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Teleotég

Tovart 1L av Omepéttmp?

Eioodog «Mavpo Kovti»

Apyn ™ vrtépOeong (superposition principle).

Av oty €i0000 u; avrioTtouyel €E0d0g vy Ko GTNV €100 Uy
avtotolyel ££080G vy Kat A aptBuog, ToTe Yo TV €l000 U + Au,
avauévouue €£080 vy + Av,.

Tpaup. x0pog 1 Tpouk oIteik.




Tovart L av Omepértwp?

Hoapadevypa 1. T: f i ay f+asf +asf”: Suagpopikdg teheotng
(ed oL a; elvon «KaAég» OUVOPTNOELG).
ITov opiCetar; Zrov xdpo Cy(S2).

Mapdaderyna. 2.
1 Ty

T:|: | +=a,l ([z;] € €, ]a; ;] € M, (C))

xT

n n



, , 27
Hapéderypa 3.7 : f = T f dmov (T'f)(z) = 5= jé g(z—y)f(y)dy:
ohOKANPWTLIKOG TELEOTNG (8 g «KAA» CUVAPTNOY), 2T-TTEPLOBLKY)).
Mapatipnon: Av £, (z) = e™® Bpiokw

Tf,=9n)f, (neZ)

6mov g(n) (wyodikol) apbuol.
Anhadi), og tpog v owkoyévewa { f,, : n € Z}, 0 T duorymvomouOnke!

0
T~ 0 §o) o
0

H owovyévewa { f,, : n € Z} eivou ypopukd aveEdpn. Tari; Dot
elvaw opBokavovik. Apa, eivar Béon Tov yopou mov mapdyet. O
YWPOG avToOg dev eivar mANPNG, elvar Oumg TUKVOG 0TOVG XDPOUG TOV
evoLapépouy otV Avaluo...



[papptkot xmpot
K eivaw to oopo R C.

OpLopog

‘Eva X # () Aéyeton K-ypopukdg xdpog av givar podiaouévo pe dvo
mpaEec +: X X X — X xou-: Kx X — X wote
(I) ASwwpata g npdedeong: V x,y, 2z € X,
@ x+y=y-+x.
@+ (y+z2)=(x+y)+=
(i EI@GX(bGtSV:I;GX,ﬁ—i-J;:ac.
Vz e X 3 (—z) € X dote z+ (—z) = 0.
(I A&dpata Tov torhamhaotaopov: ¥V z,y € X kau A\, p € K,
Alpz) = (Ap)z.
lx = x.
ANz +y) = Az + Ay.
A+ p)x = Az + px.



Mopadeiypoto poppukwnv Xmpwv

eTo C.

e Avn €N, o C" mov amoteheiton amd OAES TIG N-0OES ULYOSLKMV
opbumv,

2= (z(1),z(2),...,x(n))
ue pdEelg katd ovvretayuévn. Fpbpouvpe kapud @opd ta otoryeio
tov C" wg duaviouato-othleg (column vectors).

(to ovuporo T onuaiver «ovaoTPopocy (transpose)).



Mopadeiypoto Ipopukonv Xopwv 1T

e O ywpog
Coo =Coo(N):={z=(2z(n)):z(n) e Crw.In, e Nuez(n)=0Vn>n,}

UE TPEEELS KATA OUVTETOYUEVT).
'Eotww e, = (6,,(n)) émov d,,,(n) =1 étav n =m ko 6,,(n) =0
arlde. H (Grepn) owcoyévewa {e,, : m € N} eivon ypapukd

aveEQPTINTI Ko TAPAYEL TOV C: KUBe 2 = z(n)) € ¢y YPAPETOL

Ny

(povadikd) og ypapukog ovvdvaouds z = > x(m)e,,.

m=1
Anhadh  {e,,, : m € N} givon (ohyeBpucn 1 Hamel) Béom tov ¢
[Moapatnpovpe OTL 0 ¢y ElvaL 0 XDPOG OAMV TOV CUVAPTIOEWV
z: N — C twv onoimv o gopéag suppz := {n € N: z(n) # 0} eivou
TENEPAOUEVO 0UVOLO (meptéyetan oto {1,2,...,n,}).



Mopadeiypoto I'popukmnv Xopwv 1T

o Av A # () kaw KA eivar 1o 60voro GLwV TOV GUVOPTHOEMV
f: A=K, tote to KA yiveton ypouukog xhpog av opicovpe
pdobeon ko tolhamhaotaoud Kotd onuelo:

av f,g € K4 kaw X € K, opiCovpe f+ g, Af € KA Bérovtag

(f+9)@t)=ft)+gt) , AHE)=Aft) , teA

o Mopdderyuo: Av A = [n] x [m] (edd [n] := {1,...,n}) téte KA givar
0 xpog tov M, (K) tov n x m mvikwv ue ovvieheotég amd to K.



Mopadeiypota pappukwv Xopov IV

e O yhpog K[0, 1] twv Riemann-ohokAnp®OLU®mV GUVOPTHOEMV
f:[0,1] — C.

Kd&Be ovvdptnon f : [0,1] — C yphgetor povadikd f = u+ iv 6mwov
u(t) = L(F(8)+ F)), v(t) == & (F(t)— F(8)) (raipvouy
mpaypatikés Tuég). H f Aéyeton (Riemann)-ohokinpmaoiun 6tov ot u
ko v elvol Riemann-ohokAnpaotpies, kol tote opilovue

/ F(t)dt = / w(t)dt +i / o(t)dt,

O R[0,1] eivan ypapu. xmpog (pdEeig katd onueio) Moym g
YPAUKOTNTOG TOV OAOKATPMOUOTOG,

e O yohpog £? = (?(N) amotekeitar amd dheg Tig arxolovBieg wuy.
apOumv (= ouvoptioelg - : N — C) mou elvar tetpaymvikd
aOpoioiueg, M. - |z(n)|? < oo. Etvaw ypap. xhpog (pdEeig
Kotd ovveTayuévn). Tati;



[papptkot xmpot

Av E ypauukdg yopog kav x € E; A C E, Méue 6TL 10 & aVAKEL 0TIV
ypapukt 6MKn tov A (ypagovue = € span(A)) 1 6w eivar ypaukog
oVvdVAOIOG aToLyEiwV Tov A, av vadpyouvv (remep. TAH00c)

XTqyeeey T, € AxOL A, ... A, € Kdote

xr = Alxl +)\2$2 ++>\n$n

To SLavOOUOTO Yy, - , Yy, MEYOVTOL YPOUUKE EEQPTHUEVE OV KATTOLO
0TTo QUTA ELVOL YPOUULKOS GUVOVOOUOS TV vItoloirtwv. [ooduvaua,
av o 0 elvan W1 TETPLUUEVOGS YPOUUKOG GUVOVAOUOG TOUG, ONA. AV
VITAPYOVY Ly, ... i, € K, Oyt Ohat 0, doTe

pay1 + toYa + -+ o Yy = 0.
Eivaw ypoupkd aveEdptnta ov dgv vdpyouvy T€ToLa (i, dnhadi) av

>\1y1+"-+)\mym=6 = MN=..=A,=0



[papptkot xmpot

"Eva un kevd M C E Myetow ypoukd eEapTnUEVO av TEPLEYEL
KATTOLOL Yy, ... , Yy, TTOV EbVOL YpOULKA EEapTNUEVQ. Io0dVVaUQ, oy
vdpyeL Kamolo € M mou elval ypouukog ouvvouoopdg oToLyelmy
tov M\{x}, k. aviiker otnv ypauukn 6Mxn tov M\{x}.

To M eivow ypapukd aveEGPTNTO OV YL KAOE TETEPAOUEVO GUVOLO
{z1,...,x, } otoyeiwv tov M woydel 1 cuvemaywym

/\1$1+"'+)\nwn:6 = AN =..=A,=0.

‘Evag F' C E Méyetan (ypopukoc) vdympos tov E av span(F) C F,

dnhadn av
z,ye Fxow Ne K = x4+ yeF.



[pOoUULKES ALTTELKOVIOELG

OpLopog

'‘Botw F, F' (mparypatikol 1 wryadikot) ypouukol (:dtavuouotikot)
ywpot. Mia astetkovion 1" : E — F AEYETOL YPOUULKT) 0V

Ve,ye E,VAeK: T(x+Ay) =T (z) + AT (y).

Mo ypoppk| aetkovion Aéyeton (YPouukos) Loolop@Lopiog av emi
mhéov givan 1-1 Ko emi.

Avo ypapukol yopor E, F' Aéyovron loOLop@ot ov Vtdp)yeL
woopoppopog 1 : £ — F.



XmpoL ue E0MTEPLKO YLVOUEVO

OpLopog

'‘BEotw F évag K-ypapukog yopog (K = R 1) C). 'Eva ecwtepikd
ywvouevo (inner product 1) scalar product) otov E giva (o otetkovion

(w)y:ExE =K
TETOLOL DOTE

(1) (@1 + Ao, y) = (21,4) + Mo, y)

(i) (z,y) = ( x)
(iv <:L',m> 0 <= x2=0

Yo KGO T, %1, %o,y € B xan A € K.

Gpa (i)' (z,y; +Aya) = (2,1) +5‘<$7y2>-



XmpoL ue E0MTEPLKO YLVOUEVO

[potaon (Aviootnta Cauchy-Schwarz)

Av FE eivou ywpog ue emtepLkd prvouevo,
(a) yta kGBe z,y € E woyvet
[z, 9)| < (z,2) > (y,y)' /2.
(b) lootnTa 1oy veL av kaL uOvov av ta T,y elvar YoauuIKd
eEaptnuéva.

[MpoTaon

Av E elvar yp0g e e6wteQIKd pLvouevo, 1 ametkovion
I-| : E = R* éaov |z| = (z,2)Y/? eivaw vépua orov E.



Xwpot pe eomtepLkod yvouevo: [apatnpnoelg

(o) Mo autetkdvion
(wy:ExE =K

7OV LkavorToLel TG 1dLdtnTeg (1), (ii) ko (iil) Tov opLopov Tov
E0MTEPLKOV YLVOUEVOU AEYETOL NILL—ETMTEPLKO YLVOUEVO.

Eva n-€0mMTEPLKO YLVOUEVO LKAVOTTOLEL TNV DEUeMmON aviodtnTa
Cauchy-Schwarz (6y1 6pwg kot to (b) tng Ipdtaonc).

(B) Apxetol ovyypageig (1OLaitepa o oUYYPAUUATO LOONUOTIKNG
PUOLKNG 1 GAM®VY EQaPUOYDV) 0PLLOVV TO ECWTEPLKO YLVOUEVO (DOTE
VoL elvol YPOUULKO G TTPOG TV dEVTEPT) UETABANTH KOL OLVTLYPOLULULKO
¢ TPpog TV TpdT. 'Etol, opifouv to eomTeptkd yvouevo otov C™ wg
eBiic: (z,y) = kE z(k)y(k).

=1
() Evag xmpog e E0MTEPLKO YLVOUEVO OTTOKOAELTOL KouLd popd
Kot yopog po-Hilbert (pre-Hilbert space).



poputkol xmwpot (e vopuo.

Nopua oe évav ypap. xdpo X eivaw o ametkdvion |- : X — R,
wote Yo Kabe z,y, € X xou A € K,

||| = 0 av kow uévo av z =0,
[Az] = Al o
[z +yll < 2] + [yl (zprywvich avicémra).

Oproudg

Av | - | elvouw wa vopuo otov X, tote T0 Cevyog (X, | - ||) Aéyetan
YMPOG UE VOPULL.

