10 SÔgkrish me to oloklărwma Riemann

Periorizìmaste tÿra sthn perÐptwsh ìpou X = [a, b] ⊆ R, m to mètro Lebesgue kai M(m) h oikogèneia twn Lebesgue metrăsimwn sunìlwn. Qrhsimopoiÿntac touc sumbolismoÔc thc paragrĹfou 6.2, èqoume ∫_b a h_P (t)dt = L(f, P),

∫_b a g_P (t)dt = U(f, P).

ìpou h_P (t) = n∑ i=1 m_i(f)χ_{Ii} (t), g_P (t) = n∑ i=1 M_i(f)χ_{Ii} (t).

Epeidă oi sunartăseic h_P kai g_P eÐnai klimakwtèc (Ĺra aplèc metrăsimec), to oloklărwma Riemann kai to oloklărwma Lebesgue twn sunartăsewn autÿn sumpÐptoun.

Epilègoume epagwgikĹ diamerÐseic P_1 ⊆ P_2 ⊆ . . . ⊆ P_n ⊆ . . . ÿste h {leptìthta} (dhladă h apìstash dÔo diadoqikÿn shmeÐwn) thc P_n na eÐnai mikrìterh apì^1_n kai

∫_b a h_{Pn} → sup_P L(f, P) ≡

∫_b a f, ∫_b a g_{Pn} → inf_P U(f, P) ≡

∫_b a f. ParathroÔme ìti h akoloujÐa (h_{Pn} ) = (h_n) eÐnai aÔxousa kai h (g_{Pn} ) = (g_n) eÐnai fjÐnousa kai ìti h_n ≤ f ≤ g_n gia kĹje n. Jètoume h = sup_n h_n kai g = inf_n g_n. Oi h, g eÐnai metrăsimec kai

h ≤ f ≤ g.

QwrÐc kammiĹ upìjesh gia thn f (ektìc tou ìti eÐnai fragmènh) apì to Jeÿrhma Monìtonhc SÔgklishc sumperaÐnoume ìti ∫ hdm = lim_n ∫ h_ndm =

∫_b a f kai ∫ gdm = lim_n ∫ g_ndm =

∫_b a f. Epomènwc h f eÐnai Riemann oloklhrÿsimh an kai mìnon an isqÔei h isìthta ∫ hdm = ∫ gdm.

Efìson h ≤ g, h isìthta aută isqÔei an kai mìnon an h(x) = g(x) sqedìn gia kĹje x ∈ [a, b].

Tìte èqoume kai h(x) = f(x) = g(x) sqedìn gia kĹje x ∈ [a, b] opìte h f eÐnai metrăsimh^1, mĹlista Lebesgue-oloklhrÿsimh kai ∫ fdm = ∫ hdm =

∫_b a f dhladă to oloklărwma Lebesgue thc f sumpÐptei me to oloklărwma Riemann.

ApodeiknÔetai ìti an to x ∈ [a, b] den anăkei se kanèna apì ta diaqwristikĹ shmeÐa kammiĹc apì tic diamerÐseic P_n tìte h isìthta h(x) = f(x) = g(x) isodunameÐ me thn sunèqeia thc f sto x.

Epomènwc, an upĹrqei èna sÔnolo M_1 ⊆ [a, b] mètrou mhdèn ÿste h(x) = f(x) = g(x) gia kĹje x ∈ [a, b]\M_1 kai an onomĹsoume M thn ènwsh tou M_1 me to (arijmăsimo) sÔnolo ìlwn twn shmeÐwn ìlwn twn diamerÐsewn P_n, n ∈ N, tìte to M èqei mètro mhdèn kai h f eÐnai suneqăc se kĹje x ∈ [a, b] \ M, dhladă sqedìn pantoÔ. An antÐstrofa h f eÐnai suneqăc sqedìn pantoÔ, dhladă upĹrqei èna sÔnolo N ⊆ [a, b] mètrou mhdèn ÿste h f na eÐnai suneqăc se kĹje x ∈ [a, b] \ N, tìte h isìthta h(x) = f(x) = g(x) isqÔei se kĹje x ∈ [a, b] \ N pou den eÐnai shmeÐo kammiĹc apì tic diamerÐseic P_n, dhladă sqedìn pantoÔ. ’Epetai tìte ìti ∫ hdm = ∫ gdm, kai sunepÿc to oloklărwma Riemann thc f sto [a, b] upĹrqei.

