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Reminder

(a) Complex Numbers.

(b) Periodic functions.
If f : R — Cis 2w-periodic, it is determined by its restriction to any
interval [a, b] C R of length 27. Thus it is enough to study the restriction

9= flrm * [-7,7] = R. Note: g(—7) = g(m).



Fourier Series

Let f : [—m, 7| — R be integrable (in the Riemann sense, for the first
part of the course). The Fourier series of f is the series of functions

S[fl(x) = (1720 + kz::l(ak cos kx + by, sinkz),
where the Fourier coefficients a;, and b;, of f are given by

1 s
a, = a(f) = 7r/ f(x)coskx dx, kE=0,1,2,..

and

bk:bk(f):jr/ f(z)sinkz dz, k=12, ..

(the integrals exist).



Fourier Series

Remark Foreach k € Z_,

1 [7 1 (7
o < - [ If@de and o)< [ s

Thus, the sequences {a; } and {b, } are bounded.

The n-th partial sum of S[f] is the continuous function
a n
5, (f)(x) = 50 + ;(ak cos kx + b sin kx).

Question: Does the sequence s,,( f) “converge”? To f?
NO, “usually”
YES, for “good functions”

YES, “for the appropriate mode of convergence”.



Trigonometric polynomials

Trigonometric series :
?O Zakcoskx + Zbksmkx ag, b, €R.
Trigonometric polynomial:
a N N
0 .
> +;ak00skx+;bks1nkx

a, = b, = 0 when k > N. Degree: the largest N so that
lan| + [by| # 0.

Equivalent form Z ¢, exp(ikz)
k=N

where  exp(it) = cost+isint, c = 50, k=0



Example 1.

Foreachx € R,

n
s, (x) = Zsink‘x =sinx + sin 2z + ... + sinnx
k=1
cos £—cos(n+1)x o
_ { ~omz o wm Bl
0, 5= €4
1 n
e, () ==+ Zcosk:m = — +cosx + cos2z + ... + cosnz

k=1



Example 1. (continued)

Although the two sequences do not converge (why?)
they are bounded (when x # 2km).
Proof If z € (0, 27), for each n € N we have

+ Z coskx| < Z sin kx| <

Furthermore, for each § > 0 both sequences are uniformly bounded in

M\&

and

|sn

the interval [d, 27 — §]
for each x € [0, 2w — d] and every n € N we have

n

%—l—Zcoskx

k=1




Example 2

[y
[y

s, (x) = sinkx =sinz + —sin2x + ... + — sinnax
" 4 n?

1

ol
3 I\Mﬁ

1

k2

1 1 1

—coskxr =cosz + —cos2x + ... + — cosnz
4 n?

¢, () =
k=1 k?

converge uniformly to continuous functions R — R because

Theorem

If a sequence (g,,) of functions g,, : X — C (where X C R) is
uniformly Cauchy !, then (g,,) converges uniformly on X.
If'in addition the g,, are continuous on X, then their limit is a
continuous function.

Proposition (Weierstrass M-test)

Ifforalln € N, f, : X — Csatisfies | f,,(t)| < M,, Vt € X where
> M, < oo then the sequence (g,,) where g,,(t) = > f,(t)
k=1

n=1
'i.e. satisfies: for each € > O there is n, € N so that if n, m > n then for each

e X vwehave la () — A ()] —~ =



Example 3

. . 1. 1.
sinkx =sinz + Qstw-l— ... + —sinnx
n

1 1
coskxr = cosx + §C082$+ ... + —cosnx
n

We will show that both sequences converge for each x # 2kx and
define continuous functions. It suffices to restrict to the interval(0, 27),
since both sequences are trigonometric polynomials, hence 27-periodic
functions. (Observe that for z = 2k the sequence (c,,(x)) diverges.)




Tools
Proposition (Dirichlet)

Let (ay,) be a sequence of functions a;, : X — C and (b;,) a sequence of

numbers. If
n
(1) thereis M < oo so that Vt € X, Vn € N, : Zak(t)
k=1

<M,

(i) by > by >...> b >0

and (ii1) b,, — 0,

then the series ), ba, converges uniformly on X.

Lemma (summation by parts)

Ifby > by > ... > b, > 0and a;, € C, then setting s, = 0 and
S, = aq + ag + ... + ay, we have for each m,n € N withn > m > 1,

n—

n 1
Z akbk = Z Sk<bk - bk+1> + Snbn - smflbm
k=m

k=m



Proof of Dirichlet (Sketch) If n,m € N andn > m, foreacht € X we
have (from the Lemma)

S ] = |3 5000 — bess) + 50 (b — 5 (Db,
k=m k=m
< S 156 B = biss) + 152 (E)lbn + 5t (Bl

k=m

n)rm?

(since b,,,b,,, b, — b1 = 0)

1
<" My —byy) + Mb, + Mb,,
—b,)+ Mb, + Mb,, = 2Mb,,.

... since b, — 0, we obtain that the sequence of partial sums of
>, biay, is uniformly Cauchy, hence unifromly convergent. O



Tools

Proposition

IfV C Risopen?and f, : V — C satisfies: “for each compact

K CV the sequence (f,| ) converges uniformly on K (we say: (f,,)
converges uniformly on compact subset of V') then for each x € V the
sequence (f, (x)) converges.

If additionaly the f,, are continuous onV', then their limit

f:x —lim, f,(x) is also a continuous function on V.

2or, more generally, V': metric space



Summarising

n
( > sin k:x) Not convergent, but V§ > 0 uniformly bounded on
k=1

[0,27 — §].

< > = sin k:c) Converges uniformly on [0, 27|, hence to a
k=1

continuous function.

n
( > % sin k::n) Converges for each = € (0, 27) to a continuous
k=1

function, because Vo > 0 it converges uniformly on [J, 27 — §].



Fourier Series

If I know that f is a trigonometric polynomial, how can I determine the

coefficients?
N N
0 .
If =3 Z kcosk‘x+Zbksmkzm,
k=1 k=1
then
1 27
=— d
Qo =7 /0 f(z)dx
1 2
a, =— / f(x) cosnxdx
T Jo
1 2m
b, :—/ f(x) sinmzxdz
™ Jo



Fourier Series

Remark (Complex form)

N
i f(x) = Z ¢, expikx
k=N

then,

1
Crn = —/ f(x)exp(—imzx)dx, —N <m < N.
0




Fourier Series

Generalisation: Given a 27-periodic function f : R — C, we define

27
a, =a,(f) = 1/ f(z)cosnxdr, (n=0,1,2,..)
™ Jo
27
b, =b,,(f) = 1/ f(z)sinmadz, (m=1,2,...)
™ Jo

k) = % /0 (@) exp(—ikz)dz, (k€ 2)

It suffices that the integrals exist.
Definition: The Fourier series S(f) of f:

S(f,x):= % —i—Zakcosk:x—l— Zbksinkx
k=1 k=1

o0
= Z f(k)e™ ™ (complex form)
k=—o0
(For now, we are not concerned with convergence or divergence of
these series.)



The Fourier series of the function f(t) =t, t € (—m, ) is

f 2<'t Lsinot + Lsinst — S sinar + )
S1n 9 S1n 3 S1n 4 S1n

Ic can be shown (Exercise!) that the partial sums of this series form a
Cauchy sequence and therefore the series converges.
But does it converge to f?




Parenthesis: periodic extension

. 1 . 1. 1 . 1 .
2(smt—55111275—1—gsm3t—181n4t+...—ﬁsm12t>




Fourier series

o The Fourier series of a trigonometric polynomial p is the trig.
polynomial itself: S, (p) = p when n > degp, hence S(p) = p.

e If a trigonometric series s(x) = ” c,e'** converge uniformly, then
the Fourier coefficients 5(k) of s are the c;, hence the Fourier series of
ERACE

o [t is not however always true that every convergent trigonometric
series is the Fourier series of some function (see later).



Fourier series

Proposition (Linearity!)

If f and g are integrable on [0, 27| and \ € C,

an(f +Ag) = a,(f) + Aan(9),
b, (f +Ag) = b,(f) + Ab,(9) (n,m €N)
equivalently (f:-\/\g)(k) = f(k)+ A\j(k) (keZ)

therefore S, (f +Ag) =S, (f) +AS,(g) (neN).




Absolutely convergent Fourier series

Proposition

If f is a continuous and 2w -periodic function and 3" | f (k)| < 0o

(equivalently Y (|a;(f) + |bi(f)| < oo) then the sequence (S (f))
converges uniformly (and hence the fumction S(f) := li}{fn Sn(f)is

continuous).