Houwvdpmond: X x X — Rue d(z,y)=|z—y|, z,y€ X eivan
UETPLKN (N UETPLKT) TTOV emAyeTOL 0TOV X 0IT0 T vOpura tov). Otav o
uetp. xopog (X, d) eivon minpng, o (X, | - ||) Méyetaw ydpog Banach.




poputkol xmwpot (e vopuo.

Av (X, |- ]) elvan xodpog ue vopua ko z,,,x € X, 1618 x,, —
onpaivel ||z, —z| — 0.

Mapatipnon TIodd ovyvd oTIg EQOPUOYES, 1| VOPUL (] 1] LETPLKT))
TPoodLopiletal amd TV GUYKIMOT TTOU PENETANE.

INo mopdderypa, 1 ovyKhon wg Tpog T vOpuo supremum oTov
C([a,b]) (deg Mo kéTw) EKPPATEL TNV OLOLOUOPPT GVYKALOT LLOG
axolovbiag (f,,) ouvexdv cuvapthoemy:

If,—fl,—0 < f,— f onowdpopga oto [a,b].



XmpoL ue E0MTEPLKO YLVOUEVO

Enopévog ka0e (E, (-, -)) yivetaw petpucdg xodpog (E,d) ne

1/2
d(w,y) = |e—yl = (e —y,e—y)"* 2y E
OTOV 07T0{0 oL YpouKeg mpdEelg

+:(E,d)x(E,d) = (E,d): (x,y) > x+y
(K| ) x (Ed) — (E,d): (A z) = Az

elvaw ouveyeic. Emiong m ametkovion
(E7d> X <E7d) - ([K7||) : (Ilf,y) - <.'L',y>

elvaw ouveyng.



XmpoL ue E0MTEPLKO YLVOUEVO

(a) (Kavovag Tlapalinloyoduuov)

e xdfe z,y € B, o+ yl* + |z —y|* = 2)z]* + 2|y |*.

(B) (IIvBaydpeto Oswonua)

avz,y € E kou (z,y) =0, e |z +y|? = |z|? + |y|>.




Kafetotnra

Oproudg

AYo otouyeia x,y evog ywpov E e E0mTEPLKO YLVOUEVO AEYOoVTOL
kaOeta (ovuporkd x L y) otav (z,y) = 0.

Mo owkoyévera {e; : ¢ € I'} C E Aéyeton opBokavovikt) (orthonormal)
av (e;,e;) =6, Yo k4Be 0,5 € I.

OpBokavovikhy = ypawukd aveEaptnm. Ilpog v avtiotpogn:

IMpotoon (Aradikacio Gram-Schmidt)

Av {z,, : n € N} elvaw jua yooyurd aveEdotntn axolovlio o’ évav
xpo (E,(.,.)) ue eowteokd yivéuevo, téte vadoyet ua
opbokavovikij akorovbia {e, : n € N} orov E wote, yia kdbe k € N,
va wyvel e, :n=1,2... k]l =[x, :n=1,2,... k]

Kd&0e vrdympog F' C E memepaouévng dudotaong €xel o olyeppLkn
Baon {eq,...,e, } mov eivan opBokavovikny. Kabe x € F yphopetar
n

wovadikd  x = Y (x,eg)e;, . (yot)
k=1

lue [A] fy span A 6a cupfolTovue Ty ypopuukn OMxn evég A C E.



To thinoléatepo davvoua (Bértioty mpoogyyion) (1)

Afupa

Eotw E ywbpog ue eawteoixd yivduevo, f € E ko F memepacuévg
dudoTaong vadywoos tov E.

(a) Yrdpyer éva kar povadiké duavvoua S(f) € F mov elvau
TANGLEGTEPO 6T0 .

(B) Emmréov to f— S(f) elvaw kGOeto otov F kar aviiotoopa, av

geEFrarf—g L F, tte g= S(f).

T v amodeln:  ~



To thinoléatepo davvoua (Bértioty mpoogyyion) (1)

Anupa

Eotw {e;, : k € N} opOokavovikn oukoyeveia o’ évav ydpo (E,(.,.))
UE ECWTEQLKO PLVOUEVO.
Tote, yia kale | € E gyovue

(@) NP =1 =SuOIP+ I [{free) P ¥neN
k=1

omov S, (f) := i (f,ex) e

k=1

(B) (Awootnta Bessel) ||f||2 > Z | (f,ex) > VneN.
k=1



To thinoléatepo davvoua (Bértioty mpoogyyion) (1)

Afupa (ovveyeia)

Av F,, =span{ey,...,e, } tote, yia kabe f € E,

kot 0 S,,(f) ewvan 1o uovadikd didvvoua g € F,, mov etva kabeto
otov F,.

(0) dist(f, F,) = lf =S, (N,
onradn | f—gl = |f = S,(F)I Vg € F, ue womra av-v g = S, (f).



To minotéatepo didvvoua (AmodelEn (), (0))

mn

(v) Kabe g € Fypagetan g = 3 (g, ep)e;.
k=1

Topa: (f—g) L F < (f—g,e,)=0Vk€[n] <=
<g,6k>:<f,8k>Vk€[N] ~ g:l;1<f7ek>ek:’s(f)'
(®) Zmv (o) Bare f— g oty Beontouv f,ue g € F'.



To thinoléatepo davvoua (Bértiom mpoogyyion) (1)

Avadlotvmoon:

Anuuo

Eotw E ywpog ue eowteouxd puvduevo, f € E ko F memeoaouévg
diaaraons vadywoeos tov E.

(a) Yrdpyet éva kar povadikd duavvoua S(f) € F mov elvau
TAnoLéatepo oto f.

(B) EmmAéov to f — S(f) elvau kGOeto otov F kaw aviiotpopa, av
g€ Frar f—g L F, tte g=S(f).

o Av {e;,eq,...,e,} eivar kamola opBokavovikn Béon tov F, to S(f)
n
divetaw amd tov timo S(f) = > (f,ep) e
k=1
e H ameikdvion

K* — R*: )‘ - <)‘17>‘27 7 Hf Z)‘kek

éxeL oMk ehdiyoto oto onpeto A = ((f, 1), (f,e5),-.., (f,e,)) € K.



Xmwpot Hilbert

OpLopog

"Evag yopog (E, (-, -)) ue eomtepikd yivouevo Aéyetan ympog Hilbert
oV glvou TAPNG WG TPOG TNV UETPLKT) TTOV OPILEL TO EOMTEPLKO
YLVOUEVO.



Xmwpot Hilbert

IMopadeiyuato (@) O yopog K™, epodiaouévog e 1o ouvnoouévo
eowtepkd ywouevo (x,y) = > x(k)y(k), eivar BéPara ydpog

k=1
Hilbert. Eivou emiong mnpng wg wpog mv vopua ||, ahrd dev eivou
ywpog Hilbert wg tpog avtiv (YLott v LKAvoToLEiTaL 0 Kavovag Tou
TOPAAAAOYPAUIOV), LOAOVOTL OL dVO VOPUES ELVOL LOOOVVAUEG.
(b) Kébe yodpog (E, (-,-)) ne eomtepicd yrvouevo ko dim E < 0o
elvau ypog Hilbert.

(¢) O ydpog £2, e 1o oUVNOLoUEVO ECMTEPLKO YIVOUEVO
oo

(x,yy = > x(k)y(k), eivan xdpog Hilbert, ko 0 xMpog ¢, TwV
k=1
OKOLOVOUDV UE TIETEPAOUEVO (POPEQ ELVOL TTUKVOG VITOYWPOG TOV.

Entopiévag 0 xdpog (¢, [|*|,,) eivar xdpog e eswtepticd yivopevo
old oy Hilbert, eqpdoov dev elvar mhnpng.

(d) O ywpog C([a,b]) dev eivon mpng wg mpog TV vopua |-, wov
opiLeL To E0WTEPLKO YLVOUEVO.



Xmwpot Hilbert

Oewpnua (ITinoéotepo dudvvoua (IID))

Eotw F yawpog ue eowtepird puvduevo, E # () kuptd kou whpeg
vroovvodro tov F. Av x € F\ E, téte vrdpyer uovadikd y, € E
TANOLEGTEQO TOOG TO T, ONAAST) TETOLO DOTE
|z —y,| = d(z, E) := inf{ |z — 2] : z € E}.

IMpotaon (Kabeto didvuoua)

Eotw F' ywpog ue eowtepiko yrvouevo, E tpng ypauukog
vrdywpog rov F. Av z € F\E, 10 mAnoiéotepo mpog 1o T otouyeio
Y, € B elvaw 1o uovadiké y € £ wore x —y L E.

Opioudg
To povadikd avtd otolyeio y,, tov £ ovopdCovue (opbN) wpofoin
tov  otov E, kou 10 cupforitovue Py(z) | P(E)x.



Xmwpot Hilbert

Oewpnua (YrapEn kabétov draviopatoc)

Eorw H eivaw yawpog Hilbert kow M kAeiotdg vadywoos tov H. Av
M + H, vwéoyer z € H, z # 0 dbote z L M.

H mtinpoémta dev pmopei vo mopaherpOei:

Mapaderypa

oV (g, (-, +)) VITapPYEL YVNOL0G KheLoTOG vtdywpog M, dote
M+ ={0}.

M:{x:(a:(n))ECOO:Zz(n):O}.

n



OpBoymvieg draomdoelg

Av A eivar un kevo vrroouvoro tov H, Bétwm
At ={zx e E:(z,y) =0yaxdbe y € A}.

0 At eivon mévta KheloTdg ypouukdg vrdympog tov H.

Oehpnuo (Opboywvia dLaomaon)

Av M eivau kAeotds voywpog evog ywoov Hilbert H, téte
MoeM*-=H.

Anhadn
Yy € H ypluepeton Lovadiké y =y, +y, dmovy,, € M,y € M+,

, 2 2 2
MBayopeto:  |lyl” = llya ™ +ly. ™ Vye H.



OpBoymvieg draomdoelg

IMopropa (OpO1| TpoBoirr)
Eotw M kleiotds voywpog evog ywpov Hilbert H. H ametkdvion
Py:H—H:y—yy

ELVOUL YOOUULKT) KO GUVEYTIG.

'Onn Py, elvor kohd oplopévn kow ypapuky €rxeton (wg yvmaotov)
amd g oyéoerg M + M+ = H xav M N M+ = {0}. H ouvéyera g
P, mpoximrer o’ to ITuborydpeto Oempnua

2 2 2
lyadl™ +ly 1™ = Iyl
apa [Pa ()l = lyarl <yl

OmOTE, AV Y,, — Y €XOVUE
1Prr (W) = Prr (W) = 1Pas (g =) < lly, — 9l = 0.



OpBoymvieg draomdoelg

[Moapatnpnon - Aoknon Otov H eivol yopog Hilbert:
At ={0} < span(A) mukvég otov H.

Ioodvvapa 'Evag ypoapuikos vtdywpog E evog ywpov Hilbert H eivou
7ukvog (dense) otov H av kau poévov av to povo diavvouo tov H wou
elvau kda0eto otov F eivar to 0.



'Botw H yhpog ne ecwtepikd ywvouevo, A C H un kevo.

At kherotog vrdympog Tov H wow AN A+ C {0}.

Av H Hilbert: A+ ={0} <= spanA=H.

AC (AN

ACB= B+ CA™.

AJ_ — AJ_J_J_‘

Av H Hilbert kou F khelot0g ypauu. vrdywpog, TOTte
E=FE*t

Av H Hilbert kou E, F xlelotol ypouu. veoéympor ue £ L F, 16te
E + F k\ewotoc.



O dvikdg evog ywpov Hilbert

Afupa

Eotw E yipog ue eowteoikd yivouevo. Av x € E, ovoudlovue f,, tnv

QTELKOVLON
fx:E_>[K : y—><y,:v>.