Jeÿrhma 10.1 Mia fragmènh sunĹrthsh f : [a, b] → R eÐnai Riemann oloklhrÿsimh an kai mìnon an eÐnai sqedìn pantoÔ suneqăc, an dhladă to sÔnolo twn asuneqeiÿn thc èqei mètro mhdèn. Tìte h f eÐnai Lebesgue oloklhrÿsimh kai ta dÔo oloklhrÿmata sumpÐptoun.

Paratărhsh 10.2 Ac tonÐsoume th diaforĹ anĹmesa sthn ènnoia {sqedìn pantoÔ suneqăc} kai {sqedìn pantoÔ Ðsh me mia suneqă sunĹrthsh}:

Gia parĹdeigma h sunĹrthsh Dirichlet, dhladă h qarakthristikă sunĹrthsh twn rhtÿn, den eÐnai poujenĹ suneqăc, allĹ eÐnai sqedìn pantoÔ Ðsh me th suneqă sunĹrthsh f(t) = 0. AntÐjeta h qarakthristikă sunĹrthsh tou [^1_3 ,^2_3 ]

1gia kĹje c ∈ R, to sÔnolo {x ∈ [a, b] : f(x) < c} diafèrei apì to sÔnolo {x ∈ [a, b] : h(x) < c} katĹ èna sÔnolo mètrou mhdèn, Ĺra eÐnai metrăsimo, giatÐ ta sÔnola mètrou mhdèn anăkoun sthn M(m). [PrĹgmati, (bl. ParĹgrafo 7.2) an m^∗(A) = 0, tìte apì ton orismì tou m^∗ gia kĹje ϵ > 0 upĹrqei èna sÔnolo U pou eÐnai arijmăsimh ènwsh stoiqeiwdÿn anoiktÿn sunìlwn, Ĺra metrăsimo, ÿste A ⊆ U kai m(U) < ϵ, Ĺra d(A, U) = m^∗(AΔU) < ϵ.]

eÐnai sqedìn pantoÔ suneqăc (afoÔ eÐnai asuneqăc mìno sta shmeÐa^1_3 kai^2_3 ), allĹ den mporeÐ na eÐnai sqedìn pantoÔ Ðsh me mia suneqă sunĹrthsh, giatÐ èqei Ĺlma sta duo autĹ shmeÐa.

11 O qÿroc L^2([−π, π])

11.1 Oloklărwsh migadikÿn sunartăsewn

’Estw (X, M, μ) qÿroc mètrou. Mia sunĹrthsh f : X → C ja lègetai metrăsimh an to pragmatikì kai to fantastikì thc mèroc u =^1_2 (f + f̄), v = 1 2i (f −f̄) eÐnai metrăsimec sunartăseic. Den eÐnai dÔskolo na apodeiqjeÐ ([Ru], Jeÿrhma 11.18) ìti tìte h pragmatikă sunĹrthsh |f| eÐnai metrăsimh.

H f ja lègetai oloklhrÿsimh (f ∈ L(X, M, μ)) an oi u, v eÐnai oloklhrÿsimec (an dhladă ∫ |u|dμ < ∞ kai ∫ |v|dμ < ∞). Tìte orÐzoume ∫ fdμ = ∫ udμ + i ∫ vdμ.

Apì tic sqèseic |u| ≤ |f|, |v| ≤ |f| kai |f| ≤ |u| + |v| faÐnetai ìti h f eÐnai oloklhrÿsimh an kai mìnon an h |f| eÐnai oloklhrÿsimh. IsqÔei h anisìthta | | | ∫ fdμ | | | ≤ ∫ |f|dμ

Apìdeixh KĹje migadikìc arijmìc z grĹfetai z = c|z| ìpou |c| = 1. GrĹfoume loipìn ∫

fdμ = c | | | | ∫ fdμ | | | | ìpou |c| = 1 kai èqoume | | | | ∫ fdμ | | | | = c̄ ∫ fdμ = ∫ c̄fdμ.

