
2 Exwterik� mètra kai mètra

Orismìc 2.1 'Estw Ω sÔnolo. Mia sunolosun�rthsh φ : P(Ω) → [0, +∞}
lègetai exwterikì mètro sto Ω an

• φ(∅) = 0.

• (monotonÐa) A ⊆ B ⊆ Ω =⇒ φ(A) ≤ φ(B)

• (σ-upoprosjetikìthta) An {An : m ∈ N} ⊆ P(Ω) tìte

φ(
∞⋃

n=1

An) ≤
∞∑

n=1

φ(An).

Parat rhsh 2.1 SÔgkrish me thn ènnoia tou mètrou:
(i) 'Ena exwterikì mètro orÐzetai s�olìklhro to dunamosÔnolo
(ii) den eÐnai ìmwc kat�an�gkh (oÔte peperasmèna) prosjetikì, all� mìno

σ-upoprosjetikì.

Par�deigma 2.2 (To exwterikì mètro Lebesgue) λ∗ : P(R) → [0, +∞] :

λ∗(A) = inf

{
∞∑

n=1

(bn − an) : A ⊆
∞⋃

n=1

(an, bn), an, bn ∈ R, an < bn

}
.

Prìtash 2.3 To λ∗ eÐnai exwterikì mètro.

Prìtash 2.4 To λ∗ {epekteÐnei} to m koc: Gia k�je a, b ∈ R me a ≤ b,

λ∗([a, b]) = λ∗((a, b]) = λ∗([a, b)) = λ∗((a, b)) = b− a.

EpÐshc an I ⊆ R eÐnai mh fragmèno di�sthma, tìte λ∗(I) = +∞.

Ja deÐxoume ìti to exwterikì mètro Lebesgue ep�gei èna σ-prosjetikì mè-
tro orismèno se mia σ-�lgebra pou eÐnai arket� meg�lh, ¸ste na perilamb�nei
ta diast mata.

M�lista, k�je exwterikì mètro φ ep�gei èna σ-prosjetikì mètro orismèno
sthn σ-�lgebra Mφ twn φ-metr simwn sunìlwn:
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Orismìc 2.2 'Estw φ : P(Ω) → [0, +∞] èna exwterikì mètro. 'Ena B ⊆ R
lègetai φ-metr simo an

gia k�je A ⊆ R, φ(A) = φ(A ∩B) + φ(A ∩Bc).

Jètoume Mφ = {B ⊆ Ω : B φ-metr simo}.

Parat rhsh 2.5 'Estw B ⊆ Ω.

• An φ(B) = 0, tìte B ∈Mφ.

• Gia na deÐxw ìti B ∈Mφ, arkeÐ na deÐxw ìti

gia k�je A ⊆ Ω, φ(A) ≥ φ(A ∩B) + φ(A ∩Bc).

• M�lista arkeÐ na deÐxw thn anisìthta aut  gia k�je A me φ(A) < ∞.

Je¸rhma 2.6 (Karajeodwr ) An φ eÐnai exwterikì mètro sto Ω, tìte

• H Mφ eÐnai σ-�lgebra kai

• To φ|Mφ
eÐnai pl rec mètro.

B mata apìdeixhc:

1. H Mφ eÐnai �lgebra.

2. An B1, B2 ∈Mφ eÐnai xèna, tìte gia k�je A ⊆ Ω isqÔei

φ(A ∩ (B1 ∪B2)) = φ(A ∩B1) + φ(A ∩B2)

�ra φ(B1 ∪B2) = φ(B1) + φ(B2)

opìte to φ|Mφ
eÐnai peperasmèna prosjetikì.

3. An {Bn : n ∈ N} ⊆ Mφ eÐnai xèna an� dÔo, tìte

•
⋃

n∈N Bn ∈Mφ kai

• φ
(⋃

n∈N Bn

)
=
∑∞

n=1 φ(Bn)

opìte h Mφ eÐnai σ-�lgebra kai to φ|Mφ
eÐnai σ-prosjetikì.
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Epomènwc o q¸roc (Ω,Mφ, φ|Mφ
) eÐnai q¸roc mètrou. 'Oti eÐnai pl rhc èpetai

t¸ra apì thn Parat rhsh 2.5.

B ma 1. (a) Ω ∈Mφ: profanèc.
(b) An B ∈Mφ, tìte gia k�je A ⊆ Ω isqÔei

φ(A) = φ(A ∩B) + φ(A ∩Bc)

= φ(A ∩ (Bc)c) + φ(A ∩Bc)

�ra Bc ∈Mφ.
(g) An B1, B2 ∈Mφ, na deÐxw ìti B1 ∩B2 ∈Mφ: 'Estw A ⊆ Ω. Epeid 

B1 ∈Mφ èqoume
φ(A) = φ(A ∩B1) + φ(A ∩Bc

1). (1)

Epeid  B2 ∈Mφ èqoume

φ(A ∩B1) = φ((A ∩B1) ∩B2) + φ((A ∩B1) ∩Bc
2) (2)

opìte h (1) gÐnetai

φ(A) = φ((A ∩B1) ∩B2) + φ((A ∩B1) ∩Bc
2) + φ(A ∩Bc

1). (3)

