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1. (a) Na brejoÔn, an up�rqoun, ta sup, inf, max kai min twn sunìlwn
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(b) 'Estw A,B mh ken� uposÔnola tou R pou ikanopoioÔn to ex c: gia k�je a ∈ A kai gia
k�je b ∈ B isqÔei a ≤ b. DeÐxte ìti to A eÐnai �nw fragmèno, to B eÐnai k�tw fragmèno kai
supA ≤ inf B.

(3m)

Upìdeixh. (a) 'Eqoume A = {x ∈ Q : −√2 < x <
√

2}. To A eÐnai mh kenì (0 ∈ A) �nw fragmèno
apì ton

√
2 kai k�tw fragmèno apì ton −√2. 'Ara, up�rqoun ta sup A kai inf A.

supA =
√

2: èstw s = sup A. AfoÔ 0 ∈ A èqoume 0 ≤ s. AfoÔ o
√

2 eÐnai �nw fr�gma tou A,
s ≤ √

2. Upojètoume ìti s <
√

2. Apì thn puknìthta twn rht¸n sto R, up�rqei q ∈ Q ¸ste
s < q <

√
2. Tìte, −√2 < 0 ≤ s < q <

√
2, �ra q ∈ A. 'Atopo, afoÔ o s eÐnai �nw fr�gma tou A.

To A den èqei mègisto stoiqeÐo: an eÐqe, autì ja  tan Ðso me to supA =
√

2. 'Omwc,
√

2 /∈ A
(apì ton orismì tou A, k�je stoiqeÐo tou A eÐnai mikrìtero apì

√
2 � epÐshc,

√
2 /∈ Q).

'Omoia deÐqnoume ìti inf A = −√2 kai ìti to A den èqei el�qisto stoiqeÐo.

(b) An x ∈ B tìte up�rqei n ∈ N ¸ste 0 < 1
2n ≤ x ≤ 1

2n−1 ≤ 1. Sunep¸c, B ⊆ (0, 1]. Dhlad ,
0 /∈ B, o 0 eÐnai k�tw fr�gma tou B, o 1 eÐnai �nw fr�gma tou B.

ParathroÔme ìti 1 ∈ [
1
2 , 1

]
, �ra 1 ∈ B. 'Epetai ìti o 1 eÐnai to mègisto stoiqeÐo tou B.

Eidikìtera, supB = 1.
EpÐshc, inf B = 0: o 0 eÐnai k�tw fr�gma tou B kai, gia k�je ε > 0 up�rqei x ∈ B ¸ste x < ε

(p�rte x = 1
2n gia n arket� meg�lo). Apì ton ε-qarakthrismì tou infimum èpetai ìti inf B = 0.

AfoÔ 0 /∈ B, to B den èqei el�qisto stoiqeÐo.

2. Gia kajemi� apì tic parak�tw akoloujÐec breÐte to ìrio, an up�rqei:
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√
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√
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(3m)

Upìdeixh. (a) Gr�foume
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√
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=
1
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2
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(b) 'Eqoume 3n ≤ 2n +3n ≤ 3n +3n = 2 ·3n. 'Ara, 3 ≤ βn ≤ 3 n
√

2. AfoÔ n
√

2 → 1, apì to krit rio
parembol c blèpoume ìti βn → 3.
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=

(n + 1)n+1

5n+1(n + 1)!
5nn!
nn

=
1
5

(
n + 1

n

)n

→ e

5
< 1.

Apì to krit rio tou lìgou, γn → 0.
(d) AfoÔ |sun(n2 + 1)| ≤ 1, èqoume 0 ≤ |δn| ≤ 1√

n
. 'Omwc, 1√

n
→ 0, �ra |δn| → 0, �ra δn → 0.

3. (a) An an → 0, eÐnai al jeia ìti h akoloujÐa (|an|) eÐnai fjÐnousa? (Pl rhc dikaiolìghsh.)
(b) OrÐzoume mia akoloujÐa (an) me a1 = 2 kai

an+1 =
an

2
+

1
an

, n = 1, 2, 3, . . . .

(i) DeÐxte ìti an >
√

2 gia k�je n ∈ N.