Jètoume Re c̄f = u, Im c̄f opìte c̄f = u + iv kai | | | | ∫ fdμ | | | | = ∫ c̄fdμ = ∫ udμ + i ∫ vdμ = ∫ udμ giatÐ |∫ fdμ | ∈ R. ’Omwc |u| ≤ |c̄f| = |f| Ĺra ∫ |u|dμ ≤ ∫ |f|dμ. TelikĹ loipìn | | | ∫ fdμ | | | = ∫ udμ ≤ ∫ |u|dμ ≤ ∫ |f|dμ. �

11.2 O qÿroc L^2([−π, π])

Orismìc 11.1 O qÿroc L^2(X, M, μ) apoteleÐtai apì ìlec tic metrăsimec sunartăseic f : X → C pou ikanopoioÔn ∫ |f|^2dμ < ∞.

ParathroÔme ìti o L^2(X, M, μ) eÐnai grammikìc qÿroc. PrĹgmati an ∫ |f|^2dμ < ∞ kai ∫ |g|^2dμ < ∞ tìte gia kĹje c ∈ C h sunĹrthsh |f + cg|^2 eÐnai metrăsimh kai

|f + cg|^2 ≤ 2|f|^2 + 2|cg|^2 Ĺra ∫ |f + cg|^2dμ ≤ 2 ∫ |f|^2dμ + 2|c|^2 ∫ |g|^2dμ < ∞.

EpÐshc parathroÔme ìti an f, g ∈ L^2(X, M, μ) tìte h sunĹrthsh fg eÐnai oloklhrÿsimh, giatÐ |fg| ≤ |f|^2+|g|^2 Ĺra ∫ |fg|dμ ≤ ∫ |f|^2dμ+ ∫ |g|^2dμ < ∞.

’Askhsh 11.1 An f : (0, 1) → R eÐnai h sunĹrthsh f(t) = t^{−1/2}, exetĹste an h f eÐnai Lebesgue oloklhrÿsimh sto (0, 1) kai an f ∈ L^2((0, 1), m). (Upìdeixh: Efarmìste to Jeÿrhma monìtonhc sÔgklishc gia thn akoloujÐa (f_n) ìpou f_n(t) = 0 ìtan 0 < t <^1_n kai f_n(t) = f(t) ìtan^1_n ≤ t < 1.)

An f, g ∈ L^2([−π, π], m) (ìpou m to mètro Lebesgue) jètoume

d_2(f, g) ≡ ‖f − g‖_2 ≡ ( 1 2π ∫_π −π |f − g|^2dm

)_{1/2} . (Sthn perÐptwsh pou oi f, g eÐnai suneqeÐc, to oloklărwma tautÐzetai me to oloklărwma Riemann kai o orismìc sumpÐptei me autìn pou dÿsame sthn ParĹgrafo 5).

’Opwc sthn ParĹgrafo 5, apodeiknÔontai oi idiìthtec

‖λf‖_2 = |λ| · ‖f‖_2 (λ ∈ C, f ∈ L^2) | | | 1 2π ∫_π −π fḡdm | | | ≡ | ⟨f, g⟩ | ≤ ‖f‖^2‖g‖^2 (f, g ∈ L^2)

‖f + g‖_2 ≤ ‖f‖_2 + ‖g‖_2 (f, g ∈ L^2) ‖f‖_2 ≥ 0 (f ∈ L^2).

’Omwc, an ‖f‖_2 = 0 den prokÔptei f(t) = 0 gia kĹje t ∈ [−π, π], allĹ mìnon sqedìn gia kĹje t.

’Ara h d_2 den eÐnai metrikă ston qÿro L^2([−π, π], m). Gia na èqoume th domă metrikoÔ qÿrou, prèpei na {tautÐsoume} sunartăseic pou diafèroun se sÔnola mètrou mhdèn. Me austhră majhmatikă diatÔpwsh, autì isodunameÐ me to na jewroÔme ton qÿro L^2([−π, π], m) ìlwn twn klĹsewn isodunamÐac sunartăsewn tou qÿrou L^2([−π, π], m), ìpou h klĹsh isodunamÐac miac f ∈ L^2([−π, π], m) apoteleÐtai apì ìlec tic g ∈ L^2([−π, π], m) pou eÐnai sqedìn pantoÔ Ðsec me thn f (isodÔnama ikanopoioÔn d_2(f, g) = 0).

Orismìc 11.2 O qÿroc L^2(X, M, μ) apoteleÐtai apì ìlec tic klĹseic isodunamÐac metrăsimwn sunartăsewn f : X → C (modulo isìthta μ-sqedìn pantoÔ) pou ikanopoioÔn ∫

|f|^2dμ < ∞.