H f, elvauw yoouyuxn kot Guvexng.

Moapdderyuo
21ov E = ¢y, N YPOpULKT opep)
frE—=K:(2(1),2(2),..) = Y

n

dev elvar g popeng f = f, ue € cyg-

Oehpnuo (Riesz)

Eotrw H ywoog Hilbert. o kG0e yoouuukt) kaw ovveyn) f + H — K
vadpyet povadko x € H wote f = f,, dniadn

fly) = (y,x) yardbe yec H.



OpBoxavovikég Baoeig

YrevOupon ‘Eva vrtoouvoro X evog K-ypaupkot ympov V' etvon
voouukd aveEdotnto av KaHe Temepacuévo vItoovvolo
{z1,...,x,,} C X elvou ypappukd aveEdptro, av dSnhadi woyvel n
n
ouveraymyn (Ag, Ag, ..., A,) € K"\{0} = > Az, #0.
k=1
"Eva ypouukd aveEapmto X sivan (alyefoikn) fdon tov V avn
ypapukt tov OMkn span(X) wovtaw pe V, dnradn av kabe v € V
n

elvan ypauukdg ouvdvaouds v = Y A,z otouelov z;, € X.

i
I

Opioudg

Eotow F yopog pe e0mteptkd yivouevo. Mia olkoyévela

{e; : i € I} C E Myetaw opBokavovikn Béon tov E av

(1) elvow opBokavovikn Ka

(i1) H ypapkn OMKn tg eivon mukvog vdywpog tov F, dni.
span{e; ;i€ [} = E.



OpBoxavovikég Baoeig

Mapathpnon Ze amepodidototovg xwpoug Hilbert, pa opBokavoviky Bdon
dev eivar alyeppik Baon.

Mapadeiypato

'Eoto e,,, = (0,,(n)) émov d,,(n) =1 étav n =m ko d,,(n) =0
adde. H owkoyévea {e,,, : m € N} eivau opOokavovikn otov £2. Eivou
akyeppuin BAon Tov ¢, dpa kKo opbokavoviki Bdomn (Tov cgg).

H id100 otkoyévera dev eivan alyePpukn Béon tov £2, yiati
span{e,,, : m € N} # 2. Emeidy 0 vtoympog spanfe,, } = cqq eivo
mukvog otov £2, 1 {e,,, } eivar opOokavoviky féon Tov £2.

Stov xwpo (C([—m,x]), (-, -)) n owkoyévewa { f,,, : m € Z} dmov
Fon(t) = €™ = cos(mt) +isin(mt) eivow opBokavoviki. O
YPAUULKOG YMPOG TTOV TAPAYEL ELVAL O Y MPOG TWV TPLYWDVOUETPLKMOV
TOM®VORY, ouvertdg 1 { f,,, } dev eivar akyeBpuikn Bdon tov
(C([=m,m]), {-,))- Bivaw khaotkd Oedpnua oty Avéivon Fourier 6t
ka0 f € (C([—m,7]) npooeyyileran wg wpog ™ vopua |-[, ard
TPLYOVOUETPLIKG Tohvdvupa. Suvertdg 1 { £, } elvaw opbokavovikn

Baon Tov (C([_ﬂ-vﬂ—])’ <'7 >>



OpBokavovikég Baoelg

IMapatipnon

Eotw C = {e; : i € I} opbokavoviki) oukoyévela o’ évav ywoo Hilbert
H. HC &lvar o.k. fdon tov H av kaw uévov av elvar uepionxi, av
onAadn dev meptéyetou oe kavéva opbokavovikd vrocvvoio tov H
(extog amd v C), tcodvvaua av to uévo crotyeio tov H mov eivau
kaBOeto atnv C elvau 0 0.

[MpoTaon
KdOs Saywoliowog ? ywpog E ue ecwtepikd yivduevo éxel
aptBunowun opBokavovikn faon (kat aviictoopa,).

Mdéota, av F' C E mukvog vmodywpos, Wtopd va, fpw oploKavoviK
Béon tov E uéoa orov F (m.y. E = C([0,1]) kou F' = molvdvupa,).

2A /. 7 ’ , ’ ’
NA. TEPLEYEL £VOL TUKVO VITOGVVOLO TTOV elvar apLOufoLto.



OpBoxavovikég Baoeig

Aoxnon

'Eoto E ydpog ue eowteptkd ywvopevo, {x,, : n € N} opBokavovikn
oxohovBia otov E kow x € E. Tote

o0
|z|? = Zl |(z,2,)]* av kL pdévov av x € span{z,, : n € N}.
n=

MdahoTa oo
Jel? =) " (@, 2,) [* = dist(x, K)?
n=1

6mov K = span{z,, : n € N}.



OpBokavovikég Baoelg

Oehpnuo

Eotw {z,, : n € N} opbokavovikn fdon o’ évav ydoo E ue
0w TEOLKO YLviuevo. Tote, ya kabe x € E,
o0

(i) x =Y (x,z,)z, (60ykiion wg mpog ) vépua tov E).

n=1

(e o]
(ii) |z]*> = 3 |{x,x,)|? (Ie6tyra Parseval).

n=1

[MopLopa

Av {z, : n € N} elvar opOokavovikn fdon o’ évav ydoo ue
0w TEQLKO Yiviuevo E, via kdle x,y € E épovue

(e.e] oo

(@y) =) (@,@,) (@nt) =D (@.2,) (y,2,)-

n=1 n=1




OpBokavovikég Bdoeig ywpwv Hilbert

Oesmpnuo (XapaktnpLopol opHoKavoviKmv Fooemv)

Eotw H ywpog Hilbert kaw € = {ey, : k € N} opbokavoviko
vmoovvoio tov H.

To akodovOo etvor tcoSvvaua
spané = H
Avfe Hka f 1 & tote f=0
NakaOe f€ H,av S, (f):= > (f,e) e, tote
k=1
limy [ f=Sn(Hlla=0(*
Lo kaOe f € H,

o
j"||2 =>1(f,exr) |2 (tootnta Parseval).
=il

%) (. f = kE (f,ex) ex: ovyrhon om || )
=1

Amodel&n oto onbasis.pdf



Ioouopgropot

AeiEape:

Eotw {x,, : n € N} opOokavowikn fdon o’ évav ydoo E ue
e0wTEOLKS YLviuevo. Tote, ya kdle x € B, |z|? = 2,0;1 {z,z,)]2.

Apan amevcovion (E,) = (2],) - (w,,)), eiven (ypouun)
LoopeTpLKt epgputevon. H etcdva mg eivon mukviy otov £2.

Oehpnuo.

KdOe amepodidorarog Staywolioyog 3 ywpog Hilbert H eivou
LOOUETOLK G, LGOUO0PQOS e ToV 2.
AxoiBéoteoa, av emiéEovue wa opBokavovikr) fdon {x,, } Tov H, n
OQTTELKOVLON)

U:Hs»02: 2 (z,2,),

/ 7 7 / 2
ametkoviGer tov H (Yoouukd kat) toouetokd el tov £°.

Tevikdtepa, woyveL 6Tl KGO ydpog Hilbert eival LOOUETPLKE LOOUOPPOG |E TOV
£2(T) yro kotéddnho avvoro I'. (Amod. mapaheineta.)



H m\pwon

IMpotoon

Av (E,(-,-)) elvaw yapog ue eowteoikd pivéuevo, vdpyet xbpog
Hilbert (H,{-,-)) ko yoauukt ko toouetoik] eugitevon ¢ : E — H
UE TTUK V) ELKOVAL.

O H eivai «ovoraotkd uovadikdg», ue v évvowa ét av (K, (-,-))
glvau ywpog Hilbert kaw ) : E — K ypouukn LOOUETPLOL Ue TUK V)
etcova, ToTe vadpyet yoouulkn woouetpio T amd tov H el tov K
wote T'(¢(x)) = Y(x) pa kdbe x € E.

O yopog Hilbert (H, (-,-)) Aéyetou 1) whrjpwon tov (E, (-, -)).

E i» ¢(E) — H = ¢(E)

.
id | IT
v

E>7»¢(E)>—>K:@



O L*([a,b]), 0 L*(R)

Xwpig Metpo Oewpd tov E = (C([a,b]),(:,-)) dmov

(f.9) /f

Ovoudtw L2 ([a b]) ™mv IMjpwon tov E.

GS(Dp(b Tov F' = (Cc([R)7 <'7 >>
(6mov f € C,(R) onuaiver f : R — C ovveyng kow vrapyer Ky C R
ovpmayég wote f(t) =0 étav t ¢ Ky).
ot (f.9)= [ fgt
K

1
Ovoudto L?(R) v mpwon tou F.

T Tig avdykeg tov mpomTuylokoy pabfuatog, avtol 0o eivor ot
optopot Twv yopwv Hilbert L2 ([a,b]) xow L2(R).

Evnuepotikd mapatifeviol otig eTOUEVEG HUO SLAPAVELEG OL
(Loodvvapor) opropol pe xpnon Oswpiog Métpou.



0 £2(p),0 L*(p)

Me Métpo (mewovaporov) 'Eoto (X, 8, p) xpog uétpou (m.y. (R, B,m)).

OpLopog

0 ypog £2(X,8, 1) = £2%(11) amoteleitar amd OAeg TIG OUVAPTOELG
f: X =5 RU{+oo} () f: X — C) mov eivan petpfiotpueg kau

ucavomowovv [ | f|2du < +oo.
X

1/2
O apBuog (/ |f|2du) ouppohiCetou | f|o-
b'e

Ottw N ={f € L%(n): | fl, =0}

Av f,9 € L%(pn), éyo f = g p-oy. maviod <= f—ge N.
Eniong, o V givaw ypouuidg vdympog tov L2

O¢tw | f+ Ny == | f],- Eivon kadd opiopévn vopua oTov ydpo
mhixo L2 (p) == L2(p)/ V.

‘Emetar 61 0 L?(11) ammoteleitan ammd Tig kAdoelg looduvapiiog
ovvaptioewy Tov £2(11) modulo 10dTNTO 11-0Y,. TAVTOV.



O L*([a,b]), 0 L*(R)

Oemhpnua (Riesz-Fisher) O L2 (1) elvaw TpNG (Gpa eivar xdpog
Hilbert apod n ||, tpoépyetar amd o eowt. yivopevo

(F AN g+ V) = /X O dp(t)).

Oempnuo (wdpLopa .y, Tov ©. Luzin) O C([a,b]) eivon mukvdg otov
1([a,], B,m) og mpog  vopuce ||, e

0 C.(R) eivon wokvog otov L (R, B,m) wg mpog m vopua ||-[,.



Xmwpot Hilbert

Tpia mpaynota:

(1) 'YrapEn minotéotepov dtoviopatoc, dpa koL kKaOeTou
draviopotog o KAELOTO VITtdywPO.

(2) Zuveyeig YpouuKES LOPPES ELVOL TO ETWTEPLKE YLVOUEVAL.

(3) 'YrapEn opBoxavovikiig aong {z., : v € I'}.
(Apa. Loopopgpropdg pe £2(T))

Suuohondg;: £2n] = (€7, |-].).

Omotog evdiagpépetal yia tov £2(I') (yia Tuyov I') ag dei To apyeio
nonsep.pdf.



Cpoputkol TELEOTES KO TTLVOKEG

OpLopog

Av E, F givay ypaupukol ympot, ovoudtovue £(E, F') to ovvoro
oMV TOV YpauKov ametkovicewv T : B — F. Otav B = F),
ypagovue L(E) aviiyio L(EE).