(ii) DeÐxte ìti h (an) eÐnai fjÐnousa.

(iii) Na sumper�nete ìti h (an) sugklÐnei kai na breÐte to ìrio thc.

(1+2m)

Upìdeixh. (a) L�joc: gia par�deigma, an an = 0 gia n perittì kai an = 1
n gia n �rtio, èqoume

0 ≤ an ≤ 1
n gia k�je n, opìte an → 0, ìmwc h |an| = an den eÐnai monìtonh (gr�yte touc pr¸touc

ìrouc thc: 0, 1
2 , 0, 1

4 , 0, 1
6 , . . .).

(b) ParathroÔme pr¸ta ìti an > 0 gia k�je n. DeÐqnoume ìti an >
√

2 me epagwg . 'Eqoume
a1 = 2 >

√
2 kai an an >

√
2 tìte
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Gia th monotonÐa,
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− 1
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=
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=
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> 0

afoÔ a2
n > 2.

H (an) eÐnai fjÐnousa kai k�tw fragmènh apì ton
√

2, �ra sugklÐnei se k�poion x ≥ √
2.

Af nontac to n →∞ sthn anadromik  sqèsh, blèpoume ìti o x ikanopoieÐ thn exÐswsh

x =
x

2
+

1
x

dhlad , x2 = 2. 'Epetai ìti x =
√

2.

4. (a) 'Estw (an) kai (bn) dÔo akoloujÐec tètoiec ¸ste
(i) lim

n
an = 0 kai

(ii) gia k�je ε > 0 up�rqei n1 ∈ N ¸ste gia k�je n ≥ n1 na isqÔei |bn − an| < ε.
DeÐxte ìti lim

n
bn = 0.

(b) 'Estw a, b ∈ R kai f : R→ R me f(x) = ax + b.
Exet�ste gia poièc timèc twn a kai b
(i) h f eÐnai stajer , (ii) h f eÐnai 1-1, (iii) h f eÐnai epÐ.
BreÐte thn f−1, ìtan up�rqei. (2+1m)

Upìdeixh. (a) 'Estw ε > 0. Apì thn upìjesh, up�rqei n1 ∈ N ¸ste gia k�je n ≥ n1 na isqÔei
|bn − an| < ε/2.

AfoÔ an → 0, up�rqei n2 ∈ N ¸ste gia k�je n ≥ n2 na isqÔei |an| < ε/2.
Tìte, gia k�je n ≥ n0 := max{n1, n2} èqoume

|bn| ≤ |bn − an|+ |an| < ε/2 + ε/2.

'Epetai ìti bn → 0.

(b) 1. 'Estw ìti h f(x) = ax + b eÐnai stajer . Dhlad , up�rqei c ∈ R ¸ste ax + b = c gia k�je
x ∈ R. Jètontac x = 0 blèpoume ìti c = b kai jètontac x = 1 blèpoume ìti a + b = c = b, dhlad 
a = 0. AntÐstrofa, an a = 0 (kai b opoiod pote) eÐnai profanèc ìti h f eÐnai stajer .
2. 'Estw ìti h f(x) = ax + b eÐnai 1 − 1. Tìte, f(0) 6= f(1), �ra b 6= a + b, dhlad  a 6= 0.
AntÐstrofa, an a 6= 0 (kai b opoiod pote) tìte h f eÐnai 1-1: èstw x, y ∈ R me f(x) = f(y). Tìte,
ax + b = ay + b, �ra ax = ay, �ra x = y (afoÔ a 6= 0).
3. 'Estw ìti h f(x) = ax + b eÐnai epÐ. Tìte, up�rqei x ¸ste f(x) = b + 1, �ra ax = 1,
�ra a 6= 0. AntÐstrofa, an a 6= 0 (kai b opoiod pote) tìte h f eÐnai epÐ: èstw y ∈ R. Tìte,
y = a · y−b

a + b = f
(

y−b
a

)
.

4. An a 6= 0 (kai mìno tìte), h f eÐnai 1-1 kai epÐ. 'Ara, orÐzetai h f−1 : R → R kai (apì to 3)
f−1(y) = y−b

a .