Jeÿrhma 11.2 (Riesz-Fischer) O qÿroc L^2(X, M, μ), efodiasmènoc me thn metrikă d_2, eÐnai plărhc metrikìc qÿroc.

(Gia thn apìdeixh, dec thn epìmenh parĹgrafo.)

Prìtash 11.3 O qÿroc twn aplÿn metrăsimwn sunartăsewn eÐnai puknìc ston L^2(X, M, μ) wc proc thn d_2, dhladă gia kĹje f ∈ L^2(X, M, μ) upĹrqei mia akoloujÐa aplÿn metrăsimwn sunartăsewn (s_n) ÿste ‖f − s_n‖_2 → 0.

Apìdeixh Ac upojèsoume prÿta ìti f ≥ 0. UpĹrqei tìte mia aÔxousa akoloujÐa (s_n) aplÿn metrăsimwn sunartăsewn ÿste 0 ≤ s_n(t) ≤ f(t) kai s_n(t) → f(t) gia kĹje t. ’Epetai ìti |f(t) − s_n(t)|^2 → 0 katĹ shmeÐo. Efìson h akoloujÐa (|f −s_n|^2) eÐnai fjÐnousa, apì to Jeÿrhma Monìtonhc SÔgklishc èpetai ìti ∫ |f − s_n|^2dμ → 0.

Gia th genikă perÐptwsh, grĹfoume f = u + iv = (u^+ − u^−) + i(v^+ − v^−) ìpou oi u^+, u^−, v^+, v^− eÐnai mh arnhtikèc metrăsimec kai epomènwc kĹje mia apì autèc proseggÐzetai apì mia akoloujÐa aplÿn metrăsimwn sunartăsewn. � Jeÿrhma 11.4 O qÿroc twn suneqÿn 2π-periodikÿn sunartăsewn eÐnai puknìc upìqwroc tou L^2([−π, π], m) wc proc thn metrikă d_2.

Dhladă gia kĹje f ∈ L^2([−π, π], m) upĹrqei akoloujÐa (g_n) suneqÿn 2πperiodikÿn sunartăsewn ÿste ∫ [−π,π]

|f − g_n|^2dm → 0.

Apìdeixh AfoÔ oi aplèc metrăsimec sunartăseic eÐnai puknèc apì thn prohgoÔmenh Prìtash, arkeÐ na upojèsoume ìti h f eÐnai aplă metrăsimh. AfoÔ o L^2([−π, π], m) eÐnai grammikìc qÿroc, kai kĹje aplă eÐnai grammikìc sunduasmìc qarakthristikÿn, arkeÐ na upojèsoume ìti h f eÐnai h qarakthristikă enìc metrăsimou sunìlou.

(i) ’Estw prÿta F ⊆ [−π, π] kleistì. Ja broÔme g_n ∈ C([−π, π]) me g_n(−2π) = 1 = g_n(2π) ÿste ‖g_n − χ_F ‖_2 → 0. ’Estw F_1 = F ∪ {π, −π} kai

d(t) = inf{|t − s| : s ∈ F_1} (t ∈ [a, b])

h apìstash tou t apì to F_1. EÐnai gnwstì (afoÔ to F_1 eÐnai kleistì) ìti h d eÐnai suneqăc kai ìti d(t) = 0 an kai mìnon an t ∈ F_1. Gia kĹje n ∈ N, orÐzoume g_n(t) = 1 1 + nd(t)

(t ∈ [a, b]).

ParathroÔme ìti an t ∈ F_1 tìte g_n(t) = 1 gia kĹje n kai an t /∈ F_1 tìte g_n(t) → 0. Dhladă g_n(t) → χ_{F1} (t) gia kĹje t, Ĺra g_n(t) → χ_F (t) sqedìn gia kĹje t. EpÐshc |g_n(t) − χ_F (t)|^2 ≤ 4 gia kĹje t, kai h stajeră sunĹrthsh 4 eÐnai oloklhrÿsimh sto [−π, π] (giatÐ m([−π, π]) < ∞). ’Epetai ìti ∫ |g_n − χ_F |^2dm → 0

apì to Jeÿrhma Kuriarqhmènhc SÔgklishc.