[Mivaxeg kol Teleotég

e Kabe A = [a;;] € M,,,,(K) opiCer jua povadue ypapuki
amerkdvion Ty : K™ — K™ péom molhamhaoiaopot mvikwv, wg eEng

& Z}Z a8
[aij] :
gm Z] 1 njg
o Av (E,(-,)), (F,(-,-)) glvaw ypot ue e0mTEPLKO YLVOUEVO
eTEPAOUEVNG dLdoTaong, KiBe emhoyn opBokavovikdv Bdoewv
{eq,...,e,,} Tov E kaw { fy,..., f,,} Tov F opilel oopoppiopots
V:E— K™ W:F — K", ondte o mivaxag A = [a,;] € M, (K)
OpLlEL ULOL YPOUULKT] CLTTELKOVLOT
~ v T wt
T,:E—=K"—=K" — F.
IMapatnpovue OtTL

a;, = <TAek,fi> ,i=1,..n,k

I
3



[Mivaxeg kol Teleotég

e Avtiotpoga, Kabe ypapukn arxewovion 1': B — F opilel évov
n X m nivaka Ap = [a;;,] ond ™y oxéon a;, = (Tey, f;)-

O ypauukodg yopog L(E, F)

Me ypopp. tpdEelg kot onueio, Snh.
(T+AS)(z)=T(x)+AS(x) (z€E)
10 ovvoro L(E, F) yiveton ypopuukdg xdpoc.

T+AS




[Mivaxeg ko Teheotég

H amewcovion M, (K) — L(E,F): A T etvon 1-1, e,
YPOUMLKY).

[MpoTaon

Av emAéEw opOokavowkés fdoews {eq, ..., e,,} ov E kat
{fises fn} 1OV F, nameicdwon T — (Tey, f;) elvaw yoouurds
toouop@Louds amd tov ywoo L(E,F) exi tov yoau. ywoov M, (K).
Otav n = m, ametkoviel ) 6OVOeaT TEAEGTAV GTO PLVOUEVO
VAKV (1) yevikdtepa 6tav opiletar ) cvvleon).

ZOvOeo ~» YIVOUEVO TUVAKWV: AV eTtiong évag xwpog G €xeL

T S
opBoxavovikn Baon {gy, ..., gx }» kauw E — F — G eivaw ypopukés ue
T~ [a;;] € M,,,, kaw S~ [b;;] € M,,,;. t6te
ST :=SoT ~s[c;;] € My, dmov ;=3 a;.b,.;.



[Mivaxeg ko Teheotég

AvAe M

o OpiCovue A* € M, tov A* = [b, ]
©¢tovpe A* = [a,]. Tote <TA*y,x> = <yj”Ax> Yo kGO
yeF,xek.

ZUVENWG:

omov b, ; = a;.

IMapatipnon

Av (Hy,(-,+)),(Hy, (-,-)) elvau oot ue ecwteoikd pivduevo
memepaouévng dudotaong, kat L+ Hy — H, évag tedeotig, tote
vrdoyet évag uovadukog tedeotig T : Hy — H, mov ikavomouel
oxéon

<T*:C2,ZL'1>H1 — <x2,T.T1>H2 o Kd@e Z’l & Hl’ 1'2 € H2



[Mivaxeg ko Teheotég

Mapatipnon

Av (Hy,(-,)),(Hy, (-,-)) elvau ypou e e6wtepird prvéuevo
memepaouévngs dwdotaons, kaw T : Hy — Hy évag tedeotng, tote
vrapyel évag uovadikog tedeotne 1 + Hy — H| mov ikavomotel T
oyéon

THxy,x = (x,,Tx ya kdbs x, € Hy, x5 € H,.
2,21 2 1 1 1) L2 2

Hy H,

I8¢a g amddelEng: Emhéyovue opbokavovikég faoelg kow Bewpovue
tov mivaka A := Ap. Av B givau o wivaxog B = A*, o teheotig

T* := Ty weavomotet v oxgon (T* @y, x,) = (x,, Tx,) Y10 kGOe

r, €H,,xy € H,.

Idwomreg: AvT, S € £L(H,,H,),R € £(Hy, Hs) xou X € C, éxovue

(T+M\S)*=T*+\S*, (RT)*=T*R*, T* =T.



Dpayuévol TeEe0TEG

‘Eoto (E, || g) ko (F, || z) xdpot ue vopua.
Hapatnonon. Kayud ypouurkn ovvaptnon (extdg ax’ v 0) dev
ebva @payuévn pe ) ovvin évvolo og GLOV TO YWPO.

Oproudg

Mia yoogyurj ameucovion T': (E, ||| ) — (F, [-] ) Myerou
ppayuévN N ppayuévog teheotng (bounded operator) ov

(elvar gpaypévog oty ball( E), dnh.)
|7 := sup{|Tz|p: z € E, 2| <1} < +o0.
B(E,F): 0 y®Hpog TV QPAYUEVOV TEAETTMV.

... woduvoua, ov vrapyer M wote yio kibe © € E va woyvel
|Tz|p < M| g

vp. Pp-
1Tz -T2, = |T(x—2)|p < [T][z—2"|

Av T ypoaupx,
EPAYUEVY] <= OUVEXNG <= OUOLOUOPPO CUVEYTNC.



Dpayuévol TeEe0TEG

H enouevn Mpdtaom eival faolkod epyaieio:

Ipotoon

Eotw (E,||.| g) xdoos ue véoua, (F,||.| p) xdoog Banach,
D C FE mvkvog vadywoog kot

T:D— F

VOOUULKT) ATTELKOVLOT).
Av i T eivar ovveyng, T0Te (Ko uovo TOTE) SEXETOUL GUVEXT) ETEKTAON

T-E—F op.T|p=T.

H eréxraon T eivar povadict) (av vadoyet) kau |T)| = || T|.



[Mopdaderyuo

D=c,, Cl? F=/(>
Ava = (a(n)) ue k4Oe a(n) € K, opitw

T:e,+—a(n)e, neN

KOl ETEKTELV YPOLUULKAL:

Enextetveton oe T : €2 — 02 av-v 1 (a(n)) eivan gpayuévn, ko

|7 = supla(n)].
n

Méhota av 1 (a(n)) dev eivar ppayuévn, vedpyer y = (y(n)) € £2
dote (a(n)y(n)) & 2.



2€ YMPOVG TETEPAOUEVNG OLALOTOONG

Av (E,(-,)),(F,{(-,-)) eivon xthpol ue ecmtepikd yvouevo kow o E
éyeL memepoouévn dudotaon, Kb ypauwukn amewkovion T : E — F
elvaw ouveyng.

Hpdypatt, emhéyoviog opbokavovikn Baon {ey,...,e,, } Tov E
Bplokovue

1/2
ITz] . < <Z||T€k||F) |z, VzeE.

Ouwg, av o F éyel dmelpn dLdotaon, VITAPYOUV OLOUVEYELS YPAUILKES
omewkovioewg T : E — F, oxéua kL av dim F' = 1.



O ovCuyng teheotng

Oehpnuo

Av H,, H, elvar 6vo ywpor Hilbert kow T : H; — H,, évag poayuévog
Tedeatiis, T0Te VTAP)EL EVag ovadlkos tedgotng 1™ « Hy — H, mov
LKQVOTTOLEL T1) GYEan

(T*y,a}>Hl = <y,Tac)H2 nakdle x € Hy,y € H,.

OT*: Hy — H, ovoudferouw o cvivyns (adjoint) tov T'. Elvar
poayuévog tedeotis kar | T = |||

IMpoedomoinan O ovluyng evog un @payuévov teheoty) dev opiletal
LLE TOV 1BL0 TPOTTO.

ZyOMo Amodelkviouue 0" QUTO TO ONUELO LOVOV TNV LOVAILKOTHTA
Tov 6ULUYoUg TELEOTY, KaOWg oTa Tapadeiyuota Tov Ha
aKoAoVONoOVY 0 GUCUYNG TELEOTNG KOTAOKEVALETOL «UE TO YEPL>.
Apyotepa Ba deiEovue v VTOpEN 0T YEVIKY TTEPITTTMON.



O ovCuyng teheotng

IMpotoon

H anewéwon T — T* : B(Hy,Hy) — B(H,, Hy) éxer ug eéng
LoLoTNTEG: B

(a) elvaw avavyoouuk), Sniadn (T + AS)* =T* + \S*.
()T =TT

@ T = |T].

(6) Av H, i H, Z) H; goayuévor tedeotés, (T'S)* = S*T™.
(e) |T*T| = |T|>.

Ewwkotepa (av H, = Hy = H),
nNT —T%: B(H) — B(H) eivaw o evéMEn (involution) swov
wcovortotel Ty Aeyouevn wrotta C*, dnh. v (¢).



dpayuévol teheotéc: Tapadeiyuata

[Mapaderyporta mov grovue N0 OUVOVINOEL:

e H ntpofoin o evav vroywpo: Hopiopa 20.
Hapadevyua: f = Sy (f): Anupa 11.

e Evag Loopop@ioog pe tov £2: @swpnua 30.
Mopaderypa: O peraoynuatiopog Fourier

L*([=m,7]) = 42(2) : f = (f (1)) ez



dpayuévol teheotéc: Tapadeiyuata

o Av (E,(-,)), (F,(-,-)) givaw xpot ue e0mTEPLKO YLVOUEVO
TETEPAOUEVNG dLdoTaong, kKiOe ypouwky ametkovion 1 : £ — F
elvan ovveyfc. Av emhéEw opBokavovikés Baoeig {ey,...,€,,} Tov E
Ko { f1,..ey [} TOU F, 0piCeton évag n X m mivakog

(@] € M, (K) b ) oyom

a;, = (Tey, f),i=1,..n,k=1,...m.

Avtiotpoga, k40e [a;;] € M,,,, (K) opilel puo povaduki ametcdvion
T : E — F mov ikavormolel T oxéon aut).

o TevikdTepa, ka0 ppayuévog teheotg T : £2 — 2 opilel évav
oo X oo mivaxa [(T'e;, e;)], 6mov {e,, : n € N} 1 ovvnOiopévn
opBokavovikn Béon Tov £2. Aev 1oyvelL GG To avTioTPopo.
Mapdderyuo;



dpayuévol teheotéc: Tapadeiyuata

o Atorymviol teheotéc Av a = (a,,), a, € K eivar tuxotvoa akohovbia,
n amerkovion (x(n)) — (a,z(n)) otéhver tov 2 otov £ av-v

(a,) € £ ko tote 0pilel ppayuévo teheoth D, pe vopua

1D, = llal . Exovue (D,ey,e;) = a,d;;, (draydviog mivarag).

O ovCuyng tou teheot D, eivar o Dy, 6mov b = a* (Anhad

b(n) = a(n) yia kKGOt n).

e Teheotég Hilbert-Schmidt Mia tkavi) (alhé Oy avorykaie) ouvOnkn
hote évag 0o X 0o Tivakag [a;.] va opilel ppayuévo teheot
T : 0?2 — (2 wote a;, = (Tey,e;) Yo x60e i,k € N eivoun
o0 o0
Z Z la;|? < oo (oUyKpLve pe Toug dtaydviovg). Eyovpe
i=1 k=1

(Tz)(i) = (Tz,e;) Zalkx Yo kéOe x € (2.



dpayuévol teheotéc: Tapadeiyuata

e OLok npwtikot teheotéc otov L2 ([a,b]). Av k € C([a,b] x [a,b]),
opitovue

(T2 f)(a /kxy iy, feC(ab).

