605: Exercises 11

1. Let f : [-7, 7] — R be an even integrable function such that: ax (f) > 0 forevery k& > 0. Show that > ax(f) < occ.
k=0
(Reminder: ax(f) = f(k) + f(=k).)

2. Every integrable function f : [—m, 7] — C can be written uniquely as f = f, + f, where f, is even and f, is odd.
Show that | g | g | g
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3. Let f : R — C be a continuous 27-periodic function. Suppose that lim
n

—oon+1
Sp(f) — f uniformly.

S |kf(k)| = 0. Show that then

k=—n

4. If f : R — C is a 27 periodic and integrable function, show that

lim/|f(t—:z:) — f()| dt = 0.

z—0

Hint: Consider first the case when f is continuous.

(From Exercises 2.5 of A. Giannopoulos’ lecture notes 2012:)

5. Let f : R — R be a 2w-periodic function which is Riemann integrable in [—m, 7). For each m € N, define

gm(x) = f(ma).

Describe the graph of g,,, compared to that of f. Is g,, periodic? Express the Fourier coefficients of g, in terms of
those of f.

8. Consider the 27-periodic function f : R — R which is defined in [—7, 7] by

fx) = |z,
Draw the graph of f, calculate its Fourier coefficients and show that f(()) =m/2 ko
- —1+ (=1)*
k)= ———— k # 0.
Foy =" s

Write the Fourier series S|[f] of f as a series of cosines and sines. Setting = 0, show that
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9. Let [a, b] be a closed interval contained in the interior of [, 7. Consider the function f(z) = X|a,(2) defined
in [-m, 7] by: f(x) = 1ifx € [a,b] and f(z) = 0 otherwise; extend f 2m-periodically to R. Show that the Fourier

series of f is
—ika _ ,—ikb

S[fl(z) = b—a +Z€;eikx.
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Show that, for any x € R, S[f](x) is not absolutely convergent. Find the points = € R for which S[f](z) converges.

11. Let f, f,, (n € N) be 27-periodic functions, integrable in [—, 7], which satisfy

s

Gim [ |f(@) ~ fule)| dz =0,

Show that - R
fu(k) = f(k) asn — oo,

uniformly in k. That is, for every € > 0 there exists ng € N so that for each n > ng and each k € Z, we have

falk) — F(E)] < e.