(ii) ’Estw tÿra A ∈ M. Apì thn kanonikìthta tou m gia kĹje n ∈ N upĹrqei èna kleistì sÔnolo F_n ⊆ A ÿste m(A \ F_n) <^1_{n2} . ’Eqoume ∫ |χ_A − χ_{Fn} |^2dm = ∫ |χ_{A\Fn} |^2dm = m(A \ F_n) < 1 n^2 . Apì to (i), upĹrqei g_n ∈ C([−π, π]) 2π-periodikă ÿste ‖g_n − χ_{Fn} ‖_2 <^1_n , opìte

‖g_n − χ_A‖_2 ≤ ‖g_n − χ_{Fn} ‖_2 + ‖χ_{Fn} − χ_A‖_2 < 2 n . �

Pìrisma 11.5 O qÿroc twn trigwnometrikÿn poluwnÔmwn eÐnai puknìc ston L^2([−π, π], m) wc proc thn d_2.

Apìdeixh An dojeÐ f ∈ L^2([−π, π], m) kai ε > 0, brec mia 2π-periodikă g ∈ C([−π, π]) ÿste ‖f − g‖_2 < ε. Apì to Jeÿrhma tou Féjer xèroume ìti ‖g − σ_n(g)‖_∞ → 0, opìte mporoÔme na dialèxoume Ĺna trigwnometrikì poluÿnumo σ_n(g) ÿste ‖g − σ_n(g)‖_∞ < ε. AllĹ ‖g − σ_n(g)‖_2 ≤ ‖g − σ_n(g)‖_∞, opìte ja èqoume ‖f − σ_n(g)‖_2 < 2ε. �

Pìrisma 11.6 O qÿroc C^∞([−π, π]) twn aperiìrista paragwgÐsimwn sunartăsewn eÐnai puknìc ston L^2([−π, π], m) wc proc thn d_2. Apìdeixh Ta trigwnometrikĹ poluÿnuma eÐnai aperiìrista paragwgÐsimec sunartăseic. �

11.3 Seirèc Fourier sunartăsewn klĹsewc L^2

’Estw f ∈ L^2([−π, π], m). An e_k(t) = e^{ikt} ìpou k akèraioc, parathroÔme ìti h e_k eÐnai suneqăc, Ĺra metrăsimh kai |e_k| = 1 Ĺra h e_k anăkei ston L^2([−π, π], m), opìte h fe_k eÐnai oloklhrÿsimh.

Orismìc 11.3 (Suntelestèc Fourier) ’Estw f ∈ L^2([−π, π], m). OrÐzoume

f̂(k) = 1 2π ∫_π −π fe_{−k}dm = 1 2π ∫_π −π f(t)e^{−ikt}dm(t) = ⟨f, e_k⟩ (k ∈ Z)

a_n(f) = 1 π ∫_π −π f(t) cos(nt)dm(t), b_n(f) = 1 π ∫_π −π f(t) sin(nt)dm(t) (n ∈ N)

S_n(f, t) = k=n∑

k=−n

f̂(k)e^{ikt} (n ∈ N, t ∈ [−π, π]).

ParathroÔme ìti h sunĹrthsh S_n(f) eÐnai trigwnometrikì poluÿnumo, Ĺra suneqăc kai 2π-periodikă sunĹrthsh, ìpoia ki an eÐnai h f ∈ L^2([−π, π], m). Lămma 11.7 (Bèltisthc mèshc tetragwnikăc prosèggishc) ’Estw f ∈ L^2([−π, π]) kai n ∈ N. Tìte gia kĹje trigwnometrikì poluÿnumo p bajmoÔ to polÔ n isqÔei 1 2π ∫_π −π |f − p|^2dm ≥ 1 2π ∫_π −π |f − S_n(f)|^2dm.

Isìthta isqÔei an kai mìnon an p = S_n.

H Apìdeixh eÐnai lèxh proc lèxh h Ðdia me thn apìdeixh tou Lămmatoc 5.3.

Prìtash 11.8 An h f ∈ L^2([−π, π]), tìte

S_n(f)^{d2}−→ f

dhladă lim_n 1 2π ∫_π −π |S_n(f) − f|^2dm = 0.