OpiCer ypapuré teheot) T : (C([a,b]), |-,) = (C([a,b]), [-[,)

. 2
ppaypévo, ue | T2 < [f |k(z,y)[*dwdy.
Apa emexteivetan og Ty, : L2([a,b]) — L?([a,b]).



dpayuévol teheotéc: Tapadeiyuata

e Torhamhaotaotikol Tekeotég otov L ([a,b]). Av f € C([a,b]),
opilouvue

Mg : C([a,b]) = C(la,b]) : g = f9g
(ko onpeio ywdpevo). Emedn | fgll, < [ f] . lgll,, 0 M
enexteivetaw oe M : L?([a,b]) — L?([a,b]) pe | M| < | f]
(wahota, 1dTNTA).
(AMg: pe pétpo) Hépe f € L () kou dpLoe
My - L?(pu) — L?(u) : g — fg. Eivow kahd opLopévog KoL
HMfH <|fl,, (wémra yia o-wemepacuévo p).
O ouQuyng tov teheot) M eivar o Teheotg M, omov g = f*. Anhadi)
M} = M.




dpayuévol teheotéc: Tapadeiyuata

e Teheotég petatomong (shift operators) otov
CZ)={z:7—K: > |xk)|* <o}
k=—o0

Uz =(...,2(—2),z(—1),2(0),z(1),...)
Ve=(..,2(0),z(1),2(2),2(3),...)

dnradn (Uz)(n) =z(n—1) ko (Vz)(n) =xz(n+1) yia xébe n € Z.
Hpogavag U,V : £2(Z) — (%(Z), ypouwkot, Loopetpieg KoL e,
o UV =VU=Lom.U 1=V,

O ovCuyng tov U eivawno V. Apa UU* =U*U = 1.



dpayuévol teheotéc: Tapadeiyuata

e Teleotég petatdmong (o) Ztov £2(Z) (ahmg):

Ue, :=¢€,,; (uetotdmon deELdr)

ko Ve, :=e,_; (uetatdmon apotepd) (n € ”Z)

Enexteivo ypapuukd otov ¢y (Z), mapatpd ot eivon
||, ~oopetpies, Gpa emexteivovian ot wopetpleg £2(Z) — £2(Z).
Acgiyvouue ou (Ve e, ) = (e,,Ue,,) y1o k&0e n,m € Z, apa.
V =U* (ywri;).
o (B) Ztov (3(Z,):
Se, :=e,,, (netatémon deEwd) (n € Z,)
kow Te, := { eny Srovnzl (neTaTomon apLotepd)
" 0 otavn =0

Enexteivo ypopukd otov cog(Z,, ), mapotnpd ot eivon
Ill,-ovotorég (dmh. | Sz, <z], via k&b z € co(Z.,)), dpa
emektelvovtal oe ovotohég (2(Z,) — (3(Z.,)). Aetyvw T = S*.
(Md&hota o S givor woopetpia. O S*3)



dpayuévol teheotéc: Tapadeiyuata

PXVITE; £:FeTeTosNl04

i1 (uetatomon e
n_1 (uetatémon apotepd) (n € Z)

Stov (*(Z,): Se, =¢€,., (uetatdmon 8eEd) (nE€Z,)

e otovn >1 , ,
S*e, = { 0”—1 Stav - 0 (uetatdmion apLotepd)

e (v) Ztov L2(R) (translation operators):

Eowwt € R. Av f € C.(R), opiw f, : s = f,(s) = f(s—t). Tote
fr € C.(R) xaum amekdvion

At : (Cc([R)auug) - CC(|R>7H”2) : f — ft

elvan (Ypopwkn) woopetpia eml (yrorti;). Apa emekteivetan o€
ypauukt) wopetpio L2(R) — L2(R), exi.



Mn payuévol teheotég: 'Eva mapdderyua

Stov xhpo C1([0,1]) Twv ovveymg mapayoyiolwmy cuvaptioewy

opitovue Df = f’. Eivow ypaupuiks) aetkovion, Kohd opLtopévi 6tov
mukvé vdympo C1([0,1]) Tov L2([0,1]), arré dev emekteiveton oe
ppayuévo teheot) L2([0,1]) — L2([0,1]), yiott dev eivan ovveyng wg
nipog T vopua tov L2([0,1]): dev vmdpyel otabepd M < oo dote
IDfll, < M| £], v x&0e f € CH([0,1]).

AN 1oV f 1 [0,1] = C mov éxovv mapdywyo f(

), Yz € [0, 1] (ota dxpa o
mhevpikég) kawm f7: [0, 1] — C eivon ovveyg oto [0, 1].

1



O Xwpog twv Teheotamv
OpLopog

Av (E,||-]), (F,| ) eivon ydpot ue vopue, ovoudtovue B(E, F') 1o
OUVOLO OADV TV PPAYUEVOV YPOUULKDV OITELKOVIOEWV

T:(E,|-1) = F]-]).
Otav E = F, yphoovue B(E) aviiyia B(E, E).
Me ypoapp. tpdEelg kot onueio, Snh.
(TH+AS):x—=Tx+ASz) (rekFE)
10 ovvoro B(E, F') yivetouw ypouukdg ydpoc.
Yrevovwon: |T'|| :=sup{|Tz|r: z € E,|z||p < 1} < 0.

[Mpotaon

H aneuxéwon T — |T| elvaw vépua otov ywpo B(E, F).
Av exl wAéov o F elvau whjong, o B(E, F) elvau ypog Banach.



O Xwpog twv Teheotamv

Otav E = F, 0 B(E) yiverou (un petadetikn, av dim E > 1) dhyefpa
wg mtpog ™) owvbeon: (T'S)(z) =T(S(x)) (z € E). > Mdhoto
IS <[T]1S].-

OpLopog

O (tomoloytkog) duikog (dual) E* evog xmpovu e VOpUa Eival 0 XMPOG
oM@V TOV CUVEXDV Ypouuk®v wopeov f: E — K, dnhadn o
B(E,K). Eivaw tdvra ydpog Banach.

Av H eivouw ywpog Hilbert xou yuo k60e x € H opioovue
fo: H—= Ky (y,x), n amedvion

H—-H':x—f,

elvan avirypopuuk woopetpia. To Oempnua Riesz Aéel dtu elvon et
touv H*.

SO\ daktuhog kar ypauu. xwpog ue A(T'S) = (AT)S = T'(AS),
T,SeB(E), €K




Sesquilinear pop@ég

OpLopog

Muwa ametkovion ¢ : Hy x Hy — C Aéyetou sesquilinear popgr) av éyet
TLG LOLOTNTEG

(1) ebvan ypauukn wg Tpog TV TpdT HETABANTY, dSnhad Yo kdbe
y € Hy 1 ameicovion x — ¢(x,y) : Hy — C eivon ypopuuk).

(1) elvouw avirypaukn wg Tpog TV devtepn uetafant, dnioadn yio
KGOe x € Hy m anewkdvion y — ¢(x,y) : Hy — C elvon ypopuk).
Mua sesquilinear popen A&yeton Qpayuév), v emTAEOV EXEL TNV
LoTNTOL

G sup{6(2,9)| : 211, < 1, Iyllr, <1} 1= 6] < +oc.

Mopaderyna ¢(z,y) = (T'x,y) 6mov T € B(H,, H,).
Méhoto | T = ||o|, dmhadn

1T = sup{[(T=,9)| = |2l pr, <L l9ler, <13



H vopuo teheotr)

AvT € B(H,,H,),

7] = sup{| Tzl : x € Hy, ||, <1}
— sup{| (T'z,y), | & € ball(H, ),y € ball(H,)}

Avdim H,; = m, dim H, = n pe OK Bdoeig {e;,...,€,, } Kow
{f17"'afn} Ko aij = <T6],f1> éXOUPw

T :sup{ S a3 e <13 < 1}
g =1 il




Sesquilinear pop@ég

TavtotnTa ohkoTTOg (polarization) Av ¢ : H X H — C sesquilinear
Ko @(x) = (2, ) N avrioToryn TETPUYOVIKT Lop@,

e =5 (52) -5 (5 e (£52) o (552).

IMpoTaon

Eorw H wyadikdg ywoog Hilbert. Mia sesquilinear uoo@n o elvau
poayuévn avv ¢ elvau poayuévny oty urdia tov H. Mdota

sup{|@(z)] : z € ball(H)} < o] < 2sup{|p(x)] : = € ball(H)}.

av p(z,r) € R yua kd0s x € H, 167¢ ® 1oy el n 1odtnta

[ioll = sup{| ()| : & € ball(H)}.

6... MG OyL eV YéveL



Sesquilinear pop@ég KoL TeELEOTEG

Eotrw H wyadikog ywpog Hilbert. Mia Yook ametkdvion
T:H — H elvauw poayuévny av kat uévov av

sup{|[(Tz,z)| : x € H,|z| <1} < +o0.
Toéte

sup{|[(Tz,x)| : x € ball(H)} < |T| < 2sup{|(Tx,z)|: x € ball(H)}.

Eriong, avT,S € B(H), tére T = S av kaw uévov av
(Tz,x) = (Sx,z) yia kdbe x € H.

IMopLopa

Eorw H wyadikog ywpog Hilbert kaw T': H — H @oayuévn yoouuik]
ameiovion. AvT =T, 1ote

|T|| = sup{|(Tx,z)| : x € ball(H)}.



Sesquilinear pop@ég

Oehpnuo

Eorw H, H, ywoot Hilbert. KdOe poayuévn sesquilinear puooen)
¢ : Hy x Hy — C opilet évav uovadiké goayuévo teleotr
T € B(H,, H,) amxd mv oyéon

o(z,y) = (Tz,y) o kdle x € Hy,y € H,.

‘Emeton to

Oehpnuo

Av H,, Hy elvaw 6vo ywpor Hilbert kow T : H; — H, évag poayuévog
TeAeaTiis, TOTE VTAP)EL EVaS UoVaOIKOS tedeotns 1™ « Hy — H, mov
LKQVOTTOLEL T GYEon

<T:L",y>H2:<33,T*y>H1 yakdbe x € Hy,y € H,.
O T* elvauw poayuévog kau [T = |T|.

Anod. H ¢(y,z) := (y,Tx),, eivou sesquilinear kow @porypévn.
2



Katnyopieg teheotwv

Opioudg

'Eotow H,, H, yopou Hilbert.

(i) 'Evag T € B(H;) Myetar gpuotohoyikdg (normal) av T*T = TT™.
(o0 TG CUVVOPTNOELS)

(ii) 'Evag T' € B(H;) Myetou avtoovfuyng (self-adjoint) av T' = T™*.
(0O TIG TPAYUATIKEG OUVAPTHOELS)

(iii) 'Evag T' € B(H,, Hy) Méyeton opHopovadiaiog (unitary) arv
T = Iy xa TT* = Iy . (oav Tig ovvaptioeg ov | f(¢)| = 1)

Mapadeiypoto:

O (unilateral) shift S otov £%(Z, ) dev elvar guotoroyixoc.
Kabe M elvar puotohoyikog.

‘Evag M eivon avtoovCuyiig av-v f(t) € R yio ke t.

O uetaoynuatioudg Fourier F': L2([0,27]) — £2(Z) givon
opBopovadiaiog.



Katnyopieg teheotwv

[MpoTaon
Eotw T € B(H), émov H wyadkds yoog Hilbert. 0T elvou
@uotodoyikdg av kow udvov av |Tx|| = |T*z| yia kdbe x € H.

[MpoTaon

Eotw T € B(H), émov H wyadkds yioog Hilbert. 0T elvau
avtoovivyrs av kaw uévov av (Tx,x) € R yua kdbe x € H.

Ipbow B, (H)={T € B(H), T =T"}.

Ipotoon

Eotw T € B(H), émov H wyadkdg ywoog Hilbert. Avo T elvau

avtoovivyrg, T0Te
|7 = sup{[{T'z,)| : x € H, |]z|| < 1}.



