On the Uniqueness Theorem in £!

Recall that, for f, g € C(T), the following are equivalent:

() f(k) = (k) o x60e k € Z

(i) f = g.

One cannot expect this equivalence to hold for f,g € £!(T), since if an £! function is modified
on a null set, then its Fourier coefficients are unchanged. In other words,

If f,g € £L1(T) and f = g almost everywhere, then (k) = §(k) yio k&g k € Z.

The converse is also true:

Theorem 1 If f, g € L1(T) the folowing are equivalent:
(i) f(k) = §(k) forall k € Z
(ii) f = g almost everywhere. That is, f and g determine the same element of L*(T).

The implication (i) = (i) was observed above. The proof of the implication (i) = (7) will follow
from an extension of Fejér’ s Theorem to the space (L'(T), ||-]|,)-

Recall that, for f € £'(T), the trigonometric polynomial o,,,(f) is defined by

m

onll) = g 25 meN)
and is given by _
(00 =5 [ Konlt = 9)f(5)s

where

Proposition 1 For every f € L'(T), we have lim,, ||o,,(f) — f||, = 0.

Proof. Recall that, by Fejér’ s Theorem, for every g € C'(T) we have
lim [|o(g) = g/l = 0
and therefore, since |||, < ||h|| for h € C(T),
lim [|o,(9) = gll, = 0.
But we know that C(T) is dense in (L'(T), ||-||,). Thus, for every f € L'(T), given € > 0 there
exists f € C(T) with

If = glly <e.

For g we may choose ny € N so that for all n > ng we have

”O-n(g) - ng <E€.



Now we have, if n > ny

lon(f) = flly < llon(f) = aul@ly + llonlg) — gll, + [lg — I,
<|lon(f —9)ll; +e+e

and the proof will be complete if we can control the quantity ||o,,(f — ¢)||,. But by Proposition 2
below, we have [0, (f = g)ll, < [If = gl

Proposition 2 For every f € L'(T), we have ||o,(f)|l, < || fll,-
Proof. We first claim that the inequality ||o,,(f)||; < || f]|, holds when f € C(T). Indeed, we have

o) = [ EKult =)
dt

hence ||am<f>||1=/ﬂ/ nlt = 916155
([ e s>f<s>|;l—j) a
2 ([ e ) &
:/_7;|f(8)\ (/lK <t—s>|ﬁ)§l—§

" dt T d ﬂ .
But/ | K (t — S)l— = / |Km(x)|2_x by periodicity, and we know that/ IKm(:E)|2—x =1
27 p !

—Tr —Tr —Tr

Hence the previous inequality becomes

lom(Dl, < / FIe = 171, -

Now suppose f € Ll(T) and let m € N be fixed. Then given € > 0 there exists f. € C(T) such
that ||f - fe”l m+1

o) — om(f.) = Z( L) Gw - dwa
0 Nomlf) —ou(flh < 3 (1—ﬂ) ) = F.0) el

k=—m

But [lex]l, = Land |f(k) = (k)| < [[£ = £]| <117 = £l forall 50

lom(f) = om(f)l < 3 ( —ﬂ) 1 = flly < (m+ D If = Sl < e

k=—m

and therefore, using the fact that ||o,,,(fo)||; < || fc]]1 (by the claim)

Ham(f)Hl <|lom(f) — Um(fﬁ)Hl + H‘7m<f6)”1
< low(f) = om(fIlly + [ felly < e+ (£l +¢)



80 |lom (f)]l; < || f]l1 since € > 0 was arbitrary. O

Proof of Theorem 1 (ii) = (i): Suppose f(k) = g(k) for all k € Z. Then the partial sums of the
Fourier series of f and g are the same, and so 0,,(f) = 0,,(g), or 0,,(f — g) = 0 for all n. Therefore,
from Proposition 2,

17 = glly = tim lou(f = 9)ll, =0

and so f = g almost everywhere (or f = g in L}(T)). O