Apìdeixh Apì to Pìrisma 11.5 gia kĹje ϵ > 0 mporÿ na brÿ èna trigwnometrikì poluÿnumo p ÿste d_2(f, p) < ϵ. An n eÐnai o bajmìc tou p, apì to prohgoÔmeno Lămma ja èqw d_2(f, S_n(f)) ≤ d_2(f, p) < ϵ. � Ac jumhjoÔme ìti me to Jeÿrhma 4.8 eÐqame apodeÐxei ìti an dÔo suneqeÐc 2π-periodikèc sunartăseic èqoun touc Ðdiouc suntelestèc Fourier, tìte eÐnai Ðsec. Autì den isqÔei gia Lebesgue oloklhrÿsimec sunartăseic: mporeÐ na diafèroun se èna sÔnolo mètrou mhdèn. Den mporeÐ ìmwc na diafèroun se èna sÔnolo jetikoÔ mètrou, dhladă orÐzoun to Ðdio stoiqeÐo tou qÿrou L^2([−π, π]):

Jeÿrhma 11.9 (Monadikìthta) An f, g ∈ L^2([−π, π]) kai ĝ(k) = f̂(k) gia kĹje k ∈ Z (isodÔnama a_n(f) = a_n(g) kai b_n(f) = b_n(g) gia kĹje n ∈ N), tìte f(t) = g(t) sqedìn gia kĹje t ∈ [−π, π], isodÔnama f ≡ g ston L^2([−π, π]).

Apìdeixh Jewrÿntac thn f − g sth jèsh thc f, arkeÐ na apodeÐxw ìti An f ∈ L^2([−π, π]) kai f̂(k) = 0 gia kĹje k ∈ Z, tìte f(t) = 0 sqedìn gia kĹje t ∈ [−π, π].

Apì thn Prìtash 11.8 èqoume ìti

lim_n 1 2π ∫_π −π |S_n(f) − f|^2dm = 0.

An ìmwc f̂(k) = 0 gia kĹje k ∈ Z tìte S_n(f) = 0 gia kĹje n ∈ N kai sunepÿc ∫ |f|^2dm = 0 Ĺra f(t) = 0 sqedìn gia kĹje t. �

Prìtash 11.10 (Isìthta Parseval) An f ∈ L^2([−π, π]), tìte 1 2π ∫_π −π |f|^2 = ∞∑ k=−∞

|f̂(k)|^2.

Apìdeixh ’Epetai apì thn antÐstoiqh isìthta gia trigwnometrikĹ poluÿnuma (Paratărhsh 5.5) kai apì to gegonìc ìti S_n(f)^{d2}−→ f, akribÿc ìpwc sthn perÐptwsh twn suneqÿn sunartăsewn (Pìrisma 5.8).

Jeÿrhma 11.11 (Riemann - Lebesgue) An f ∈ L^2([−π, π]), tìte lim k→+∞

f̂(k) = lim_{k→−∞} f̂(k) = 0.

Apìdeixh ’Amesh apì to gegonìc ìti ∞∑ k=−∞

|f̂(k)|^2 = 1 2π ∫_π −π |f|^2 < ∞. �

Apì thn isìthta Parseval èpetai ìti gia kĹje f ∈ L^2([−π, π]) (Ĺra kai gia kĹje suneqă kai 2π-periodikă sunĹrthsh), h akoloujÐa twn suntelestÿn Fourier thc eÐnai tetragwnikĹ ajroÐsimh.

Apì thn plhrìthta tou qÿrou L^2([−π, π]) wc proc thn d_2 èpetai to akìloujo antÐstrofo thc paratărhshc autăc.

Prìtash 11.12 An ∑ n∈Z |c_n|^2 < +∞ kai s_n(t) =

∑_n

k=−n cke

ikt tìte upĹrqei f ∈ L^2([−π, π]) ÿste ‖f − s_n‖_2 → 0 kai mĹlista f̂(k) = c_k gia kĹje k ∈ Z.

Apìdeixh Sthn akoloujÐa (c_k)_{k∈Z} antistoiqoÔme thn trigwnometrikă seirĹ ∞∑ k=−∞

c_ke^{ikt}.

(Den endiaferìmaste an h seirĹ aută sugklÐnei gia kĹje t). Ja deÐxoume ìti h seirĹ aută sugklÐnei wc proc thn d_2, opìte orÐzei èna stoiqeÐo tou qÿrou L^2([−π, π]). Apì thn plhrìthta tou qÿrou L^2([−π, π]) wc proc thn d_2, arkeÐ na deÐxoume ìti ta merikĹ ajroÐsmata thc seirĹc apoteloÔn basikă akoloujÐa.