Katnyopieg teheotwv

IMpoToom

Eotw T € B(H,, H,), émov H; wyadikol ydoou Hilbert. Téte

(i) O T elvau woouetola av kaw uévov av T™T' = Iy , wwodvvaua av
kaw uévov av (T'x, Ty) = (x,y) pa kdbe x,y € H;.

(ii) O T elvar opBouovadialos av kot uévov av elval tooueTola Kat
et

Mapadeiypato

AvH; =H, = H pe dim H < oo, k40¢e 1oopetpia elvan Bepaimg eml.
Stov (2,05 e, — €, elvor wwopetpla, oy entt agod e, & S(£?)
(oto Egvodoyeio Hilbert wévta Bpiokovue BEom, axodua KL av og Kibe
€,, UTtapyEeL EVOLKOG).



[MpoPohreg
Hopatpnon Av P: H — H ypoyyuxi) pe P = P2,

imP={zx€ H:x=Pz}, kerP=im(I—P)
H=imP+kerP, imPnNkerP ={0}.

'‘BEotw M xhelotdg vrtdympog ywpov Hilbert H.
H=M&M': z=x,+x,.

H opn mpoPorf emitov M: Py, : H — H:x —
glval ypapuki) kar tawtodtvoun (. P2 = P) e [P < 1.

IMpotoon

Eorw H ywpog Hilbert kaw P : H — H yoouuxn kaw tavtodvvaun
anmeiéwon (0nh. P2 = P). Ta exdusva sivaw i6od0vaua:

(a0) Ymdpyetr kiewotés vadywpos M tov H dote P = Py,

(B) (ker P)L(im P).

W [P <1




[MpoPohreg

[Mpotaon

Eotw H ywpog Hilbert ku P € B(H) tavtodvauog un undevikdg
tedeotrg. Ta axdlovOa eivar teodvvouo.:

(1) O P elvauw 1 0001 moofoArn exi tov im P.
(i1) O P eivau avroovlvyrg, udiota eivar Oetikdg.

(iii) O P eivou gpuotodoyikdg.

‘Evag goayuévog tedeatnc elvar 0p0n moofoln
av Kat uovov av gival TavtodUVauos Kot avtocviuyrg.



[MpoPohreg

Xpnoweg Mopatnpnoeig

(@) Av P € B(H), téte: P opb mpoPor) <= P = P* = P2,
(B)AVP =P?, t6te x €imP <= == Pz xo

xekerP < zcim(l—P).

(y) Av P opbn tpofoly, tote (Px,x) = ||P;U||2 yio k60 x € H kou
Py=y < |Py| =y

[Tpotaon (H ametkdvion P — im P Svotnpel ) Stdta&n)

Av P, (Q eivar 000¢ mpoforés, ta axdrovBo sivar toodbvaua:
(@) P<Q  (B) |Pz| <|Qx| yardbex e H
(y) im P CimQ@Q (0) QP=P () PQ=P.



[MpoPohreg

[Mpotaon

Av M| N eivau kAetotol vadywpor evig yawoov Hilbert H ko

P =P(M),Q = P(N) elvar o1 avriororyes mpoforés, tdte

(i) O tedeotiic R = PQ elvaw mpofolri) av kar uévov av PQ = QP,
av-v P(N)C N, av-v Q(M) C M. Téze R=P(MNN).

(i) MIN <= PQ=0<= QP=0<«< P|y=0< Q|;;=0.
(iii) O teAeatiic S = P+ Q eivar mpofori) av kaw uévov av M LN.
Téte S=P(M+N).

(iv) O tedeotiic D = P — Q eivaw mpoPorn av kaw uévov av M D N.
Téte D= P(M NN ).

IMpoToon
Av P =P(M) kat Q = P(N), émov M, N kAetotol vadywoor evég
xwoov Hilbert H ko L = M N N, téte:

O mpoPoirés P kar Q uetatiBevror av kow uévov av oL vadywoeot
MNL* kew NN L' elvou kébetor.



Eva [Tapaderypa

Eotw 0 € (0,7/2) xaw ¢ = cosf, s = sinf. Av opioovue

1 0 ¢ cs
Pe= [0 0] Q= [cs 82:|

Ou P xai @ ewvai opBeg pofoleg 0Tov ympo £3, oL viroywpol im P
Ko im @ exovv teTpLuevn Toun aiha dev ervon kKadetor. To yLvouevo
PQ dev ervan wpofoly.

Av (0,)) ewvan undevikn axohrovbia oto (0,7/2) optlZm Tovg teheoteg
C,S € B(£?) ano g oyeoelg
Ce,, = (cosb,)e,,, Se, = (sinb,)e,,, n € N. Tote oL teheoTeg

I 0 c? CS
Pi= [0 o] @:= {05 52]

gLval Koo oplopeveg opOeg TpoPoheg otov ympo £2 @ £2, oL voywpot
im P xou im @ eyovv teTpLuevn tour], opwg (0L LOVov deV eLval
KaBetoL ohha) To 00poLoUo TOVG OEV ELVOL KAELOTOG VITOY MPOGC.



Eva IMopaderyno

Edw H, & H, eivai 0 xwpog Ohwv T Tevyapiav B] omov

x € H,,y € Hy ue mpdEelg Kotd OUVIETAYUEVY KOL EOCWTEPLKO

YvopEVo
(E ) = 0



[MpoPohreg

Av M, N eivouw kKhewotol vrtoywpor tov H, 0 M N N eivae o
UEYAAUTEPOG KAELOTOG VItoYwpPog Tov H mov mepiéyetan koL otov M
ko otov N.

O M + N eivow o uxpdtepog khelotods vtdywpog tov H mov mepiéyel
Ko tov M wow tov N.

Svufohopoi: PVQ = PMVN)=P(M+N)
PANQ = PMAN)=P(MNN).



[MpoPohreg

IMpoToom

Av (Q;) elvaw pOivovea [abEovoa] akorovbia mpofoidv, TéTe
ovykAiver kard onueio T oty mpoPorn Q = P(M), dmov M eivau n
toun [ kAewoti] yoauuuk Onkn g évwong] twvim @, (i € N).

IMpoToom

Eotw (P,) axorovbia mpofordv o’ évav ywoo Hilbert H.

(i) Av ou P, elvau avd 8o kdOeteg, 16t 1) 08100 ), P, w ovykAivel
nakdbe x € H, kaw ), P,x = P(M)z, émov M eivau n khewo
yoauukn Onkn g évwons twvim P, (n € N).

L k40 © € H woyver y, | P,z|*> = | P(M)x|>.

(i) Av Y. | Px||® < |x] ya k0 & € H, ©d7€ 01 P, eivaw avd 8to
KaOeTeg (emouévawg toy el to cuuméoacua tov (i).

7oy dumg ot vopua teheoth), av {Q; } dmelpn



[MpoPohreg

Evalhaxtikn mpooéyyion: (Amddel&n oto orthproj2s.pdf).

[Ipotaon

Eotw (P,,) akolovOia moofordv o’ évav ywoo Hilbert H. Ta

axdrovBOo elvar teodvvaua:
m

P

m

(i) I kO m € N, woyder n Y P, < I, tooSvvaua
n=1

(7i) O P, elvauw avd 8o kdOeteg.

m
(131) Na kdBe m € N, n Q,,, = E P, eivaw pofoir).

(iv) Z | P, a:|| < Hx|| ya kdbe x € H kow m € N.
(v) FLa lca08 x € H noepd Z P,z ovykAiver otov H.

Tote, yia kdOs v € H GeLpo’z >, Pnw ovykdiver oo P(M)z, Smov
M eivou  kAewotr] yoouur) Onkn tne évwong twv im P, (n € N) kau

> Pl = | P(M)z].



[MpoPohreg

[T6pLopa

Av{M, } elvau kdOetoL avd Svo kAetotol vdywEOL EVOS YOV
Hilbert kow NV M, 0 kpdtE006 KAELOTOG UTOYWOOG TOV TEQLEYEL KAOE
M, tote kGO davvoua x € VM, yodgpetow katd wovaditkd todmo
ovykAivovoa oetpd x =Y x, O 10¢ x,, € M,
wg ovykAlvovoa oewd x = )~ | T, Omov kabe , Kau
2 _ 2
=] =32, = %



Teleotég Memepaouévng TAENG

Oproudg

Mo ypopukn aserkovion T : E — F ueta&l §10 ypoupukov xopwv
E, F )\yeton tdEng n (n € N) av o vtdymwpog T'(E) =im T éye
dibotaon n. Fpbepovue rank(7) = n. Av ou E, F' givou ympot pe
vopua, ovuporitovue ue F(E, F') 10 0UVOLO TWV QPayUévmv
vYPouUKOV ametkovicewv T : B — F wov éxouv memepaouévn TdEn
(finite rank), dnAadm

F(E,F)={T € B(E,F) :rank(T) < +0o0}.

Ewwkotepa, ypdgovue F (E) = F (E, E).



Teleotég Memepaouévng TAENG

Av H, K eivaw ywpou Hilbert, v € K xow u € H opiCovpe tov teheoth
vu*: H— K

amd tov tomo  vu*(x) = (x,u)v (x € H).

O teheotg vu* eivar gpayuévos, kau [vu*| = |Jv]| - |u.
Kabe T € F (H, K) mpwrng tdEng (rank(7T') = 1) eivon ot g
MOP@NG (e w, v un UNOEVIKA).
Kabe T' € F(H, K) ypageton
n

T=>) wvup u,€HuvcK
k=1

omov {v;, : k=1,...,n} o.x. pdon tov im7".



Teleotég Memepaouévng TAENG

Kabe T € F(H, K) «Cew pneta&l ydpov menepaopévng dLiotaong
(tov (kerT)* =imT* ke T(E) = imT):

Q¢ npog tig dwaomdoeg H = (ker T)* @ ker T  wou

K=imT® ({imT)* o T ypagpetar

_Tll 0
r=[3 )

Tomohoyukt) ot Av A € F(H, K), tote to A(ball(H)) eivon
(oxenkd) ovumayég otov K.



Svumayeic Teheotég K (E, F)

OpLopog

'Eotw F, F' yopot Banach. Mo ypapitk) ostetkovion

T : E — F Myetou ovumayng (compact) av ameikoviter Ty khelot
wovadwaio uoho By = {x € E: |z| < 1} tov E o¢ éva | - |-oyetka
ouuITayEg VIToovvoro Tov F (av dnhadn to T(B ) elval ovumoryég
vroouvoro tov F). Tpdgovue T € X' (E, F).

Kd&0e cuumoyng teheotig eival ppayuévog, 1ot ov 10 GUVOAo
T(Bg) etvon ovpmayée, elvar Péara pparypévo.
Ou ppayuévol Tereotég memepaouévng Taeng eivan cupmayseic.

Mapdderypo

Ava = (a,) € ¢y, o teheotig D, = diag(a,,) € B(¢?) eivou
OUUTTAYNG.



Zuumayeig Teheoteg

Mapathpnon. To oUuvolo TLMV eVOg Ppayuévoy Teleotn (eivar
YPAULL. XMPOG, aALA) deV elval TavTa KAELGTO

(mpdy: Aoxknon!)

To 6UvVOLO TLHOV EVOG PPAYUEVOU TENEOTI) TTETMEPAOUEVNG TAENG elval
KAELOTO (YLaTis).

IMapatipnom.
F(E,F) C X(E,F)C B(E,F).

av o E kau F' givan amelpodidotatol, dev Loyiouv oL LOOTHTEG.

Mapadeiypato O TautoTikdg TEMeoTG 1) 1) TTPOPOAY GE EVOV YMPO
dmelpng dudotaong dev eival cupTTayys.