Proof Weierstrass’ M-test.

But how to conclude that (S (f)) converges to f?

— ~

Observe that for each k € Z we have Sy (f)(k) = f(k) when N > |k|,

— ~

hence S(f)(k) = f(k) for each k € Z (why?).

It suffices therefore to prove the following Uniqueness Theorem:



The Uniqueness Theorem

Theorem

If f and g is continuous and 2m-periodic functions with §(k) = f(k)
for each k € Z (equivalently a,,(f) = a,,(g) and b,,(f) = b, (g) for
eachn € N), then f = g.

Sketch of Proof We will show that if f # g there exists a trig.
polynomial p with | T; M+ /[ 7; gp. Then, there must exist k so that

I fen # [7 gep.ie. f(—k) # G(—k).

Let ¢ := f — g. In the special case: 1(0) > 0, we will show there is a
trigonometric polynomial of the form p;, ,(t) = (a + cost)* for
appropriate a, k such that | 7; p # 0.

General case: If 1(t,) := h(t,) # 0, there is a 6 so that e?%2)(t,) > O
hence the function ¢ given by ¢(s) = e1(s + t,) satisfies ¢(0) >
Thus some ¢ (k) must be nonzero. But then 1)(k) = e~#¢ikto (k) + 0.



The trigonometric polynomials p;, ,

12

10

pk,a<t) = (CL + cos t)ka

k=1,2,..

-2 -1

with a = 15,

0 1

L k=2716,25.




The Uniqueness Theorem

Continuity was used only at the point £, :

Theorem

~

If f and g are integrable on [—m, 7] and (k) = f(k) for each k € Z
(equivalently a,,(f) = a,,(g) and b,,(f) = b,,(g) for each n € N), then
f(ty) = g(ty) at each point where f — g is continuous.



Simple cases of convergence

If f continuous, 2m-periodic and . | f (k)| < oo (equivalently
S (lag(f) + bk (f)] < o0) then (Sy(f)) converges uniformly to f.

Proposition

If f continuous, 2m-periodic and its derivative [’ exists and is

integrable,
S(f',z)= Z(k;bk cos kx — kay, sin kx).
k=1
Complex form:

—~

7 (k) =ikf(k) (ke ).



Simple cases of convergence

If [ : R — C is continuous, 2m-periodic and Zikj?(k:ﬂ < o0, then fis
continuously differentiable and the series ik f (k) exp ikx converges
to [ uniformly.

If f and its derivatives ', f”, ..., f"~Y are continuous 2m-periodic

(n)
17y foreach k #+ 0

||

functions and | f™)| is integrable then | f (k)| <

(where ||g|l, = 5= [ |gl).

Proposition

If f, f" and f” are continuous and 2m-periodic, the series
> f(k) expikx converges uniformly to f.



Fejér’ s Theorem

Let f:R—C be contmuous and 2m-periodic.
Reminder: S,, ( Z F(k)eikt.

|k|<n
The sequence (.5,,(f)) is not always always convergent (not even
pointwise). However,

Theorem (Fejér)

If f : R — C is a continuous and 2m-periodic function, then the
sequence (o,,(f)) where

converges to f uniformly.



Summability

Z F(k) exp(ikt)
- k;n ( / ] f(s) exp(—iks)jﬂ) exp(ikt)

T k=n 4
:/ﬂ (Z exp(ik(t—s))) f@)i—j = /W D, (t—s)f( )df

k=—n
hence
= S,(
Um m + 1 Z

1 m  k=n
(ik(t — ds

[ (7 S owsen) o

1 T

= % - Km,(t - S)f(S)dS.



Two kernels: Dirichlet against Fejér

Sil’l( 2'n2+1 ZL‘)

k=n ez TF0,
Dirichlet: D, (x) = Z exp(ikx) =
ke==n 2n + 1, z=0
(d)
Fejér: K, (z)= e 1 (kz exp(ikx )
B nTl( Sin(2/2) ) , x#0, "

m—+ 1, z=0



Proof of (d) for z # 0

k=n

sin(§)Dn(x) = sin(§) k;n exp(ikx)
) . ) k=n
= (e% —e T)D,(z) = (eT —e %) Z exp(ikx)
k=—n
k=n
= (e —1)D,(x) = (e —1) Y exp(ika)
k=—n

= (exp(i(k + 1)x) — exp(ikx))
K
=exp(i(n + 1)x) — exp(—inx)
= ¢ (expli(n + )2) — exp(—i(n — 72))

ix 1
=e22isin((n + Q)x) :



Proof of (k)

If x # 0,

1

1 1 T 1
- E sin(n + —)xr =
sin § <~ ( 2) 2gin?

2sin B sin(n + i)x

N8
iNgh

n

(cosnx — cos(n + 1)x)

NE

:25in2 5 550
L (1= cos(m + 1)a)
= — cos(m T
2 sin? %
Therefore K, () = k7 1 Do) = s T St
1 1 1—cos(m+ 1)z 1 sin (m— )
Km(‘r) = T2 = N .
m + 1 Sin 5 2 m —I" ]_ sin 5

Ifzr=0

k=n m

K, m+17;)2exp0—712(2n+1)=m+1. O

k=—n n=0



Lemma

. k
Claim: K, = Z (1 — |+|1) ey, - Proof:
m

k=m
K= s Z(gj) T ot (k) F (e )
1
:m—|—1(eO (n=0)
+eg+(ep+ey) (n=1)
+egt+ (e, +e )+ (e +e ) (n=2)
+
+egt(eg+e )+ (eg+e o)+ +(e,+e_,)) (n=m)
m m — 1
—€0+m+1(€1+6_1)—|— +1(e2+e 2) +m+1(en+e—n)

()



The Dirichlet kernel

sin (225+12)

Dnl@) = =402

m =4 57 10 14



The Fejér kernel

1 sin(™ L )
K = 2 K = 1.
(@) mH(Sm@/Q) A0 K, 0)=m+
15 l T T T
10 —
5 ]
0
_5 | | | | | | |
-3 —2 —1 0 1 2 3

m = 4,5,7,10, 14.



Properties of Fejér’s kernel K,

The Fejer kernel has the following properties:
(a) There exists M so that | K., |, < M for each m.

(B) Ifd € (0,m) and E5 = [—m,—6] U [0, 7], then lim/ |K,,| = 0.
m Jg,

1 s
(v) 7 / K, (x)dx =1 for every m.
m —Tr

1 (7.
e Property (y) holds by the definition of K, since o / etftdt = 1if
T —T

k = 0 and 0 otherwise.

e Since K, (t) > 0, (y) implies (o) with M = 1.

e Property (B) follows from the remark that if § < |z| < 7, then

|K,, ()| = K,,(z) < -1~ —%4+, hence lim,, K,,,(z) = 0 uniformly

m+1 gin® 2°

in E5 and hence lim/ |K,,| = 0.
m Es



Fejér’s Theorem: Sketch of the proof

If 6 > 0, for large enough m &€ N, the value K, (s) is almost 0 outside
the interval [—d, 0] (by (B)). Therefore

o (f 27r/7rft_s /ft—s (s)ds

where the symbol &~ means “nearly equal” here. But f is uniformly
continuous, hence if § is small enough, when |s| < ¢ we have
f(t—s) ~ f(t). Therefore

1 ) 1 )
W/(S Ft— 9K, (s)ds ~ f(t) (% /5 Km(s)ds>

and, again from (J3),

1
21 s

by (y). Thus finally o,,(f)(t) ~ f(t).



First consequences of Fejér’s Theorem

e Uniqueness. If f, g are continuous, 27-periodic and f (k) = g(k) for
all k € Z, then f = g.

Second Proof. We have o,,(f) = 0,,(g) for each n € N, hence
f=1lim, 0,(f) = lim, 0, (g) = g by Fejér.

e Proposition [Fejér] Let f : R — C be Riemann integrable in [—, 7]
and 27-periodic. If f is continuous at some ¢t € [—, 7], then

0, (f,t) — f(t). [The proof is a variation of the previous one: now o
will depend on ¢, and convergence is shown at {.]