’Estw ϵ > 0. Jètw a_n =

∑_n

k=−n |ck|

2. AfoÔ ∑ n∈Z |c_n|^2 < +∞, apì to kritărio Cauchy èqoume ìti upĹrqei n_o ∈ N ÿste gia kĹje m, n ∈ N me m > n ≥ n_o na isqÔei |a_m − a_n| < ϵ dhladă ∑ n<|k|≤m |ck|

2 < ϵ.

Apì thn isìthta Parseval èqoume ∑ n<|k|≤m

|c_k|^2 = 1 2π ∫_π −π | | | | | ∑ n<|k|≤m

c_ke^{ikt} | | | | | 2 dt.

ParathroÔme ìmwc ìti gia kĹje m, n ∈ N me m > n,

s_n = ∑ |k|≤n

c_ke_k Ĺra s_m − s_n = ∑ n<|k|≤m

c_ke_k.

Ĺra ‖s_m − s_n‖^2 = 1 2π ∫_π −π | | | | ∑ n<|k|≤m

c_ke^{ikt} | | | | 2 dt = ∑ n<|k|≤m

|c_k|^2 < ϵ.

Epomènwc h akoloujÐa (s_n) eÐnai basikă ston qÿro L^2([−π, π]). UpĹrqei loipìn f ∈ L^2([−π, π]) ÿste d_2(s_n, f) → 0, dhladă 1 2π ∫_π −π |f(t) − s_n(t)|^2dm(t) → 0.

’Epetai tÿra apì thn anisìthta Cauchy-Schwarz ìti gia kĹje k ∈ Z, an n > |k|, |f̂(k) − c_k| = | ⟨f, e_k⟩ − ⟨s_n, e_k⟩ | ≤ ‖f − s_n‖_2‖e_k‖_2

kai epeidă ‖e_k‖_2 = 1 kai ‖f − s_n‖_2 → 0 èqoume telikĹ |f̂(k) − c_k| = 0. �

12 To Jeÿrhma Riesz-Fischer

Jeÿrhma 12.1 (Riesz-Fischer) ’Estw (f_n) mia akoloujÐa sunartăsewn ston L^2(X, M, μ) pou eÐnai basikă wc proc thn ‖.‖_2. Tìte upĹrqei f ∈ L^2(X, M, μ) ÿste f_n → f wc proc thn ‖.‖_2. MĹlista h f eÐnai to ìrio μ-sqedìn pantoÔ miac upakoloujÐac thc (f_n).

Apìdeixh (i) Efìson oi diaforèc ‖f_n − f_m‖_2 {teÐnoun sto 0}, upĹrqei upakoloujÐa (f_{nk} ) ÿste ∑ k ‖f_{nk+1} − f_{nk} ‖_2 < +∞. Ja deÐxoume ìti mia tètoia upakoloujÐa sugklÐnei μ-σ.π. se mia f ∈ L^2(X, M, μ).

Sugkekrimèna, epilègoume epagwgikĹ gnăsia aÔxousa akoloujÐa (n_k) ÿste

‖f_m − f_n‖_2 < 1 2^k

(m, n ≥ n_k) (*)

Gia eukolÐa jètoume h_k = f_{nk} ,

g_k = |h_2 − h_1| + . . . + |h_{k+1} − h_k| kai g = sup_k g_k = lim_k g_k = ∞∑ k=1 |h_{k+1} − h_k|.

’Estw ϕ ∈ L^2(X, M, μ). Apì thn anisìthta Cauchy-Schwarz èqoume ∫ |ϕ(h_k − h_{k+1})|dμ ≤ ‖ϕ‖_2‖h_k − h_{k+1}‖_2 <

‖ϕ‖_2 2^k gia kĹje k ∈ N, Ĺra ∞∑ k=1 ∫ |ϕ(h_k − h_{k+1})|dμ ≤ ∞∑ k=1 1 2^k

‖ϕ‖_2 = ‖ϕ‖_2.

