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1. (a) Na brejoÔn, an up�rqoun, ta max, min, sup kai inf tou sunìlou

A =
{

(−1)n n

n + 1
: n = 1, 2, . . .

}
.

Aitiolog ste tic apant seic sac.

(b) 'Estw A,B mh ken� uposÔnola tou R pou ikanopoioÔn to ex c: gia k�je a ∈ A kai gia
k�je b ∈ B isqÔei b < a. DeÐxte ìti to B eÐnai �nw fragmèno, to A eÐnai k�tw fragmèno kai
supB ≤ inf A.

(1.5m)

2. (a) UpologÐste ta ìria twn parak�tw akolouji¸n:

αn =
sun(n!)

n
, βn =

n!
nn

, γn =
1√

n2 + 1
+

1√
n2 + 2

+ · · ·+ 1√
n2 + n

.

(b) 'Estw x ∈ R. ApodeÐxte me epagwg  ìti |hm(nx)| ≤ n |hmx| gia k�je n = 1, 2, . . ..
(1.5+0.5m)

3. (a) ApodeÐxte ìti k�je aÔxousa kai �nw fragmènh akoloujÐa (an) sugklÐnei se pragmatikì
arijmì.

(b) 'Estw f : [0, 1] → [0, 1] aÔxousa kai suneq c sun�rthsh. JewroÔme tuqìn x1 ∈ [0, 1] kai
orÐzoume akoloujÐa (xn) sto [0, 1] mèsw thc anadromik c sqèshc xn+1 = f(xn). DeÐxte ìti h (xn)
sugklÐnei se k�poio ξ ∈ [0, 1] to opoÐo ikanopoieÐ thn f(ξ) = ξ.

(2m)

4. 'Estw f, g : [a, b] → R suneqeÐc sunart seic me f(x) < g(x) gia k�je x ∈ [a, b]. DeÐxte ìti
max(f) < max(g).

(1m)

5. (a) 'Estw f : [a, b] → R suneq c sun�rthsh. DeÐxte ìti up�rqei ξ ∈ [a, b] ¸ste

f(ξ) =
f(a) + f(b)

2
.

(b) 'Estw n ≥ 1 kai a1, . . . , an ∈ [0, 1]. DeÐxte ìti up�rqei x ∈ [0, 1] me thn idiìthta

|x− a1|+ · · ·+ |x− an| =
n

2
.

(1.5m)

6. OrÐzoume f : R → R me f(0) = 0 kai f(x) = x
2 + x2hm

(
1
x

)
an x 6= 0.

(a) DeÐxte ìti h f eÐnai paragwgÐsimh sto R kai exet�ste an h sun�rthsh f ′ : R → R eÐnai
suneq c.

(b) DeÐxte ìti, gia k�je ε > 0, h f den eÐnai monìtonh sto (−ε, ε).

(2m)

7. (a) 'Estw g : R → R sun�rthsh me lim
x→0

g(x) = α > 0. DeÐxte ìti up�rqei δ > 0 ¸ste: an

0 < |x| < δ tìte g(x) > 0.
(b) 'Estw f : R → R dÔo forèc paragwgÐsimh sun�rthsh me f(0) = 0, f ′(0) = 0 kai f ′′(0) = α > 0.
DeÐxte ìti:

(i) Up�rqei δ1 > 0 ¸ste: an 0 < |x| < δ1 tìte f ′(x)
x > 0.

(ii) Up�rqei δ2 > 0 ¸ste: an 0 < |x| < δ2 tìte f(x) > 0.
(2m)

Kal  epituqÐa!