[Remark: More generally, if the one-sided limits f(¢, ) and f(t_) exist,
theno, (f,t) — w (Proof omitted).]

e Corollary Under the conditions of the Proposition, if (S,,(f,t,))
converges, then it must converge to f(¢,).

e Remark For every f, Riemann integrable in [—, 7] and 27-periodic,
we have o, ()], <[/l



Sections 7 to 10

For the following, see the file not60520en . pdf

7. Mean square convergence
8. The Poisson kernel
9. Pointwise convergence and the localisation principle

10. Complements: Divergent Fourier series



—i(r+1t), —m<t<0
It f(t>:{ ifm—t), 0<t<mw

then S, (f,t) _<Z +Z)

k=—n

is uniformly bounded, but its ‘negative’ (co analytic) part
-1

gu() = 3 Lo dsnot:g,(0) = 3 —
k=—n m=1""
hence there cannot exist any Riemann- 1ntegrable gsothatg, =S, (g).

We will see later that there exists a Lebesgue-integrable g with

n = 5,(9)!



Example: A continuous f with limsup |S, (f,0)] = oo

If

ikx

, e
py(x) =N Z
1<|k|<N

we have shown that there exists M so that |py(z)| < M forall N € N
and every « € R. For a subsequence (/N},), define

@)= ay, (2)
k=1

where a;, = k%: the series converges uniformly, hence f is continuous.
Butif N, = 32", k= 1,2, ..., then
[Son (f)(0)] = 400

because [Syn (f)(0)] > [gn (0)] — ¢ > ca,, log|N,,,| for a suitable
c>0.



Part II

The Lebesgue integral



The Riemann integral

Behaviour with regard to limits:

Consider the Dirichlet function f = x¢q : [0,1] — R.
1, zeQnJ0,1]
flz) =
0, z¢QnIo,1].
It is not Riemann integrable. But if {¢,, : » € N} is an enumeration of
QN[0,1] and
1, z€{q,..,

07 T ¢ {q17"'7Qn}7

then f,,  fin [0, 1] and each f,, is Riemann integrable, being a
bounded function with a finite number of discontinuities.




The Riemann integral and the Lebesgue integral

Let f : [a,b] = R be bounded.

Riemann: Partition [a,b]: P={a=12y<z; <29<..<uzx, =Db}
n—1 n—1

L(f,P)= ka(%ﬂ — ) and U(f, P) = ZMk(ka — )
k=0 k=0

where
my = inf{f(z) : 7, <@ <3y and My = sup{f(az) : 2 <@ <y 4}

Lebesgue: Partition the range [m, M] of f

t—1
L(f.Q) Zyku Y(ya ya))) and T(F,Q)=> ypua it~ ([Wrr Yin))
k=1

k=0
11 = “length” (??)



The Riemann integral and the Lebesgue integral

¥i-1

Y1
Vi

Xk-1 Xk AI: Ak Ak

i = f(xx) A= F([ykyia])

Problem: How to define the “length” of the (possibly complicated) set
T W vi-1)) = {z € [a,b] =y < f(2) < ypya})-



Interlude: Approximating Riemann-integrable functions by continuous ones

Let f : [a,b] — R be Riemann-integrable. Given € > 0, choose P with
U(f,P)— L(f,P) <e,pickany t; € [z,x),,]and put
n—1

f-= Z f(ti)xs (astep function)

k=0

b
where X, = X(z, 2, Then/ lf — f.] <e.

a
For each X, and every 0 > 0 there exists a continuous h,, so that

b
/ Ix — hil < 6.

Therefore, if h_ Z ft)hy then/ |fe—he| <nd|fll,

Conclusion: there ex1sts h. : [a,b] — R continuous so that

b
/ |f —h.| < 2e.



Desirable properties of “length”

(@) p((a,b)) =b—a
0) U, e Bn) = 22,0 #(E,) when (E,,) are pairwise disjoint

() W(E+=x) =p(F)foral EC Randz € R

Remark (o) The map ¢ : ¢ — 2™ defines a bijective correspondence
between (0, 1] C R and the unit circle S := {e?™ : t € R} C C}
which transforms “length” to “arc length”.
(B) If there exists aset U C .S := {€?>™ : t € R} such that the sets

L 2 y . . . o e e .
U, = {e*™w : w € U} (where ¢ € Q) are pairwise disjoint and their
union is the circle S, then U cannot be “measured”, hence
¢~ 1(U) C (0, 1] cannot be “measured”.



There exist sets that cannot be “measured”

For z,w in the circle S define z~w <= Jq€ Q:w = e?™z.

The equivalence relation ~ splits (partitions) S into (disjoint) classes:
S =, glz] where [2] = {w € S:w~ 2}
The Axiom of Choice (!) ensures that we may choose one representative
u € [z] from each class. Let U C S be the set of all these choices, so
that U N [z] is a singleton for each class [z]; thus we have

S = U [u]  (a union of orbits).

uelU

For each ¢ € Q, define U, := {*™w : w € U}.
This gives a (different) partition

S = U U, (countable union of translates of U).

q€Q
Suppose that U could be “measured”. Then p(U,) = u(U) Vg, so

w(S) => uU,) => wU).

q€Q q€Q
But if 4(U) = 0 then p(S) = 0, while if u(U) > 0 then pu(S) = oo. (1)



Strategy: Restrict to “measurable” sets

The strategy will be to define the “length” or “measure” only for a
subclass of sets, for which the desirable requirements are fulfilled.

The method to achieve this will be to first define a function (called
“outer measure”) on all subsets of R which partly satisfies the
requirements, and then restrict to the class of sets on which this outer
measure satisfies the requirements completely.

We will show that this class (the measurable sets) is large enough.



Definition of Lebesgue outer measure

Let I = (a,b) C R be a bounded open interval.

Its length: £(I) := b — a.

By a cover of a set A C R we will mean a countable family of bounded
open intervals (I,,) with A C (J 1,,.

Definition (Lebesgue outer measure)

Let A C R. The outer measure of A is

M (A) = inf{ En:e(fn) : (I,,) cover ofA}.



Lebesgue outer measure

Proposition

IfAC BCR, then \*(A) < \(B).

Proposition

If A C R is finite or countably infinite, then \*(A) = 0.

Note But there exist uncountable sets with A\*(A) = 0
(for example the Cantor set - see later).

Proposition

N (A+x) = XN (A) foreach A CRand x € R.



Lebesgue outer measure

Proposition

A*([a,b]) = b—a.

A ((a,b)) = b—a (= £((a,b)).
The property

)\(UTLGN E?‘L) - ZTLED\I )\(ETL)
when {E,, : n € N} are pairwise disjoint (c-additivity)

cannot hold for all families { £,, : n € N}, as we saw.
Nevetheless,



Lebesgue outer measure and measurability
Proposition (countable subadditivity)

For each finite or countably infinite family { A, } of subsets of R,

A* (U An) <> X (4,).
n n

We want to achieve equality when the { 4,, } are pairwise disjoint.
We are forced to restrict to sets which “have length”:
Definition (Lebesgue measurable set)
A sets A C R is called Lebesgue measurable if, for each X C R,

A(X) = A (X NA) + (X N A°).
The class of Lebesgue measurable sets is denoted by M .
The restriction of A* to M is called Lebesgue measure.

Thus, a set is measurable if “it splits correctly” — with respect to outer
measure — all other sets.



The class of measurable sets

Remark. In order to prove that A € M, it suffices to show

M(X) > M(XNA)+ A (X NA°).
for each X C R (in fact, it suffices to assume \*(X) < 00).

Proposition

If\(A) =0, then A € M.

Proposition

The complement of a measurable set is measurable:
if A€ M then A° =R\A € M.

Proposition

The union of two measurable sets is measurable:
if A,B e M, then AUB € M.

Hence also the intersection: (A N B) = (A° U B°)°.



The class of measurable sets

Proof
XNAUB)=XN(AU(A°NB))=(XNA)U(XNA°NB),
hence

N(XN(AUB))+X(XN(AUB)°) =
=M(XNA)UXNANB))+X(XN(AUB))

(sub)

< MXNA)+M((XNA)NB) + X (X NA)N B

( €7

M A(X A A) + A (XN A°)
(Ae]v[ N
A(X).
Thus,

MXN(AUB))+XM(XN(AUB)%) <M (X).



The class of measurable sets

Proposition

If A,B € M and AN B = () then, for each X C R,

M(XN(AUB)) = (X NA)+ ) \(XNB).

hence M(AU B) = M(A) + X*(B).