All�

B1 ∩Bc
2 = B1 \B2 = B1 \ (B1 ∩B2) = B1 ∩ (B1 ∩B2)

c

kai Bc
1 = Bc

1 ∩ (B1 ∩B2)
c (diìti Bc

1 ⊆ (B1 ∩B2)
c)

opìte h (3) gÐnetai

φ(A) = φ((A∩B1)∩B2)+φ((A∩B1)∩(B1∩B2)
c)+φ(A∩Bc

1∩(B1∩B2)
c). (4)

An C ≡ A ∩ (B1 ∩B2)
c, epeid  B1 ∈Mφ èqoume

φ(C) = φ(C ∩B1) + φ(C ∩Bc
1)

dhlad  φ(A ∩ (B1 ∩B2)
c) = φ(A ∩B1 ∩ (B1 ∩B2)

c) + φ(A ∩Bc
1 ∩ (B1 ∩B2)

c)

opìte h (4) gÐnetai

φ(A) = φ(A ∩ (B1 ∩B2)) + φ(A ∩ (B1 ∩B2)
c)

�ra, efìson to A ⊆ Ω eÐnai tuqaÐo, B1 ∩B2 ∈Mφ.
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B ma 2. An B1, B2 ∈ Mφ, kai B1 ∩ B2 = ∅, tìte (B1 ∪ B2) ∩ B1 = B1

kai (B1 ∪B2)∩Bc
1 = B2, opìte gia k�je A ⊆ Ω, jètontac C = A∩ (B1 ∪B2)

èqoume, afoÔ B1 ∈Mφ,

φ(A ∩ (B1 ∪B2)) = φ(C) = φ(C ∩B1) + φ(C ∩Bc
1)

= φ(A ∩ (B1 ∪B2) ∩B1) + φ(A ∩ (B1 ∪B2) ∩Bc
1)

= φ(A ∩B1) + φ(A ∩B2).

B ma 3. An {Bn : n ∈ N} ⊆ Mφ eÐnai xèna an� dÔo kai B =
⋃

n Bn, ja
deÐxw ìti gia k�je A ⊆ Ω,

φ(A) = φ(A ∩B) + φ(A ∩Bc) =
∞∑

n=1

φ(A ∩Bn) + φ(A ∩Bc) (5)

opìte
φ(A) = φ(A ∩B) + φ(A ∩Bc)

�ra B ∈Mφ kai

φ(B) =
∞∑

n=1

φ(Bn)

�ra to φ|Mφ
eÐnai σ-prosjetikì.

Pr�gmati, gia k�je N ∈ N, epeid 
⋃N

n=1 Bn ∈Mφ,

φ(A) = φ

(
A ∩

(
N⋃

n=1

Bn

))
+ φ

(
A ∩

(
N⋃

n=1

Bn

)c)

=
N∑

n=1

φ(A ∩Bn) + φ

(
A ∩

(
N⋃

n=1

Bn

)c)
(B ma 2)

≥
N∑

n=1

φ(A ∩Bn) + φ (A ∩Bc)

diìti A ∩ Bc ⊆ A ∩
(⋃N

n=1 Bn

)c

. AfoÔ h anisìthta isqÔei gia k�je N ∈ N,

èqoume

φ(A) ≥
∞∑

n=1

φ(A ∩Bn) + φ (A ∩Bc) ≥ φ

(
∞⋃

n=1

(A ∩Bn)

)
+ φ (A ∩Bc)
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lìgw thc σ-upoprosjetikìthtac tou φ. All� ∪n(A ∩ Bn) = A ∩ (∪nBn) =
A ∩B, �ra

φ

(
∞⋃

n=1

(A ∩Bn)

)
+ φ (A ∩Bc) = φ(A ∩B) + φ (A ∩Bc) ≥ φ(A)

p�li apì thn upoprosjetikìthta. Dhlad 

φ(A) ≥
∞∑

n=1

φ(A ∩Bn) + φ (A ∩Bc) ≥ φ(A ∩B) + φ (A ∩Bc) ≥ φ(A)

sunep¸c isqÔei isìthta, kai h (5) apodeÐqjhke. �

Orismìc 2.3 Tomètro Lebesgue λ sto R eÐnai o periorismìc tou λ∗ sthn
Mλ∗ .

Prìtash 2.7 K�je Borel uposÔnolo tou R eÐnai Lebesgue metr simo.

Apìdeixh H σ-�lgebra Borel par�getai apì ta diast mata thc morf c
∆ = (−∞, b). AfoÔ loipìn h Mλ∗ eÐnai σ-�lgebra, arkeÐ na deÐxw ìti k�je
tètoio di�sthma an kei sthn Mλ∗ , dhlad  ikanopoieÐ

λ∗(A) ≥ λ∗(A ∩∆) + λ∗(A ∩∆c)

gia k�je A ⊆ R me λ∗(A) < ∞.
'Estw ε > 0. Apì ton orismì (bl. Par�deigma 2.2) tou exwterikoÔ mètrou

Lebesgue λ∗, up�rqoun anoikt� fragmèna diast mata In, n ∈ N ¸ste

A ⊆
⋃
n

In kai
∑

n

m(In) < λ∗(A) + ε (6)

(ìpou me m(I) sumbolÐzoume gia suntomÐa to m koc b− a enìc diast matoc I
me �kra a, b ìpou a ≤ b). 'Eqoume

A ∩∆ ⊆
⋃
n

(In ∩∆) kai A ∩∆c ⊆
⋃
n

(In ∩∆c).