0 D, € B({?) émov a,, = L elvan ovpmoryg ahhé éxer derpn ToEn.



YmevOuuon: XopaKtnpiouotl cuproyovg LETP. XMPOU

Oesmpnua

Eotw (X, p) uetouds ypog kaw K C X. Ta axdrovOa eivou
teodvvaua:
To K eivau ovumayés (5nh. o (K, p| ) elvaw ovumaync xdoog).
Kd0e dmetpo vroovvoro A tov K éyel tovAdyiotov éva onueio
oveowpevons oto K.

To K eivar axorovOiaxd cvumayés (dni. kdOe axolovbia oto K
&xer vaxoiovlia mov cvykAiver uéoa oto K).

O (K, p|k) elvaw ohixd goayuévog (5nh. yua kdbe € >0 0 K
KaAUzTeTOU o wemepaouévo mAnbog umdies axtivag € > 0) kat
TGO

Mapatipnon Ze wifpn petp. yopo X, éva A C X elvaw oxetikd
ovutayég (dnh. A cvumayéc) av-v eivor oMKE pparyuévo.



Zuumayeig Teheoteg

Oesmpnua

Eotww E, F ywpot Banach, T' : E — F yoouuuk ameucovion. To
axdAovba elvar toodvvaua:

(i) OT eivaw cvumoyng.

(ii) I kd&Os poayuévo vroovvoro A C E, 1o W glvau cvuToyss.
(iti) N kdOe poayuévy axorovbia {z, } tov E, n akodovOia {Tx, }
éxel || - |-ovyrAivovoa vrakolovOia.

(iv) To ovoro T (Bpg) elvar olkd poayuévo.



Zuumayeig Teheoteg

[apatpnon: O F(E, F) eivar ypaukog xmpog.
ANupo

Av E|F elvau yapot Banach, o X (E, F) elvou yoauuikdg yboog: Av
T,SeX(E,F)kau A€ C, 6te T+ S € X (E,F).

[Mopatnpnon: Tvouevo ppayuévou tekeoti) A ue memepaouévng
14ENg X € F (B, F) 1 memep. téEng X ue gpayuévo B eivon
TETEPAOUEVNG TAENC:

=
=
=
| |
&S|
B
=

ANupo
Av M, E,F, N eival ywpot Banach,

Be B(M,E), X € X(E,F) kv A€ B(F,N)
= XBeX(M,F) raw AXeX(E,N)



Zuumayeig Teheoteg

Mapatnpnon: O vdywpog F (E, F) dev eivan khelotdg otov
B(E, F) (o0& amelpodLdotatoug X mpovs).

[Mpotaon

Av E| F elvau yapot Banach, o X (E, F) elvau kAeiotdg vadywpog
Tov ypov Banach B(E, F), doa ywopog Banach.

Hapatpnon: Apa, av |4, —A| — 0 ko k&0e A,, eivar cupmayg,
t0te 0 A glvan ovumayne. Ouwg: To katd onueio dpLo akolovdiog
OUUITOYMV TELECTMV (OKOUOL Ko TTETEPOOUEVNG TAENG) deV elval
TOVTOL GUUTTOYNGC.

Hapatnpnon: Ewwkdtepa to K (E) eivan (appinievpo) kKhewotd
WOeddeg g GhyePpag Banach B(F).



Xopoxtnpropol Zvumoywv Teheotmv

Oesmpnua

Av H eivau ypog Hilbert kow T' € B(H ), ta axdrovOa eivau
teodvvaua:

(i) O T eivou ovumayng.

(ii) ' kGOe opOokavovikij akorovbia {x, } Tov H, toyvel
(Tz,,x,) — 0.

(iii) Yrdpyer wa axorovbio { F, } axd gpoayuévovs tedeotés
nemepacuévng taEng wote |T — F, || — 0.

IMoprope (Aoknon)

Eotw H, K ydoou Hilbert kaw A € B(H, K). O A elvou ovumayns av
Kkau uévov av yia kdOe € > 0 vadpyer B € F(H,K) ko

C € B(H,K) dote |C|| < e kv A= B+ C. Adue ér «o A elvau
WLKOT) OLaTapoy ) EVOS TEAEGTI) TETEQACUEVTS TAETS».

IMapathpnon Aev woyver oe dhovg Tovg xwpovg Banach
(Per Enflo, Acta Math., 130 (1973).



Xopaxtnpropol Zvurwoaywv Teleotmv

O P. Enflo moparaupdvel to fpafeio amd tov S. Mazur.



Xopoxtnpropol Zvumoywv Teheotmv

[MpoTaon

Eotw H, K ywoou Hilbert. Av 1 yoouuxn axewdvion A H — K
elvau ouumayrs, 10te ot vadywpor im A kau (ker A)* elvau
dtaywoiouot.

[Mpotaon

Av H, K eivou ypou Hilbert kaw T € B(H, K) tte

TeX(H,K) < T'T € X(H) < T* € X(K,H).

[potaon

Eotw H,K ydoou Hilbert kaw T' € B(H, K). OT elvau ovumayns av
Kkaw udvov av ywa ke opbokavovikij akorovbia (x,,) tov H, n
axorovBia (T'x,) ovykAiver wg mpog v | - || -



Ohoxinpwtikol Teheotég

Mapaderypa: Kabe ohoxinpwtikdg teleotg eivan ovumoyns: Eotw
k € C(la,b] x [a,b]). O teheotig A, € B(L?[a,b]) ne

b
(Apf) () = / ko) f)dy, | € Cllab])

elval oupmaymg.

H 18¢a g amodelEng. Tpooeyyitovue v k amd ypauu.
oUVOHVAOUOVS YOPAKTNPLOTIKOV OVVAPTHOEMY 0pOoYywVimV, oL 0TToieg
0pifouv OAOKANPWTLKOVG TELEOTEG TTETEPAOTUEVNG TAENC.

(Aeg xou to apyeio intops.pdf)



2t0y0¢: To Paopatikd Oempnua

Ztoyoc: va amodeiEovue To akodiovbo

Oewpnua Av H eivar yipog Hilbert, kG0s cuumayis kat puotoloyikdg
tedeotiic A € B(H) Swaywvomoteiton otov vadywpo (ker A)*.

Yrdpyovv dnradn a(n) € C kaw opBokavovikr) fdon {x,, : n € N}
rov (ker A)* wote Az, = a(n)z,, yia kdOen € N.

(YrevOvpon. O (ker A)* eivar dioywpiowiog, agov o A givou
ovpmaymgs.)

Ieodtvaua, av U : (ker A)* — 2 eivau o unitary tedectiic mov
wavomowel U(z,) = e, pakdben € N, t6re UAU ' =D,

(6mov D, = diag(a(n)) o dwaydviog tedeotig).



[dtotipeg kou Idtodraviouato

Opioudg

'‘Botw E ypapukog yopog, A : B — E ypopwkr axetkdvion. 'Evag
(uyadikdc) apBudg A Aéyetar tdrotun (eigenvalue) g A av vdpyer
un undevikd x € E wote Az = Az. To z Myston 18Lo0dLavvouo
(eigenvector) tng A KoL To GVVOLO

M, :={zx € E: Az =z} =ker(A—\I)

(TTOV Elval TPOPAVMG YPOUMKOS X MPOG) ELVOL O LOLOYWPOG
(eigenspace) g A mov avtiotolyel oty oty A. To ohvoro Twv
oty mg A ovppolritovue o, (A).



[dtotipeg kou Idtodraviouato

IMapatnpnoes:

(i) K&be 1d1oywpog My g A elvar avarllolotog amd v A, dnhadn
A(M,) C M,, 1<0LLA|MA = )\I]MA.

Mdhota o My eivon avorholwTog Kot amd KaOe ypouiK
anetkdvion B mov uetatiBstoun e v A.

(ii) Av o E eivou xtpog ue vopua ko 1 A eivor ovveyng, K60
WOy wpog M, elvon Khelotdg vToywpPog Tov E, yiati

My = (A=A~ ({0}).

(iii) Av o E eivan (un undevikdg) uryadikog xmpog Ko

dim F = n < 400, k40e ypauukr arxerkovion A : £ — E éyel
LOLOTLUEG,

Avtd puotkd dev alnBevel TAVTA O€ TPAYUATIKOUG YPOUULKOUG
Y MPOVG.

e ameLpodLAoTATOVS UyadLKOVS Y MPOoUG;



[dtotipeg kou Idtodraviouato

Mapadeiypato

(0) Ztov ydpo (2 = (3(Z, ) Bewpovue Tov TeEAEOTH]

S:e, e, 1 (ne€Z,). 0S8 devéyer 1dotpée.

‘Oumg o S* éyeL vepoplOuN oo TANBOGS LOLOTLUMYV:

ap( ) ={AeC: |\ < 1}. Ta (novadiaia) Wrodioviopatd Tov

xy = (1, A2, )etvon ypapukd aveEdpmnta, ohhd dev eivar
Kka0Oeto. H K)\ELO'IZT] YPARULKT) BMKT) TOVg ElvaL OLOG 0 XDPOG.

(B) Zrov ydpo £2(Z) Oewpodue tov teheot| U z e, - €, 1 (n € Z). O
U d¢gv éyer 1drotiuég. Ovte o U™ éyel dlotipéc.

(y) Ztov ywpo L3([0,1]) Bewpovue Tov teheot) A pe
(Af)(t)=tf(t) (f € C([0,1])). O A dev éyer drotpés. OuuiLovue
OTL Elval AVTOoVCUYNG.

(o) Zrov (2 = (%(Z, ) Bewpodue Tov teheom V e, >
(neZ,). 0V dev éyel 1doTuég Kat eival CUUTOYNG.

n+1 n+1

Kau ta 800 pali; Avtoouuyng Kol cupmoyne;



ALOYWVOTTOL|OLLOL TELEOTEG

"Eotw H dwoympiowog ydpog Hilbert. ‘Evag teheotiic A € B(H )
Méyetou dlaymvorououog (diagonalizable) av vidpyet po
opBokavovikn Béon {z,,} tov H xau o akohovbia a = (a(n))
wyodikdv apdpov wote Az, = a(n)z,, yio kabe n € N.

Téte a = (a(n)) ppayuévn Ko
A=U"'D,U: ARD,
omov U : H — 02 : z,, — e,, elvou unitary. Apo.

SLOYWVOTTOLTOLLOG = (PUOLOAOYLKOG.



ALOYWVOTTOL|OLLOL TELEOTEG

IMpoTaon

Eotw H Swaywolowog ywoog Hilbert, A € B(H). O A elvau
SLaywVOTOLNGLUOGS AV KOl UOVOV AV Ot LOLOYWEOL TOV Elvat avd G0
KdBOetot kot wapdyovv tov H.

To ovvoro ap(A) TV LOLOTLUWDV EVOG OLAYVOTTOLGLUOV TEAEGTT)
elvau (memepaouévo 1) apbunjowwo. Av {\,, : n € N} elvaw wa
apiBunon tov ap(A) kou P, elvaw n moofoin orov ididywoo M, wov
avuotowyel oTnv oot A, 10te yLo kabe © € H

Az = Z A, P x

(6mov to dbpotouc GuYKAiveL (av elval ATELP0) WS TEOG TN VOPUA TOV
H).



'Eva tapdderyna,

‘Eotm g ouveyhg ouvdpton, 2m-meprodiky, H = L2(]0,27]),
T:H— H: fTf o6mou

1 21
@) =5 [ sle=v) sy
TJo
(oLoxApoTKSG TeEheoTg). TTapatipnon: Av £, (z) = e'™® Bpiokw
Tf,=gn)f, (nel).

Anhadi), og Tpog v owkoyévewa { f,, : n € Z}, 0 T duorymvomouOnke!

H owcoyévewa { f,, : n € Z} eivar opBoxavovik féon tov L2([0, 27]).