By induction:

Corollary (Finite aditivity)
If By, ..., B,, are pairwise disjoint sets in M then, for each X C R,

3

(XN (B U~UB,)) =Y XXNB,)

n=1

hence D

X(ByU-UB,,) =Y X(B,).

n=1



The class of measurable sets

Proposition

If (A,,)22, is a countable family of measurable sets, then their union
o0

U A,, is a measurable set.
n=1
sksksk skkk kokok

1
|

Definition (o-algebra)
Let Q2 be a nonempty set. A class A of subsets of €2 is called a o-algebra
if it satisfies
1) Qe A
(i) If A € A, then Q\ A € A.
(iii) If A,, € A foralln € N, then fj A, €A

n=1
It follows that:
(iv) If A,, € A foralln € N, then ﬂ A, €A

(v) IfA, B € A, then A\B = AOBCE./Z



The class of measurable sets

Theorem

Let M = {A C R | A Lebesgue measurable}. Then M is a o-algebra
and the set function \ : M — [0, +o0]

A AA) =N\ (A)
is countably additive (c-additive). Thus, if (A,,)22 ; is a countable

Sfamily of pairwise disjoint Lebesgue measurable sets (A,, € M for all
nand A, N A,, = 0ifn+m), then

M U4, | =D a4,
n=1 n=1
Definition (Lebesgue masure)

The set function A : M — [0, +00]

A A(A) := 2\ (A)
is called Lebesgue measure.



Borel sets. They are Lebesgue measurable

All intervals are Lebesgue measurable sets.

Consider the intersection of all o-algebras containing the set of intervals:

Definition (The Borel o-algebra)

The smallest o-algebra of subsets of R which contains the set of all
intervals is called the o-algebra of Borel subsets of R (or the Borel
o-algebra) and is denoted by 5.

Proposition

B C M (we will show later that B #+ M).

Proposition

Every open and every closed subset of R is a Borel set, hence is
measurable.

... hence every countable intersection of open sets (every GG5) and every
countable union of closed sets (every F).



Approximating measurable sets

Let A C R. The following are equivalent:

The set A is measurable.
For every € > 0 there exists an open set G C R with A C G and

A (G\A) < e.
There exists a G g-set B so that A C B and \*(B\A) = 0.

Proposition

Let A C R. The following are equivalent:

The set A is measurable.

For every ¢ > 0 there exists a closed set F' C R with F' C A and
A (A\F) < e.

There exists an F-set C such that C' C A and \*(A\C) = 0.

(Exercise)



“Continuity” of measure

IfFX,YeM, X CYand N(X) < oo, then
AY\X) = AY) — A(X).

Proposition

(i) If (A,,) is an increasing sequence of measurable sets and
oo
A=, _, A, then
A(4,) = AMA).
(ii) If (B,,) is a decreasing sequence of measurable sets with
A(B;) < 400 and B := ﬂ;’;l B,, then

A(B,) = A(B).

Remark: For (ii), it is enough to have \(B,) < +oc for some k.
But (ii) fails for B,, = [n, o), for example.



Regularity of Lebesgue measure

Theorem

Lebesgue measure \ on R is a regular measure.
For each K compact, we have \(K) < oo and for each A € M

AMA) = sup{\(K) : K compact and K C A}
= inf{\(G) : G open and G O A} .

For a proof for k = 1 see regen.pdf.

It is possible for a measurable set of positive measure to contain no
nonempty open intervals (examples later). However,

Theorem (Steinhaus)

If A is a Lebesgue measurable subset of R* with \(A) > 0, then there

isad > 0 so that
B(0,5) C A— A.



Summary: Lebesgue Measure

The outer Lebesgue measure of a subset A C R is
A*(A) = inf{ Zé([n) : (1,,) cover ofA}.
A set A C R is called Lebesgue measurable (A e M)if, forall X C R,
AF(X) = M(XNA) + (X NAS).
Equivalently, if for every € > 0 there is an open G C R with A C G and
A (G\A) < e.
Equivalently, if for every € > 0 there is a closed /' C R with F' C A and
A (A\F) < e.
When A € M, the Lebesgue measure of A is defined to be its outer measure.
The family M contains all open sets, and is closed for complements and
countable unions (it is a 5-algebra). But there exist non-measurable sets.
The c-algebra B C M generated by the open sets is called the Borel c-algebra.
The map A\ : M — [0, +00] : A+ A*(A) is o-additive: if
{4,, : n € N} C M are pairwise disjoint,

() ~$oxa
n=1 n=1

The measure A is invariant under translations. It is a regular measure.



Measurable functions

Reminder If f : R — R, we want to define | fd\ by approximating it
by sums of the form:

Z?Jk)\ yk7yk+1>))

A = Lebesgue measure. We need measurability of :
Wk Yrr) = {2 € [a,8] 2 g < f(2) < ypin})-
Definition

Let X C R, X € M. A function f : X — Ris called (Lebesgue)
measurable if

FL((—o0,b]) € M, forallb € R.

|

Definition
Let Y C R be a Borel set. A function f : Y — R is called Borel

measurable or just Borel if

1 ((—o0,b]) € B, forallb € R.



Measurable functions

(Notation: [f < b] := f~1((—00,b]) = {z € X : f(x) < b}.)
Proposition

Let X CR, X € M and f : X — R a function. The following are
equivalent:

B [ is measurable.

B [ ((—00,b)) € M forallb € R
g (b, +OO)) € M forallb € R.
FH(b,+00)) € M forallb € R.

Remark Then, for each interval J C R (or J = {a}) we have
f1(J) em.
Proposition

If BC X C Rwhere X € M, the function x g : X — R with

|1, ifreB . . .
XB(:U)—{ 0 ifzéB is measurable if and only if B € M.



Borel functions

Let X CR, X € Band f: X — R a function. The following are
equivalent:

f is Borel measurable.
fY((—o0,b)) € Bforallb € R.
F71([b, +00)) € Bforallb € R
F7H(b, +00)) € B forall b € R,
Remark Then, for each interval J C R (or J = {a}) we have
f~YJ) e 3.
Proposition
If BC X C Rwhere X € B, the function x5 : X — R with

|1, ifreB . . :
xg(x) —{ 0 ifzéB is Borel measurable if and only if B € B.

Remark The Dirichlet function is Borel measurable.



Measurable functions

Proposition

If f : R — R then

f continuous = f Borel measurable = f Lebesgue measurable.

Example The function x| ; is Borel but not continuous.
The function x 4, where A € M\ B (does there exist such a set?) is
Lebesgue measurable, but not Borel measurable.

Proposition

If X C R is measurable [resp. Borel] and f : I — R is an increasing
(or decreasing) function then f is measurable [resp. Borel measurable].



Measurable functions

Let X be a measurable subset of R and f, g : X — R measurable
functions. Then,

The function f + g is measurable.

For each \ € R the function \f is measurable.

The function f - g is measurable.

If f(x) # 0 forall x € X, the function 1/ f is measurable.
The functions max{ f, g}, min{ f, g} and |f| are measurable.

Alternative approach for (1) and (3):

Proposition
Let X be a measurable subset of R and f, g : X — R measurable

functions. If F : R? — R is a continuous function, the function
h: X = R:z— F(f(x),g(x)) is measurable.



The functions f* and f~

f*zmax{f,()}, f_:_min{f70}7 f:f+_f_7
lfl=f"+f"

f+




Measurable functions f : X — [—00, +00]

Definition

Let X C R be measurable. A function f : X — [—o00, +00] is called
(Lebesgue) measurable if, for every b € R,

FH([—o0,b]) = {x € X : f(z) < b} € M.

Remark Then, the set

o0

{reX: flz)=—co}=[{reX: flz) <—n}

n=1

is measurable. So is the set {x € X : f(z) = +oo}.

Proposition

A function f : X — [—00, +00] is measurable

iff Ya € R the set f~1([—00,a)) is measurable,
iff Va € R the set f~'([a, +o0]) is measurable,
iff Va € R the set f~*((a, +oc]) is measurable.



The notion “almost everywhere”

Definition

Let X be a measurable subset of R. We say that a property P(x) holds
almost everywhere in X (or for almost all z € X)) if

N({x € X | P(z) fails }) = 0.

Proposition

Let X be a measurable subset of Rand f,g: X — [—o0, +o0]. If [ is
measurable and f(x) = g(x) almost everywhere in X (we will write
f =g a.e.), then g is measurable.



Reminder: lim sup, liminf

Let (a,,) be a sequence, a,, € [—00, 00]. If sup{a;, : k > 1} = 400,
we set limsup,, a,, = +o0. If not, for each n € N, define

b, =sup{ay : k > n}.

