai ìti h_n(x) → 0 gia kĹje x. Gia kĹje n, m ∈ N me n ≥ m orÐzoume

u_{n,m} = max{h_m, h_{m+1}, . . . , h_n}.

Oi sunartăseic autèc eÐnai metrăsimec. ParathroÔme ìti gia kĹje m èqoume u_{n,m} ≤ u_{(n+1),m} Ĺra to ìrio

u_m(x) = lim_n u_{n,m}(x)

upĹrqei gia kĹje x kai orÐzei metrăsimh sunĹrthsh. EpÐshc apì thn sqèsh 0 ≤ h_n ≤ 2g gia kĹje n èpetai ìti 0 ≤ u_{n,m} ≤ 2g gia kĹje n ≥ m. Epomènwc u_{n,m} ∈ L(μ). Apì to Jeÿrhma Monìtonhc SÔgklishc, ∫ u_mdμ = lim_n ∫ u_{n,m}dμ.

ParathroÔme ìti u_m = sup{h_m, h_{m+1}, . . .} Ĺra u_m ≥ u_{m+1} gia kĹje m. ’Opwc sthn apìdeixh thc Prìtashc 8.6 brÐskoume^4 ìti lim_m u_m(x) = lim_n h_m(x) = 0 gia kĹje x ∈ X. Efarmìzontac pĹli to Jeÿrhma Monìtonhc SÔgklishc (gia thn akrÐbeia to Pìrisma 9.10),

lim_m ∫ u_mdμ = ∫ (lim_m u_m)dμ = 0

TelikĹ èqoume

0 ≤ h_m ≤ u_m Ĺra 0 ≤ ∫ h_mdμ ≤ ∫ u_mdμ

gia kĹje m ∈ N Ĺra h akoloujÐa (∫ h_mdμ ) sugklÐnei sto lim_m ∫ u_mdμ = 0.

4An 0 ≤ h_k(x) < ϵ gia kĹje k ≥ m_o tìte 0 ≤ u_{mo} (x) ≤ ϵ opìte gia kĹje m ≥ m_o èqoume 0 ≤ u_m(x) ≤ u_{mo} (x) ≤ ϵ.

SÔnola mètrou mhdèn

Paratărhsh 9.14 An f metrăsimh kai f ≥ 0 ă f ∈ L(X, μ), tìte gia kĹje A, B ∈ M me A ⊆ B kai μ(B \ A) = 0 isqÔei ìti ∫ A fdμ = ∫ B fdμ.

Apìdeixh Epeidă B = A ∪ (B \ A) kai A ∩ (B \ A) = ∅, apì to Pìrisma 9.12 èqoume ∫ B fdμ = ∫ A fdμ + ∫ B\A fdμ.

AllĹ μ(B \ A) = 0, Ĺra ∫ B\A fdμ = 0 apì thn Paratărhsh 9.2 (e). �

Orismìc 9.4 ’Estw (X, M, μ) qÿroc mètrou kai E ∈ M. Ja lème ìti mia idiìthta P (x) alhjeÔei μ-sqedìn pantoÔ sto E ă μ-sqedìn gia kĹje x ∈ E an upĹrqei èna metrăsimo uposÔnolo A ⊆ E me μ(A) = 0 ÿste h P (x) na alhjeÔei gia kĹje x ∈ E \ A.

DÔo metrăsimec sunartăseic f, g tautÐzontai sqedìn pantoÔ an kai mìnon an to sÔnolo {x ∈ X : f(x) ≠ g(x)} èqei mètro mhdèn.

Sflaută thn perÐptwsh h f eÐnai oloklhrÿsimh an kai mìnon an h g eÐnai oloklhrÿsimh, kai tìte ta oloklhrÿmatĹ touc eÐnai Ðsa.

Dhladă to oloklărwma miac sunĹrthshc den metabĹlletai, an allĹxoume tic timèc thc sflèna sÔnolo mhdenikoÔ mètrou.

Paratărhsh 9.15 An h f eÐnai oloklhrÿsimh kai ∫ E |f|dμ = 0 tìte h f mhdenÐzetai sqedìn pantoÔ sto E (kai antÐstrofa).

Apìdeixh An gia kĹje n ∈ N onomĹsw

F_n = {x ∈ E : |f(x)| > 1 n }, tìte kĹje F_n eÐnai metrăsimo kai ∫ E |f|dμ ≥ ∫ F_n

|f|dμ ≥ 1 n μ(F_n)

Ĺra μ(F_n) = 0 gia kĹje n ∈ N. Epomènwc μ(∪_nF_n) = 0. AllĹ ⋃ n F_n = {x ∈ E : upĹrqei n ÿste |f(x)| > 1 n } = {x ∈ E : f(x) ≠ 0}

Ĺra h f mhdenÐzetai sqedìn pantoÔ sto E. �

’Epetai ìti dÔo oloklhrÿsimec sunartăseic tautÐzontai sqedìn pantoÔ an kai mìnon an ∫ |f − g|dμ = 0.

ParathroÔme epÐshc ìti mÐa metrăsimh sunĹrthsh f eÐnai oloklhrÿsimh an kai mìnon an paÐrnei sqedìn pantoÔ pragmatikèc timèc, dhladă an kai mìnon an to sÔnolo {x ∈ X : f(x) = +∞} ∪ {x ∈ X : f(x) = −∞} èqei mètro mhdèn. [Apìdeixh: ’Askhsh.]

Epeidă ta sÔnola mètrou mhdèn den suneisfèroun sthn oloklărwsh, kai epeidă h ènwsh arijmăsimou plăjouc sunìlwn mètrou mhdèn èqei mètro mhdèn, ta perissìtera apotelèsmata pou anafèrontai se oloklărwsh exakoloujoÔn na isqÔoun an stic upojèseic touc h frĹsh {gia kĹje x} antikatastajeÐ apì thn frĹsh {sqedìn gia kĹje x}. ParadeÐgmata apoteloÔn ta Jewrămata Monìtonhc sÔgklishc, Beppo Levi kajÿc kai to Jeÿrhma Kuriarqhmènhc SÔgklishc.