To (mini) Paopatikd Oempnua

Oehpnuo

KdOe puoioroyuxdg tedeotic T oe évav (uyadikd) yawoo Hilbert
duaoraons n < o0 glval dtaywvoroLoluog, SnAadn vmdoyet
opOokavoviki) Bdon {e;, : k=1,...,n} tov H rouw a(k) € C dote
Te,=age, (k=1,...,n).

leodvvaua, o T eivar opBouovadiaio teodVvauog (unitarily equivalent)
ue évav dtaywvio teAeotn, OnAadn vadpyet opBouovadiaios teAEoTg
U:H — 02([n]) dore o UTU ! va eiveu Staydrwiog.

Anupa

Eotw T € B(H) puotodoykds tedeotijs. Avx € H elvau
Wodudvvoua tov T ue ot N, éte Tz = .

Eretan ot ot tdtdymwpeot evog puatoroyucot tedeotr) (av vadoyovv)
0V aVAyovV, Kau eival kaBetot ueTaEl Tovg.



Anupa

Eotw A € B(H) kaw M C H klewotds A-avarrolwtog vadywoog.
Eotw B € B(M) o meptopiouds B := A|,. Téte, B* = A*|); avka
uévov av o M eivaw kou A*-avariolwrog.

Moapdderyuo

AvU : (2(Z) — (%(Z) eivow o Teheotg ™G appimievpng HETaTdmLONG
(Ue,, =€, .1 yva k40e n € Z), 0o vioyopog M = span{e,, : n > 0}
elvan U-avalhoiwtog, alhd o meploplopds S := U, dev ikavomotel
S* =U*| 1, kb Sey =0 ever Uey =e_;.



To ®doua

Eotw A€ B(H), \eC

A€ay(A) <= A=Al opl-l
U1 étav dim H < oo ) oy wévra, av dim H = oo
A—AI 6y avuotpéyuog
¢
Aeo(A)

Oproudg
To gdopa evog ppayuévou teheoth A € B(H) eivon to ovvoro

o(A):={X € C: A— A\ oy avuotpéyuog}.



OpLouog

To @dopa evdg ppayuévov teheot A o° évav ydpo Banach eivar to
ovvolo

o(A) ={A € C:0A— )\ dev éxeL (ppayu.) avtiotpogo }.
TLoyver 6tL o phoua o( A) eivan ovumayég un kevod virootvvoro tou C.

[Tpotaon

~
<
~

To 0(A) podooetaw amd oM — A elvau
avToTEéYIIOG Kaw 0 avtiotpogog tov elvar To | - ||-doto Tng cetpds

S

n



[Mopotnp1oeLg Yo To PAoUO TELEOTY

Mapathpnon Evag guoohoyikog tedeotic T € B(H) eivou
avuetoéyiuog av-v vadpyet m > 0 dote || Tx| > m|z| yo kdOe

z € H.

Ague tote «o T eivar Kdtw ppayuévog otn povadiaio ogaipa tov H».

MMpotoom

Av A € B(H) eivau puororoyixdg tereotrs, évag A € C avijker oto
@pdoua o(A) tov A av kaw uévov av vadpyel akorovlia (x,,) oty
wovadiaia opaipa tov H wote |Ax,, — Az, || — 0.

Kabe \ € o(A) ewvan mpooeyyiotikn idtotun (approximate eigenvalue).
[MopLopa

To @pdoua evés avtoovivyovs teleatn amoteAeitar amd
mooyuatnkovs aptbuodg.

To pdoua evég Ostikov TeAeotn) amoTeAelTaL ATO UN AP VNTLKOUS
optBuoig.

AmodeiEeig oto apyelo invtbl.pdf.



To ®dopo avtoovluyovg TeheoT)

"Eotw H ywpog Hilbert.

[poTaon

Eotw A= A* € B(H). Téte

(a) | Al = sup{|(Az,z)| : |z = 1}.

(B) |A] = max{|A|: A € o(A)}.

Eidixdtepa, 1o paoua evos avtoovivyods tedeatn Oev eival Kevo.
(y) Av emmieov o A etvaw ovumayng, ToTe exEL LOLOTYN A ue

IAl =4

AnédeiEn oto apyeio spsa2b.pdf.

H spotoon toyvel, ommg Ba douue, Yo puoLoroyLKOUG TELETTES, OUMG
Yo voL o artodetEoupe Oa XPEL0oOOVUE TO PAOUATIKO BempruaL.



[dtotpég ovpmaymv Teleotmv

Av A€ X(H) kaw A= A%, 161 vadoyer A € 0,(A) ue |\ = | A.

Mapaderypa

Av A € X (H) 7o 0 dev eivon wévra rotyun: m.y. D, dmov a = ().

Apa, vidpyer x € H mov uepiotomoel tov A, dn. | Az| = ||A]||=]|.
Méhoto to x gival Wrodidvuopa tov A e Wt | A 1 —||A].



[dtotpég ovpmaymv Teleotmv

IMpoToon

Eotw A € X (H).
(i) KaOe 1016y wpog tov A mov avuotowyel oe un undevikn tdtotun)

ExeL memepaouévn dLdoTaon.
(ii) To obvolo 0,(A) TV idtoTiudv Tov 1 elvon TETEOAOUEVO, 1)
amotelel undevikn axolovbia.

Mapathpnon Oa deiEovue To (if) TPMOTO YLA AVTOOVTVYELG KOl
apYoTEPQ (LE YPTION TOV PAoUOTIKOV OEmPNIATOS) VLo
(PUOLOLOYLKOVG TELEDTEC.

ZNUELOVOUUE OTL TO ALTTOTELEGULA LOYVEL YLOL TUYOVTEG OUUITOLYELS
teheotéc, Omwg Ba deiouvpe pe to Evodhaktikd @edpnuo Fredholm.
Toyvel pahoto Yo ovpoyeic teEeotés o ympoug Banach (deite my
v [Ipdtaon 5.1.5 oto «Ewocoymyn ot Oewpic Teheotwv»).



To ®aopatikd OempnuUa YLo. CUUTTOYELG TELEOTES

YrevOuwon: ‘Eotw {M,, : n € N} kéBetor avé dvo khewotol
vrtoywpot evog ywpov Hilbert H kouw M := @,, M, to €ub¥ tovg
abporopa, . 0 WKPOTEPOG KAELOTOG VTTOYWPOG TOV TEPLEYEL KAOE
M,,.

Av P, = P(M,,), n tpoPoi) P = P(M) otov M wavomotel
Pr=> P, xxon ||P:r||2 => ||Pnl‘“2 yio kébe z € H.

Enopévog av ka0e M, éxel iua opBokavoviki Baon {e; ,, 14 € I, },m
U, {€in i€ 1,} eivaw opBokavovikii Béon tov M.

Afupa

Av {P, : n € N} elvar kdOeteg ava 5o moofolés o’ évav ydpo
Hilbert H kau ()\,,) elvaw undeviki) axorovOia apiQuiv, 1 oetod
o0
A, P, ovykiiver wg mpog ) vépua tov B(H).

n=1



To ®aopatikd Ochpnuo o A € B(H ) ovpoyn

O A givar puololoyikog <=

e O A dwaywvomoteiton otov vdywpo (ker A)*

<~ A~,D, 60 <=

o Yrapyel wo (memepacuévn 1 amelpn) opfokavoviki) akolovdia
(z,,) Wwdavvoudtwv Tov A, ue avtiotoryes WoTég (a(n)) dote

N

A=) a(n)x,z}

lim =0 <=

N—oo

n=1

o Ou WO wpor M, etvon kdbetoL avd dvo, £xouv apbunoipuo mindog
Ko wopdyovv tov H. <~
e Ou avtiotouyeg Tpoforég Py eivan kdbeteg ava dvo, éxouv

aptdunopo mbog ko yia kaOe apibunon {A,, : n € N} tov o, (A),
av P, = Py oybel
n n
:B—ZPk:U — 0 ywoxébe x € H xou A—Z)\kPk
k=1 I k=1 B(H)




To ®aopatikd Oempnua Yo PPOYUEVOUS TENEOTEG

I pporyuévoug, OxL Kat avaykn ouumayeis, TeleoTéc,
OTTOOELKVUETAL TO

Oewpnua (Pacuatikd Bedpnuac)

Av A € B(H) elvau puotodoyirds tedeotrs, 10T vadoyet évag yxhpos
uétoov (X, 1), évag toouetoikdg toouopgiouds U tov H exi tov
L2(X, 1) kou e goayuévy uetoniown ovvdptmon f = X — C dote va
LoYVEL

UAU g = fg g€ L*(X,p).



[Mpwteg ouvemeleg Paouatikoy OewPNUOTOS

IMopLopa
Eotw A cuumayns puotolopikds tedeotiis o’ évav ywoo Hilbert H.
Tote

(0) Al =max{[A]: X € 0,,(A)}

(i)  |A| =max{|[(Az,z)|: z € H, || =1}

IMpoTaon

Eotw A € B(H) ovumayns Ostikog tedeotng. Yaaoyel uovadikog
Ostixog tedeotne B € B(H) ue B2 = A. (Emmheov o B eivau

CUUTTOYT]G.)

Aewte v amodelén oto apyeio unscrt.pdf.



[evikn wopen ovumayovg teleotn oe ympovg Hilbert

Av 80000V opbHokavovikég axorovbieg {x,, } otov xdpo Hilbert K kou
{y,,} otov ydpo Hilbert H xou gppaypuévn akohovdio Oetikdv
apBuav {A(n)} opileton ppayuévog teheotig A: H — K ne

Z (@) (zy5)( v kabe x € H .

Otwpnuo

Av A : H — K eivar ovumaryns tedeotic ueta&v ywowv Hilbert H kot
K, vadpyovv oplokavovikés axorovbies {x,, } orov K kau {y,, }
otov H kou (memepaouévn 1 undevikn) akorovlio Oetikwv aptBumv

{A(n)} dote o0
A=Y "Mi)zy;
i=1
dmov 1) GeLPd oVYKALveL we mpog T vépua tov B(H, K).

To Oswpnua autod givan ovvémela tov Paopatikol OewphUoTog KoL
NG TOMKTG AVATAPEOTAONG TELETTY).



Evolaxtiko Oempnua Fredholm (Fredholm alternative)

Oewpmnuo

Av K eivou ovumaynig tedeotrs oe évav yawpo Hilbert 8 H kau
AeC,A#0,
1 n eElowo

g Mr— Kz =y (D

éxet uovadikn Avon x € H pa kdbe y € H,
1 adhws 1 avriotoryn ouoyevis eElowon

Ax—Kx=0
ExeL yoauuka aveEdptntes AoeLs, udiota mexepaouévov TANBovg.

To Oehpnuo. Emetan amd Ta ETOUEVO SV0 ANUUOTO.

I g amodeiteus, deite to apyeio fred25.pdf.

8To @edpnuo. aindevel koL og yHpovg Banach.



Evolaxtiko Oempnua Fredholm (Fredholm alternative)

ANupo

AvT € B(H) ke |T| <1, 0 I =T eivaw avuotoéyuuog kaw o
-||-6pto g cetods

avtlotooeds Tov elvau o |
o
(I-T)7'=> 1"
n=0

(e1d1km mepimrwon g [potaong 82)
Afupa

Eotw K € B(H) ovurayis teheotis. O tedeotiic [ — K éxer
POAVUEVO aVTIGTOOPO oV Kaw (ovov av givor 1-1.

Agite oyeTIKG Ko TV eEALPETIKA eVOLOpEPOVON GUTNTNON YLO TO
0¢uo oto blog tov Terence Tao
a-proof-of-the-fredholm-alternative


https://terrytao.wordpress.com/2011/04/10/a-proof-of-the-fredholm-alternative/
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