ParathroÔme ìmwc ìti, afoÔ ∆ = (−∞, b), ta sÔnola In ∩ ∆ kai In ∩ ∆c

eÐnai ìla diast mata (endeqomènwc k�poia na eÐnai ken�   ìqi anoikt�). Kat�
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sunèpeia isqÔei λ∗(In∩∆) = m(In∩∆) kai λ∗(In∩∆c) = m(In∩∆c) (Prìtash
2.4). Apì thn σ-upoprosjetikìthta tou λ∗ èqoume t¸ra

λ∗(A ∩∆) ≤ λ∗

(⋃
n

(In ∩∆)

)
≤
∑

n

λ∗(In ∩∆) =
∑

n

m(In ∩∆)

kai λ∗(A ∩∆c) ≤ λ∗

(⋃
n

(In ∩∆c)

)
≤
∑

n

m(In ∩∆c).

All� m(In ∩∆) + m(In ∩∆c) = m(In) 1 kai epomènwc

λ∗(A∩∆)+λ∗(A∩∆c) ≤
∑

n

(m(In ∩∆) + m(In ∩∆c)) =
∑

n

m(In)
(6)

≤ λ∗(A)+ε.

AfoÔ to ε > 0 eÐnai aujaÐreto, h zhtoÔmenh anisìthta apodeÐqjhke. �

Parat rhsh 2.8 Gia k�je A ⊆ R,

λ∗(A) = inf{λ(V ) : V anoiktì, A ⊆ V }
= inf{λ(B) : B Borel, A ⊆ B}.

Orismìc 2.4 'Estw (Ω,S, µ) q¸roc mètrou. An A ⊆ Ω, orÐzoume

µ∗(A) = inf{µ(B) : B ∈ S, A ⊆ B}
µ∗(A) = sup{µ(C) : C ∈ S, C ⊆ A}.

'Eqoume p�nta µ∗(A) ≤ µ∗(A) kai profan¸c an A ∈ S tìte µ∗(A) =
µ∗(A) = µ(A).

Prìtash 2.9 'Estw (Ω,S, µ) q¸roc mètrou.
(a) Gia k�je A ⊆ Ω up�rqei B ∈ S me A ⊆ B kai µ∗(A) = µ(B).
(b) To µ∗ eÐnai exwterikì mètro.
(g) An (Ω,Sµ, µ̄) eÐnai h pl rwsh tou (Ω,S, µ), isqÔoun Sµ ⊆ Mµ∗ kai

µ∗|Sµ = µ̄.
(d) An to µ eÐnai σ-peperasmèno, tìte Sµ = Mµ∗ .

1H isìthta isqÔei tetrimèna an In ∩∆ = ∅   In ∩∆c = ∅. Alli¸c, an to In èqei �kra
x ≤ y kai ∆ = (−∞, b) tìte m(In ∩∆) + m(In ∩∆c) = (b− x) + (y − b) = m(In).

6



Pìrisma 2.10 O q¸roc mètrou (R,Mλ∗ , λ
∗) eÐnai h pl rwsh tou q¸rou

mètrou (R,B(R), λ∗). Epomènwc gia k�je A ∈ Mλ∗ up�rqei B ∈ B(R) me
A ⊆ B kai λ(B) = λ(A).

Prìtash 2.11 'Estw (Ω,S, µ) q¸roc mètrou kai A ⊆ Ω me µ∗(A) < ∞.
Tìte A ∈ Sµ an kai mìnon an µ∗(A) = µ∗(A).

Prìtash 2.12 'Estw µ peperasmèno mètro Borel sto R. OrÐzoume

Fµ : R → R me Fµ(t) = µ((−∞, t]).

H Fµ eÐnai fragmènh, aÔxousa, dexi� suneq c kai lim
x→−∞

Fµ(x) = 0.

H Fµ lègetai sun�rthsh katanom c tou µ.

Prìtash 2.13 'Estw F : R → R fragmènh, aÔxousa, dexi� suneq c me
limx→−∞ F (x) = 0. Up�rqei tìte monadikì peperasmèno mètro Borel µF sto
R me sun�rthsh katanom c Ðsh me F .

Parat rhsh 2.14 To µF kajorÐzetai apì th sqèsh

µF (A) = inf

{∑
n

(F (bn)− F (an)) : A ⊆
⋃
n

(an, bn)

}
, A ⊆ R Borel

me ton Ðdio trìpo pou to mètro Lebesgue kajorÐzetai sta sÔnola Borel apì to
exwterikì mètro Lebesgue.
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