Tìte apì to Jeÿrhma B. Levi, ∫ |ϕg|dμ = ∫ ∞∑ k=1 |ϕ(h_{k+1} − h_k)|dμ = ∞∑ k=1 ∫ |ϕ(h_{k+1} − h_k)|dμ ≤ ‖ϕ‖_2 < ∞

Ĺra h ϕg eÐnai σ.π. peperasmènh. ’Epetai ìti h g eÐnai σ.π. peperasmènh, giatÐ an g(x) = +∞ se èna metrăsimo sÔnolo E me jetikì (peperasmèno) mètro, jètontac ϕ = χ_E ja brÐskame ∫ ϕgdμ = +∞. Me Ĺlla lìgia, upĹrqei A ∈ M me μ(A^c) = 0 ÿste gia kĹje x ∈ A h akoloujÐa (g_k(x)) na sugklÐnei se peperasmèno ìrio. Autì shmaÐnei ìti gia kĹje x ∈ A, h seirĹ ∞∑ k=1 (h_{k+1}(x) − h_k(x))

sugklÐnei apìluta, Ĺra sugklÐnei, se pragmatikì arijmì. AllĹ

h_{k+1}(x) = h_1(x) + (h_2(x) − h_1(x)) + . . . + (h_{k+1}(x) − h_k(x)) ,

Ĺra h (h_k(x)) sugklÐnei gia kĹje x ∈ A, opìte jètontac f(x) = lim_k h_k(x) = lim_k f_{nk} (x) gia x ∈ A kai f(x) = 0 gia x ∈ A^c èqoume mia metrăsimh sunĹrthsh f sto X.

(ii) DeÐqnoume tÿra ìti h f eÐnai to ìrio wc proc thn ‖.‖_2 olìklhrhc thc akoloujÐac (f_n).

Dojèntoc ε > 0, epilègoume k_o ÿste^1_{2ko} < ε opìte apì thn (*) èqoume

‖f_m − f_n‖_2 < ε (m, n ≥ n_{ko} ).

Sunepÿc an k ≥ k_o kai m ≥ n_{ko} tìte

‖f_m − f_{nk} ‖_2 < ε.

StajeropoioÔme m ≥ n_{ko} kai gia kĹje j ≥ k_o jètoume

ϕ_j = inf{|f_m − f_{nk} |^2 : k ≥ j}.

ParathroÔme ìti

ϕ_j ≤ ϕ_{j+1} kai ϕ_j ≤ |f_m − f_{nj} |^2 Ĺra ∫ ϕ_jdμ ≤ ‖f_m − f_{nj} ‖^2 < ϵ^2

gia kĹje j ≥ k_o. EpÐshc eÔkola diapistÿnoume^2 ìti (efìson to ìrio lim_k |f_m(x)− f_{nk} (x)|^2 upĹrqei sqedìn gia kĹje x) to ìrio lim_k ϕ_j(x) (upĹrqei afoÔ h akoloujÐa eÐnai aÔxousa kai) isoÔtai me lim_k |f_m(x) − f_{nk} (x)|^2 = |f_m(x) − f(x)|^2 sqedìn gia kĹje x.

Apì to Jeÿrhma Monìtonhc SÔgklishc èqoume tÿra, gia kĹje m ≥ n_{ko} ,

‖f − f_m‖^2 = ∫ X |f − f_m|^2dμ = ∫ X lim_j ϕ_jdμ

= lim_j ∫ X ϕ_j dμ ≤ ε^2. �

2’Estw ϕ(x) = lim_j ϕ_j (x). Efìson ϕ_j (x) ≤ |f_m(x) − f_{nj} (x)|^2 kai lim_k |f_m(x) − f_{nk} (x)|^2 = |f_m(x) − f(x)|^2, èqoume ϕ(x) ≤ |f_m(x) − f(x)|^2. Apì thn Ĺllh meriĹ, gia kĹje ε > 0, upĹrqei k_1 ÿste |f_m(x) − f(x)|^2 − ε < |f_m(x) − f_{nk} (x)|^2 gia kĹje k ≥ k_1 opìte |f_m(x) − f(x)|^2 − ϵ ≤ ϕ_k(x) gia kĹje k ≥ k_1, Ĺra |f_m(x) − f(x)|^2 − ε ≤ ϕ(x) opìte telikĹ |f_m(x) − f(x)|^2 ≤ ϕ(x) afoÔ to ε > 0 eÐnai aujaÐreto.