Observe that b,, > a,, for all n and (b,,) is decreasing. Therefore
lim,, b,, exists and equals inf,, b,,.

Definition

If (a,,) is bounded above, lim sup,, a,,=lim,,b,= inf (sup ak>
neN k>n
(otherwise, limsup , a,, = +00).

Similarly,
If (a,,) is bounded below, lim inf,, a,, = sup <inf ak>
neN \k=n

(otherwise, lim inf,, a,, = —o0).

Remark Let (a,,) be bounded above, a € R. Then: a = limsup,, a, <=
for every € > 0, the set {k € N : a;, > a + £} is finite and the set
{keN:a—e<a <a+ e} is infinite.



Sequences of measurable functions

Let X C R be a measurable set and ( f,,) a sequence of functions,
fot X = 00,00

The function f = sup,, f,, is defined pointwise:

f(z) =sup{f,(x) :n € N} € [—o0,00] forall x € X.
Similarly (limsup,, f,,)(z) = limsup,, f,(x) forall z.

Proposition
If every f, is measurable,
The functions sup,, f, and inf, f, are measurable.

M@ The functions limsup,_ f, and liminf, f, are measurable.

If the sequence { f,,} converges pointwise to a function f, then f is
also measurable.

Remark The Proposition does NOT hold for continuous functions, nor
for Riemann integrable functions. Examples?



Sequences of measurable functions

Proposition

Let be a X measurable subset of Rand f : X — [—00,+00] a
Sunction. If f,, : X — [—o0, +00] are measurable functions and
fn(x) = f(x) almost everywhere in X, then f is measurable.




The Cantor set C' = ﬂ?;l C,

C’O - [071]

1 2
)= [0, g] U [371]
Co=10.51U[, 31 U [, g1 UG, 1]




The Cantor set C' = ﬂ?;l C,

The Cantor set has Lebesgue measure zero and is closed and has empty
interior. It is however uncountable.

00 01 10 11

000 001 010 011 100 101 110 111

There exists a 1-1 onto map {0, 1} — C.



The Cantor set

The Cantor set is perfect, i.e. it is closed and has no isolated points.

Remark

For each a € (0,1), one can construct a “Cantor-like set” C* (i.e. a
compact set, with empty interior and no isolated points) having
measure a.



The Cantor-Lebesgue function or “devil’s staircase”

For each n € N define f,, : [0,1] — [0, 1] as follows: If J}', ..., J&._, denote
the consecutive open intervals comprising [0, 1]\C,,, define: f,,(0) = 0,
fa(1) =1land f,(z) = £ forall z € J}". In each of the closed intervals
comprising C,,, extend linearly so as to obtain a continuous function:
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The Cantor-Lebesgue function f

Proposition

The sequence { f,, }°° | converges uniformly to a continuous function
f:[0,1] — [0, 1]. The function f is increasing and onto [0, 1]. It is
almost everywhere differentiable: For each x in the (open) set C€, the
derivative f'(x) exists, and in fact f'(x) = 0.

The image of C by f has measure \(f(C)) = 1 (while A(C') = 0).

There exists a measurable set which is not Borel:

If g(x) = %@), then g is a homeomorphism of [0, 1] which maps the
set C to a set g(C') of strictly positive measure! It follows that there
exists A C ¢g(C') which is non-measurable (exercise).

Then B := g ! (A) is measurable, since B C C. But it is not Borel: for
if it were, then A = h~!(B) where h = g~! (a continuous function)

would be Borel, hence measurable.



Simple measurable functions

Definition

Let X be a measurable subset of R. A measurable function s : X — R is
called simple if its set of values s(X) is finite.

Every simple function can be written in standard form

n
§= Z XA,
i1

where s(X) = {ay,ay,...,a, } and A; = s7'({a;}) € M. The family
{Ay, Ay, ..., A, } is a (measurable) partition of X.

n
Every linear combination s = 21 b;ix B, of characteristic (or indicator)
J:
functions of measurable sets is a simple measurable function (Exercise).
Example

Let s = X[_1,1 T X[0,2 : R = R. Here s(R) = {0,1,2}.
Its standard form is s = Ox 4 + 1x 5 + 2x[o,1] Where
A=1[-1,2]°, B=]-1,0)U(1,2].



Simple measurable functions

Theorem

Let X be a measurable subset of R and f : X — [0, 00| a non-negative
measurable function. Then there is an increasing sequence of simple
measurable functions 0 < s; < sy < - < f so that

s, ' f  (pointwise).

If f is bounded, the sequence converges uniformly.




Approximation by simple functions: Proof

(a) If f is bounded: Let N € N be such that f(x) < N forall z € X.
For each n € N, partition [0, N) into intervals of length 2%:
1 1 2 2"N —1 2"N
Consider their inverse images by f :
i—1 i , N
E,;= w€X=2—n§f(a:)<2—n ., i=1,2,...,2"N.

These are measurable sets, and they partition X. If z € E,, ;, define

1—1
sula) =
i.e. put 2N .
1—1
S'ﬂ = Zl 27’1, XEn,i.
1=

This is a simple measurable function and clearly 0 < s,, < f.



Approximation by simple functions: Proof (II)

Claim. s,  — f uniformly on X.
Proof. Letx € X. Then for each n there exists k so thatz € E,, ;. , i.e.
EL < f(z) < £ while s, (z) = 51, and so

on = on s
1
0< f(x) —s,(x) < on vn.
Thus sup | f(z) — s,,(z)| < 5, hence s,, — f uniformly.

reX

(b) If f is not bounded: For each n € N, partition
[0, 4+00] = [0,n) U [n, +00] and

1 1 2 9p —1 2
0,n) =0, —u|=—,=)uU.. .
[0,m) [ ’2") [2n’2"> N U[ ST 2">
Deﬁne'F:{xeX'f()>n}
E, {xeX L <) < ;n}, i=1,2,... 02"

These are measurable sets, and they partition X.




Approximation by simple functions: Proof (IIT)

Define
n, iff(z)>n
s () =
Sr,if3i=1,2,...,n2" sothat I < f(x) < 5k
that is, put n2t .4
Sn = Z an XEn,i + nXF,-

i=1
This is a simple measurable function and clearly 0 < s,, < f.
Claim. s, (x) — f(z) foreach z € X.

Proof. If f(x) < +o00, there exists ny, = ny(z) so that f(z) < n,.
When n > n, we have f(z) < n, hence there is a unique £ so that

EL < f(x) < £ while s, (z) = EL, hence

0< J(a) = 5,(0) < s ¥ 2 moo)

and so s,,(x) — f(z). If on the other hand f(x) = 400, then f(x) > n
for all n, hence s,,(z) =n — 400 = f(x).



Approximation by simple functions: Proof (IV)

(¢) Claim. The sequence (s,,) is increasing.
Proof. Letn € Nand z € X. To show that s, (z) < s, ().

oIf f(x) >n+1thens, (x) =n+1but f(x) >nsos,(zr)=n,
hence s,,(x) < s, ().

eIfn+1> f(z) > nthen Ik : f(2) € gy, ), but 5oy > n
(why?) so s,, 1 () = 5+ > n, while s, () = n since f(z) > n.

Hence s,,(z) < s, ().

oIf f(x) <n, -~



Approximation by simple functions: Proof (V)

o If f(x) < n then there exists k so that o= < f(z) < %L

2n
Now s, (z) = 2 and

kok+1\ [ 2k 2k+1\ [2k+1 2k+2
[27’ on >_ [2n+1’ on+1 > |:2n+1 ) on+l

There are two cases:

2k 2k+1 2k
£@) € | gors g ) = Sna @) = oy = 50(a)

2k+1 2k +2 2k+1
f(z) € [W’ W) = Sp4() = o Sp ()

In both cases, s, () < s, (7). O



Approximation by simple functions

Corollary

Let X be a measurable set and f : X — [—00, 00| a measurable
function. Then there exists a sequence (s,,),, of simple measurable
functions with

5p = f
and 0 < |s)| <|sy| < <|f].

In addition, if f is bounded, then the sequence converges uniformly.

Remark: In fact the sequence converges uniformly on any subset
Y C X on which f|y is bounded.



Littlewood’s three principles

Let X C R be measurable with A\(X) < oc.

Proposition (measurable sets)

For each € > 0 there exist intervals I, ..., I, so that if
E:=LU-UI, then \(EAX) < e.

