Questions 605

( I1. 2. }Zvery integrable function f : [—m, 7] — C can be written uniquely as f = f, + f, where f, is even and f, is
odd. Show that
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IL. 3. Let f : R — C be a continuous 27-periodic function. Suppose that lim Y > |kf(k)| = 0. Show that
n—,oo M k=—n

then S, (f) — f uniformly.
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I. 4. If f : R — C is a 2mperrodts—and integrable function, show that soe [ ])

lm/lft x) )| dt = 0.
Hint: Consider first the case when f is continuous. L—
g\»(\vooe {/L?)’- P (< C/vfﬂhc/dv{ wu)
\\Caw’ o N sopprt. e F m,ml SR <t

FlPy-—o Vi Z17rmm]
i : RN A% ,'\.V'esu fhj;a
f—é_uw%mvpy C_(/V‘A A AN
/9? le-t)lad = | - FO\£€
o @s\ | ) — FI| < €

7 te)R
= g)FH——%),gm)gw,
mx d
(it —ienr £ Gurd oms 2
—m-d
j:'\ (fﬂ"{/eﬂ—v )"/\A
S\HF—'%) _EB|ldk —> O
I ~ —>O0

Goversd cose - & (R) Ls Sevse o VN (R) 1 Vel (R)
Vero FTpe D st NF-91,4%

SEE ALSO p. 13 S )F/{—» -5 ,6‘3) d}' Z y

J§2

5 H’H—'X)"?H—x)]cﬂf Mo 1<%

”5 L )il = Mo~ = I =2, + Do A,
m I et 120 _\_/L/ff/g/ézé/ 4,

\Ot-7<€1



IL. 11. Let f, f, (n € N) be 27-periodic functions, integrable in [—, 7], which satisfy

lim /:f |f(z) — fu(z)|dz = 0.

Show that . R
fu(k) = f(k) asn — oo,

uniformly in k. That is, for every € > 0 there exists ng € N so that for each n > ng and each k € Z, we have

falk) — F(E)] < e.
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L 3. If f : T — C is integrable, show that, for each m € N,
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II.4. If f,g : T — C are continuous, show that

L fu-s)gs)s = = [ f@)gtt - )z = (f 5 9)(1)

2r ). T ),

for all t. Show that f * g is continuous and find m(k) for each k € Z.



IIL. 5. Let f : R — C be a 27-periodic function which is integrable over [—, 7]. Suppose that for some = € R the
limits
f(x7):= lim f(t) and f(a1):= lim f(¢)

t—x— t—xt

exist. Show that the Fourier series S[f] of f is Abel summable at 2: more precisely, show that

You may use the fact that

(Reminder: f,(t) = 5= [T f(s)P.(t — s)ds.)



IV. 4. (0) If A, B C Rand A\*(B) = 0, show that \*(A U B) = \*(A).

(B)If A, B C Rkt A*(AA B) =0, show that A\*(A) = A*(B) (the symbol A A B denotes the symmetric difference
(A\ B)U(B\ A) of Aand B).
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IV.6. Let E C R with 0 < A\*(F) < +oo and let 0 < a < 1. Show that there exists an open interval I with the

property
N(ENT) > all).

Hint: Assume the opposite and, for an arbitrary ¢ > 0, consider a sequence of intervals I}, such that E C | J;- ; I and
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V. 1. (o) If E C R is measurable with A(E) < oo, show that for all ¢ > 0 there exists a step function f vanishing
outside a bounded interval so that ||[xg — f|; <.

Hint Recall the first of the three principles of Littlewood.
Note also that f : R — R is a step function vanishing outside-a bounded interval if and only if there are xg, . .. z,, € R,
g < 1 < -+ < Ty such that f is constant on each (x;_1,x;) and f(¢t) = 0 forall t ¢ [xg, zy].

(B) If I C R is a bounded interval and e > 0, show that there is a continuous function g with compact support so that
Ixr —glly <e

(v) using the above, show that the following linear spaces are dense in L*(R):
(1) The space of simple integrable functions.
(i1) The space of integrable step functions.

(iii) The space C.(R) of continuous functions with compact support.
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V.10. (o) Show that forall X € M, LY(X) = {fg: f,g € L*(X)}.
(B) If f > 0, show that f € L?([—n,n]) if and only if f? € L'([—n,7]). Is the same true when f([—7,7]) C R;
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V1.4.Let f : [-m, 7] — R be a continuously differentiable function with f(—7) = f(r).
(o) Show that there is a constant C'(f) > 0 so that |k f (k)| < C(f) forall k € Z.
(B) Examine whether |kl‘im |k f (k)| = 0.
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(y) Examine whether > |f(k)| < 4o0.
k=—o0
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