Theorem (Luzin)

If f : X — R is measurable, then for every € > 0 there exists a closed
set F, C X with \(X\F,) < € so that the function f|p_is continuous.

For a proof see luzinen. pdf.

Theorem (Egorov)

If f., [+ X = R are measurable with f, — f almost everywhere in
X, then for every € > 0 there is a closed set F, C X with
MNX\F.) < € so that f,, — f uniformly on F..

Sketch of proof below.



Littlewood’s three principles, intuitive formulation

Let X C R be measurable with A\(X) < oc.

[Measurable sets] Every such X C R “is almost equal” to a finite union
of intervals.

[Luzin’s theorem] Every measurable function on X “is almost
continuous”.

[Egorov’s theorem] Every sequence of measurable functions on X that
converges pointwise, “converges almost uniformly”.



Proof of Egorov’s theorem

For each k and m € N, let

E(k) = {30 > m: |f,(0) — f(2)] = 7).
We have E,, (k) D E,, (k) for each m and
) Enlk) = o ¥m3n>m: |f, (@) - f@)] > 1)

_ C {at |fy(x) — f(x)] + 0}

But f,, — f almost everywhere, hence A (N, E,,(k)) = 0.
Since A\(E; (k)) < 400, it follows that lim,, A(E,,(k)) = 0.

Therefore for each ¢ > 0 and every k € N there exists m,;, € N so that

ME,, (k) < %

Define oo
k=1



Proof of Egorov’s theorem (II)

o0

A5 = U Emk(k>

k=1
Then A5 € M and

Claim : f,, — f uniformly on X\ A;.

Proof : Lete > 0 and k € N with § < €. Since A5 2 E,, (k),if
z ¢ Aswehavex ¢ E,, (k); thus for all n > m,, we have
|fu(z) — f(@)| < & < e. Since my, does not depend on z we have

f,, — f uniformly on AS. O]
So, if I choose F5 C (X\Ay) with A((X\As5)\Fs)) < d (regularity),
then \((X\F}y)) < 20 and f,, — f uniformly on F. O

Counterexample when A\(X) = 00: f,, = X(;,, o) — 0 pointwise. But...



The Lebesgue Integral: Definitions

Let X C R be measurable.
(@) If s : X — R7 is simple measurable and s(X) = {a,,...,a, } we

define n
/sd)\ = Zak)\(Ak) € [0, 4o0]
k=1

where A, = s71({a,}) (we put 0 - (+00) = 0).

ymuo: Integral of a simple function



The Lebesgue Integral: Definitions

(b) If f : X — [0, +00] is measurable, we define

/fd)\ = sup {/sd/\ : s simple measurable, 0 < s < f} .

For f simple, definitions (a) and (b) coincide.
e If A C X is a measurable subset then we define fA fax = [ fxd.

o If f is defined on a measurable subget A C X and non-negative, we
extend f to a (measurable) function f : X — [0, +-00] by setting
f(z) = 0forz € X\ A and define [ fd\:= [ fdA.



The Lebesgue Integral: Definitions

(c)Let f : X — R := [—00, +00| be measurable. The functions
ft=fVvO0and f~ = (—f) V0 are non-negative and measurable,
hence the integrals [ fTd\ and [ f~dX are well defined (in R). If at
least one of them is finite, we define

/ﬂﬂ:i/fWA/fcMGR.

(d) A function f : X — Ris called (absolutely) integrable if is
measurable and

‘/UMA<+W.



The Lebesgue Integral for simple f > 0

If 51,89+ X — [0, +00) are simple measurable and a > 0, then
Jasyd\=a [ s;d\ (positive homogeneity)
J(s1 4 89)dX = [s1d\+ [ sod\  (additivity)
B If sy <s, then [s,d\< [syd\ (monotonicity).

For (ii), we will need the (temporary) lemma:

Lemma
m
Ifs: X — RT is simple measurable and s = )", b.x B, Where

k=1
By, N B; =0 for k # j, then

/sd)\ = f: bA(By).

k=1



The Lebesgue Integral for measurable f > 0

Reminder: If f : X — [0, +00] is measurable,

/fd)\ = sup {/sd/\ : s simple measurable, 0 < s < f} .

Recall that if f : X — [0, +-00] is measurable and A € M,
Jy Fax = [ xafdx.

Proposition

Iff,g: X — [0, 400] are measurable and a > 0, then
Jafd\=a [ fdA\

Iff <g then [ fd\ < [ gdA.
IfACB (A, Be M) then fAfd)\ngfd)\.
IfA€eMand N(A) =0or fl4, =0 then fAfd)\:Q



The Lebesgue Integral for measurable f > 0
Proposition (Markov’s Inequality)

Let f : X — [0, +00] be measurable. For every a > 0,

/fd)\Za-)\({xeX:f(ﬂs)Za}).

Corollary

If f + X — [0, +00] is integrable (i.e. measurable and [ | f|d\ < o)
then f(x) < oo far almost all x € X.



Additivity of the Lebesgue Integral

The equality | fdX + [ gd\ = [(f + g)dA holds for
f,9: X — [0, +00] simple measurable.

More generally, what if f, g : X — [0, +00] are just measurable?
Observe that we can easily prove the inequality

/fdA—i—/gd)\g/(f—l—g)d)\.

What about equality??  What about approximating by simple
functions?



Is it true that [ lim f, dA = lim [ f,dX2?

Examples (a) On R: Let f,, := X[, 5,1.1]- We have f,, = f =0
pointwise, but [ f,,d\ = 1 for all n while [ fd\ = 0.
(The mass under the f,, “escapes to infinity horizontally™.)

(b) On R: Let f,, := =X(g,,)- This time f,, — f = 0 uniformly but

[ f.dX\ =1 for each n while [ fd\ = 0.

(Here the mass “spreads out” over the whole of R .)

() On [0, 1]: Let f,, := nx[L, 2]. The measure of the space is finite,
and f,, — f = 0 pointwise (not uniformly). Again [ f,,d\ = 1 foralln
while [ fd\ = 0.

(Here the mass “escapes to infinity vertically”.)



The Monotone Convergence Theorem

Theorem

Let X € M and f, : X — [0, 00| an increasing sequence of
non-negative measurable functions. Then

lim </ f, d)\> = /(1171311‘”) .




The Monotone Convergence Theorem

Consequence: If f : X — [0, +00] is measurable, then

/fd)\—hrn/s d\

where (s,,) is any increasing sequence of simple functions s,, > 0 with

s, -

Questions: (o) Does the Monotone Convergence Theorem hold for
decreasing sequences?

(b) Perhaps under additional conditions?



First Consequences of the Monotone Convergence Theorem

Proposition (Additivity)
Iff,9: X — [0, +00] are measurable, then

/(f—l—g)d)\:/fd)\+/gd>\.

Theorem (Beppo Levi)

If (f,) are measurable, f, : X — [0, +0o0], then

/(an)dA:Z(/fndA>.

If f,, : X — [0, +00] are measurable, then

/ (lim inf £, )dA < lim inf / £dA.



Integrable functions

Definition (reminder):

elet X € M, f: X — R := [—00,+00] be measurable. The
functions f* = f VvV O0and f~ = (—f) V 0 are non-negative and
measurable, hence the integrals [ f*d\ and [ f~d) are well defined
(in R). If at least one of them is finite, we define

/ fd\ = / frdx— / frdx eR.

e A function f : X — Ris called (absolutely) integrable if is
measurable and

/|f|d)\ < 400,

Remarks e If f is integrable, then f(x) € R for almostall x € X.
e The function f is integrable if and only if both f* and f~ are
integrable and then [ fdA = [ ftd\— [ f~dA e R



Integrable functions

Theorem

If f,g: X — R are integrable and ¢ € R, then
(the function f + cg is well-defined a.e. and)

/(f+cg)dA=/fdA+c/gdA.

If f + X — Ris integrable and A, B € M pue AN B = (), then

AUde)\:/Afd)\-l-/de)\.



Integrable functions

Proposition

If f,g: X — R are integrable then

) f<g — /fdAg/gd)\.

aiy | [ x| < [1r1an




Integrable functions

Proposition

Let f,g: X — R be integrable.

() If f = gae. then [ fd\ = [ gdA.

(ii) We have f = 0 a.e. if and only iffA fdA =0 forevery A C X,
AeM.

Corollary

If f,g: X — Rare integrable and f < g a.e. then [ fdX < [ gdA.



The Dominated Convergence Theorem

Theorem

Let (f,,) be a sequence of measurable functions f, : X — [—00, +00]
which converges for almost all x € X to a function

f: X — [—00,+00]. If there exists an integrable function

g: X — [0, +00] such that |f,)| < g a.e. for all n, then

f is (absolutely) integrable
and lim /|fn—f|d)\:0
n—o0o
and li_>m fndX = /fd)\.

See also the counterexamples: [100] when there is no “dominating”
integrable g.

Proof. First show that the f,, and f are integrable.
For convergence:



The Dominated Convergence Theorem: Proof of convergence

Put h,, = |f,, — f| and observe that 0 < h,, < 2g a.e. and that h,,(x) — O for
almost all x. Thus, 2¢g — h,, > 0 and 2g — h,, — 2g pointwise, almost
everywhere.

By Fatou’s Lemma we have

/lim inf(2g — h,,)dA < lim inf/(QQ — h,)d\.
But /hminf(?g — hy)d\ = /2gd)\
and liminf/(Qg — h,)d\ = /2gd)\ + liminf/(—hn)d)\

= /2gd)\—limsup/hnd)\,

therefore lim sup / hp,dX <0.

n

On the other hand 0 S/hnd/\ so 0 < lim inf/hnd)\.

Therefore the limit lim [ h,,d\ exists and is 0. a



The Dominated Convergence Theorem

Corollary (The bounded convergence theorem)

Let X € M with \(X) < o0, let f,, : X — R be a sequence of
measurable functions and f : X — Rwith f,, — f a.e. We assume
that, in addition, there exists an M > 0 so that | f,)| < M a.e. on X for
all n. Then the f, and f are integrable and we have:

/|fn—f]d)\—>0.

li}ln/fnd/\:/fd)\.

1t also follows that



The Dominated Convergence Theorem
Corollary

Let f : R — [—00, +00| be integrable. Then the function

F(z):/:ofd)\::/(ow]fd)\

is continuous.

Corollary

Let f : R — [—00, +00] be integrable. If E,, € M, E, C E,_, for
everynand E = | JE,, then

/fd)\zligbn/ fdX.
E E,



Reminder: The Riemann integral

A partition 2 of [a, ] is a finite set
P={a=ty<t; <..<t,,<t,=0b}
If f : [a,b] — R is bounded, we set

M; = M;(f) =sup{f(s) : s € [t;_1,t;]}
m; =m;(f) =inf{f(s):s €[t,_1,t;]} (i=1,...n).

and

Ms

L(f,?) = m(f)(t; —t;1)

=1

U(f7y>: Mi<f><ti_tifl)‘

i=1

3

.

The numbers L( f, ) and U(f, P) are called the lower and upper
Riemann sums of f for the partition 2.



Every Riemann integrable function Lebesgue integrable

Let f : [a,b] — R be Riemann integrable. Then, there is a sequence
(P,) of partitions of [a, b] such that: P, C P, ; (P, is a refinement
of P)), | P,,| — O (the sizes of the partitions P, tend to 0), and

b b
L(f,Pn)—>/ f(z)dx | U(f,Pn)—>/ f(z) dx.

b
Let g,, be the step function with / gp(x) de = L(f, P,) (that is, if

k-1 k-1
L(f,P,) = Z m;(z;,; —x;) thenput g, = Z M Xz, ,,,)) and let
i=0 i=0

b
u,, be the step function with / u,(x) de =U(f,P,). Then
a

9, < f < u,,. The sequence (g,,) is increasing and (u,, ) is decreasing,
hence 3¢ := lim,, g,, and » := lim,, u,, and g < f < w. The functions
u and g are limits of monotone sequences of integrable functions.



Every Riemann integrable function Lebesgue integrable

Therefore 3

/ud)\—hm/u d)\—hm/ das'—/f dx
b b " b b
/gd/\—lim/ gnd)\—lim/ gn(az)d:c—/ f(z) dx

Hence g = w almost everywhere. Since g < f < u, it follows that
g = f = u almost everywhere.
Thus, f = lim g,, almost everywhere, and hence f is measurable and

b b b b
/fd)\:lim/ gnd)\:/gd/\:/f(x)dx. 0

. . . b )
3Since u,, is a step function, fa U, dA =

and

u,, (z)dz.



Riemann integrable functions

Theorem

A bounded function f : [a,b] — R is Riemann integrable if and only if
it is almost everywhere continuous, that is, if its set of discontinuities
has measure zero. Then f is Lebesgue integrable and the two integrals
coincide.

Proof Later (if time permits).

Remark The characteristic functions of [%, %] is almost everywhere

continuous, but it is not almost everywhere equal to a continuous
function.

On the other hand, the Dirichlet functions is continuous nowhere, but it
is almost everywhere equal to the continuous function f(¢) = 0.



The space £5(X)

Definition

If X C R is measurable, the space £§(X) consists of all functions
f+ X — R which are measurable and satisfy fX | f]ldA < +o00. The
quantity [, [f|dX is denoted | f];.

Remarks (i) If f : X — [—o00, +00] is measurable then | f||; < +oo if
and only if f takes finite values almost everywhere; therefore it is almost
everywhere equal to a function f € £ L(X).

Abusing terminology, we say f € £}(X).

(i) If f,g € £L(X)and A € Rthen f + A\g € ££(X) and
m [|Agly = [Allglly

If+ gl < 171+ lgl
| fll; = 0if and only if f = 0 almost everywhere.



Completeness: The Riesz—Fischer Theorem

Definition

Let f,,, f : X — R be measurable.

The sequence { f,,} converges to f in the mean or in L' If
J|fu—fldX—0.

@ The sequence { f,,} is Cauchy in the mean if for every ¢ > 0 there
is ny(e) € N such that: If m, n > n then

Theorem

Let X C R be measurable and { f,} a sequence of functions in £} (X).
o If{f,,} is Cauchy in the mean, then there is a function f : X — R in
LH(X) so that f,) — f in the mean.

e [n addition, there is a subsequence { f,, } of {f,} so that f,, — f
almost everywhere.



The space (L (X), | - |I;)

The space £}(X) is a linear space and | - |; is a seminorm on it. Define
N ={f:X — R: measurable, f = 0 almost everywhere}.

Remark: NV = {f € £L(X) : || f], = 0}.

If f,g € £, then: f = g almost everywhere <= f—g¢& N.
Also, V is a linear subspace of £*.

On the quotient space L (X ) := L (X) /N, define |[f]x ], == | f],
where [f]n := {f + ¢ : g € N}. This is a well-defined norm.

Thus, the space L (X) consists of equivalence classes of £5(X)
functions modulo equality almost everywhere.

The Riesz—Fischer Theorem states precisely that the space

(L&(X), ] - [;) is a complete normed space, that is, a Banach space.



The space (L (X), || - [,) where 1 < p < oo

Letp € [1,00). If X C R is measurable, the space L3 (X) consists of
all functions f : X — R which are measurable and satisfy
S [FIPAN < 400

1/p
The quantity (/ \f\pd/\) is denoted [ f]],,.
X

On the quotient space L{(X) := LZ(X)/N (where
N ={f: X — R: measurable, f = 0 almost everywhere}) define

ILf 1l = 1511, where [f]5 :={f +g:g € N} Thisisa
well-defined norm.

Theorem (Riesz-Fischer)

The space (Lg(X), | - |,) is a complete normed space, that is, a
Banach space: If a sequence { f,,} in LR(X) is Cauchy with respect to
|- I, there exists f : X — R in £g(X) so that | f,, — f||p — 0.



Approximation in (Lg(X), | - [|,,)

Let X C R be measurable. We write §(X) for the set of all (equivalence
classes, modulo equality almost everywhere, oi) simple measurable
functions s : X — R such that \({z € X : s(z) # 0}.

Proposition
The space 8(X) is a linear subspace of LE(X) which is dense in

(LR(X): 1+ 1p).

We write C.(R) for the set of continuous functions f : R — R which
have compact support, that is, there exists a compact K(f) C R so that
f(z) =0whenz ¢ K(f).

Proposition

The space C,(R) is a linear subspace of LY(X) which is dense in

(LR(X), 1+ 1).



Part III

Fourier series for functions of class £* and £2



Complex-valued functions on the unit circle (Reminder)

Denote by T the unit circle
T={z2€C:|z|=1} ={e":0 € R}.

Ifp: T — C,define f: R — Cby

The function f is 27-periodic.

Conversely, if f : R — C is 2m-periodic, then the function ¢ : T — C
given by ¢(e?) = f(#) is well defined.

Thus we have a 1 — 1 correspondence between functions ¢ : T — C and
2m-periodic functions f : R — C.

In what follows we shall make no distinction between ¢ and f.



The spaces LP(T)

For p € [1, 00), the symbol £P(T) denotes the set of all measurable (*)
functions f : T — C satisfying

/ |f(t)[PdA(t) < oo ( Lebesgue measure).

I, = ( / rf<t>|pd§ff>)1/p.

Observe that Hf||p =0 if and only if f(¢)=0 for almost all ¢.

(*) A function o : T — C is called measurable iff both

u:=Reh = %(h+h)andv:=Imh = 4 (h — h) are measurable
functions T — R.

Notice that then |h| = (u? + v?)'/? is measurable (why?).

We write




The spaces LP(T)

The symbol LP(T) denotes the space of equivalence classes [f], of
f € £P(T), modulo equality almost everywhere (we write f instead of

[/D.

The space LP(T) is a linear space and ||Hp is a norm on LP(T) with

respect to which LP(T) is a Banach space (Riesz-Fischer Theorem). The
space L?(T) is a Hilbert space with respect to

/Wf

Here/hd)\ = /Reh d)\—{—z/lmh d\ where
Reh = 3(h+h), Imh = & (h —h).]

Remark

The mapping J = f — [ fd\: LY(T) — C is linear, and it is positive:
if f € LY(T) and f(t) € R, a.e. then I(f) > 0.

It follows that /gd/\’ < /\g[d)\ Vg e LY(T).




The spaces LP(T)

If 1 <p < g < ooand f is measurable, we have Hpr < Hqu <|fl.

and hence
C(T) C LYT) C LP(T) C LY(T)

(recall that we identify C'(T) with the space of continuous 27 periodic
functions f : R — C.)

Proposition

Ifp € [1,00), the space of simple measurable functions, the space of
step functions and C(T) are dense in (LP(T), ||||p)



Fourier series for functions of class £!

Definition (Fourier coefficients)

Let f € £Y(T). Define

f(k) = % / fe_pd\ = % [ f®)e * ) (keZ).

Here/fd)\ ::/Refd)\—i—i/lmfd)\where
Ref = 5(f+ f), Imf = 5;(f — f).

Remark. The function S, (f) = 3 f(k)e, is a trigonometric
|k|<n
polynomial, hence a continuous (and 27-periodic) function, for every

f e LY.



Fourier series for functions of class £!

Let f € LY(T). Then
|f(R) < IIfll, forallk € Z
thus | f oo < 111, -

1
|

Proposition (the Riemann-Lebesgue lemma)

Let f € LY(T). Then
limf(k) =

|k|—o0

Thus (f(k)) € ¢o(2).

Equivalently,
lim —f f(t)cosntdt =0 hm —f f(t)sinntdt =0.

n—oo



The Uniqueness Theorem for .£!

Remark If we change the values of an £ function on a set of measure
zero, its Fourier coefficients remain the same. In other words,

If f = g almost everywhere, then f (k) = g(k) forall k € Z. The
converse also holds:

Theorem

For f,g € LY(T) the following are equivalent:

(i) f(k) = g(k)forallk € Z
(i) f = g a.e.. Thatis, f and g determine the same element of L*(T).

Proposition

Forall f € L'(T), we have |o,,(f)ll, < I f];-

Proposition

Forall f € LY(T), we have lim,, ||o,,(f) — fl, =0

Conclusion : The space of trigonometric polynomials is dense in L (T).
For proofs, see L1uniq. pdf.



. . - ()
Fourier series for functions of class £~

Best mean square approximation Lemma (see also Prop. 9.1 in
not60520en.pdf): Let f € £2(T), n € N and p a trigonometric poly-

nomial of degree deg(p) < n. Then | f — p[, > | f — S,,(f)|,. In fact:

Il = > (k)1

|k|<n

1F =12 21 = Su(HIE + 15, () — I
=1 =S, (D)5 + S 1f(k) — p(k)

|k|<n
(=5, If=SuD2=1f =S, ()5 ifm<n
p=0): [fI2=1Ff =S+ 1.1 = 15,003

Hence 3 |f(R) < |/, (BesseD.
kez

Corollary  |[f — o, (f)l, > If =S, (H)ly. (putp =o,(f))

I,



. . - {)
Fourier series for functions of class £~

Reminder Fejér: If g € C(T), then lim,, |g —o,,(g9)[__ = 0.
Hence lim,, |g — o,,(9)[, = 0. Hence lim,, |g — S,,(g)|,, = 0.

Since C(T) is dense in £*(T) and || f], > |S,,(f)], it follows that

Proposition

If f € £2([—m, 7)), then S, (f) % f, that is

. 1 " 2 _
h;n%[ﬂ 1,(F) — fI2dA = 0.
Therefore | 15, (F)l, — 1fl, | < 15, () — £, - 0, that s

Tim > f(R)P = 1115

|k|<n



. . - {)
Fourier series for functions of class £~
Proposition (Parseval’s equality)

If f,g € £3(T), then

k=—o0

Corollary

The map )
Fa (L2(0), I1ly) = (@), IMll,) « f = f

is a well defined linear isometry. ~

(Uniqueness) In particular, the map f — f is I-1 on L2(T): If

f(k) = g(k) for every k € Z, then f and g determine the same element
of L3(T), i.e. they are equal almost everywhere.



. . - {)
Fourier series for functions of class £~

The map & : (C(T), || 12) = ((Z), o) : f = (F(R)i € Zis

isometric, hence 1-1, and has dense range, but it is not onto (why?).
Completeness of L?(T) yields:

Proposition

The map F o sends L*(T) onto (*(Z): )
If > |e,|? < +oo then there exists an f € £%(T) so that f(k) = c,,
nez

foreveryk € Z. In fact, if s, (t) = > cpet* then ||f — s,|5 — 0.
k=—n

Sketch of proof Since
£l = Z|f =D lal
|k|<n
the sequence (f,,) is Cauchy in the norm of L?(T).
Hence (completeness!) there exists f € £2(T) so that | f — f,||.= — O.
Then f(k)={(f,e.)=lim, (f,, e.)=lim, f,(k)=c, forallk € Z.



Reminder

Given a function f € £1(T),

0 —a,(f) = 71T/ F(@) cos(nz)dA(z), (n=0,1,2,..)
b, =b (f) = i/ F@) sin(ma)d\(z), (m=1,2,..)

fii = 5 | f@)exp(-ike)aN@) = (1.0, (ke 2)

fm) = 3a,—ib,), (>0)  a,= f(n)+f(-n)
Af(O): éam (n=0) Ay = 2f£0) ~
f=n) = $(a,+ib,), (n>0) b= i(f(n)—f(—n))



A trigonometric series which is not the Fourier series of an f € LY(T)

The trig. series ZZOZI %e i converges for every ¢ # 2k (Dirichlet) but

is not the Fourier of a Riemann-integrable function, because its partial

sums are not uniformly bounded. However, it is the Fourier series of an
2 - oo 112

fe{ (T) since >-,~, | < oo o

We will prove that the convergent trigonometric series

[o'e) .
Z sinnt
oy logn

(sine series) is not the Fourier series of any Lebesgue-integrable
function, while the corresponding cosine series

is a Fourier series!
Proofs in nofou.pdf.



A trigonometric series which is not the Fourier series of an f € L!(T)

Proposition

If f € £X(T) and for every n € N we have —f(—n) = f(n) > 0 then
1 -
2 o

... hence f cannot have ) % as its Fourier series.

Leta, >0, a, — 0and suppose a,, < 5(a,_ +a, 1) foralln € N.
Then there exists f € £(T) such that

f(k) = ay forall ke Z.

cos nt

... hence there exists an f € £!(T) whose Fourier series is logn -



A trigonometric series which is not the Fourier series of an f € L!(T)

We have used two Lemmas:

Iff e CY(T and f f(t) = 0, then the indefinite integral g
of f,

:[ f)dx®), =z €[-m,7]

satisfies ikg(k) = f(k) for all k € Z and g(—r) = g() and is
continuous (it belongs to C(T)).

Lemma

If (a,,) is a null sequence of nonnegative real numbers with the property
2a,, < a, 1+ a,, foralln € N then

Z n(an—l + Apt1 — 2an> = Qg

n=1
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