
3 Idiìthtec tou mètrou Lebesgue

Orismìc 3.1 'Estw X metrikìc q¸roc, S mia σ-�lgebra pou perièqei ta
anoikt� (�ra kai ta Borel), µ èna mètro ston (X,S). To µ lègetai kanonikì
an

(i) Gia k�je K ⊆ X sumpagèc isqÔei µ(K) < ∞.
(ii) [Exwterik  kanonikìthta] Gia k�je A ∈ S isqÔei

µ(A) = inf{µ(V ) : V anoiktì, A ⊆ V }
(iii) [Eswterik  kanonikìthta] Gia k�je V ⊆ X anoiktì isqÔei

µ(V ) = sup{µ(K) : K sumpagèc, K ⊆ V }.
Prìtash 3.1 To mètro Lebesgue sto R eÐnai kanonikì. M�lista, an A ⊆ R
eÐnai Lebesgue metr simo, tìte

λ(A) = sup{λ(K) : K sumpagèc, K ⊆ A}.
Pìrisma 3.2 O q¸roc mètrou (R,Mλ∗ , λ

∗) eÐnai h pl rwsh tou q¸rou
mètrou (R,B(R), λ∗). Epomènwc gia k�je A ∈ Mλ∗ up�rqei B ∈ B(R) me
A ⊆ B kai λ(B) = λ(A).

Prìtash 3.3 To λ eÐnai to monadikì mètro Borel µ sto R pou ikanopoieÐ
µ(I) = b− a gia k�je fragmèno di�sthma I me �kra a ≤ b.

Orismìc 3.2 An A, B ⊆ R kai x ∈ R, jètoume
A + x = {a + x : a ∈ A}
A + B = {a + b : a ∈ A, b ∈ B} =

⋃

b∈B

(A + x)

A−B = {a− b : a ∈ A, b ∈ B}
Parat rhsh 3.4 Gia k�je x ∈ R h apeikìnish fx : a → a + x : R→ R
eÐnai 1-1, epÐ, suneq c kai me antÐstrofh thn f−1

x = f−x, pou eÐnai suneq c.
'Ara èna sÔnolo A eÐnai kleistì an kai mìnon an h met�jes  tou A + x eÐnai
kleistì sÔnolo. Efìson h f−1

x diathreÐ en¸seic, tomèc kai sumplhr¸mata,
èpetai ìti èna sÔnolo A eÐnai Borel an kai mìnon an to A + x eÐnai Borel.

ParathroÔme ìti an to I ⊆ R eÐnai fragmèno di�sthma, to I + x eÐnai
fragmèno di�sthma kai λ(I + x) = λ(I). 'Epetai t¸ra apì ton orismì tou
exwterikoÔ mètrou λ∗ ìti

λ∗(A) = λ∗(A + x) gia k�je A ⊆ R kai x ∈ R.
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Epomènwc to mètro Lebesgue ston metr simo q¸ro (R,B(R)) eÐnai anal-
loÐwto stic metajèseic. To Ðdio isqÔei kai ston (R,Mλ∗):

Parat rhsh 3.5 To mètro Lebesgue ston (R,Mλ∗) eÐnai analloÐwto stic
metajèseic, dhlad  èna sÔnolo A ⊆ R an kei sthn Mλ∗ an kai mìnon an
(A + x) ∈Mλ∗ gia k�je x ∈ R, kai isqÔei λ(A) = λ(A + x).

Apìdeixh An A ∈Mλ∗ tìte gia k�je B ⊆ R,

λ∗(B) = λ∗(B − x) = λ∗((B − x) ∩ A) + λ∗((B − x) ∩ Ac)

= λ∗(((B − x) ∩ A) + x) + λ∗(((B − x) ∩ Ac) + x)

= λ∗(B ∩ (A + x) + λ∗(B ∩ (A + x)c)

�ra (A + x) ∈Mλ∗ .
An antÐstrofa (A + x) ∈Mλ∗ tìte A = ((A + x)− x) ∈Mλ∗ .

T¸ra gia k�je A ∈Mλ∗ kai x ∈ R èqoume

λ(A + x) = λ∗(A + x) = λ∗(A) = λ(A)

apì thn prohgoÔmenh Parat rhsh. ¤

Je¸rhma 3.6 An µ eÐnai èna mètro Borel sto R pou eÐnai analloÐwto stic
metajèseic kai peperasmèno sta sumpag  sÔnola tìte eÐnai pollapl�sio tou
mètrou Lebesgue, dhlad  up�rqei a ≥ 0 ¸ste µ = aλ.

Apìdeixh 'Estw a = µ([0, 1)). To a eÐnai peperasmèno efìson µ([0, 1)) ≤
µ([0, 1]) kai to [0, 1] eÐnai sumpagèc.

An a = 0 tìte µ = 0 giatÐ µ(R) =
∑

n∈Z µ(In) ìpou In = [n, n + 1) �ra
µ(In) = a = 0.

An a > 0, jètoume ν(A) = 1
a
µ(A) kai ja deÐxoume ìti ν = λ. ArkeÐ (giatÐ?)

na deÐxoume ìti ν((a, b)) = λ((a, b)) gia k�je fragmèno anoiktì di�sthma (a, b).
Gia k�je n, jètoume Dn,k = [k−1

2n , k
2n ). Ja deÐxoume ìti ν(Dn,k) = 1

2n .
Pr�gmati, epeid  Dn,k = Dn,1 + k èqoume ν(Dn,k) = ν(Dn,1) ≡ νn kai epeid 
Dn,k ∩Dn,j = ∅ ìtan k 6= j èqoume

[0, 1) =
2n⋃

k=1

Dn,k =⇒ ν([0, 1)) =
2n∑

k=1

ν(Dn,k) = 2nνn
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�ra νn = 1
2n = λ(Dn,k), dhlad  ta mètra ν kai λ tautÐzontai sta diast mata

thc morf c Dn,k. 'Omwc k�je fragmèno anoiktì di�sthma (a, b) eÐnai arij-
m simh ènwsh tètoiwn diasthm�twn1, �ra ta mètra ν kai λ tautÐzontai sta
fragmèna anoikt� diast mata, �ra pantoÔ.

Je¸rhma 3.7 (Steinhaus) An A ∈Mλ∗ kai λ(A) > 0, to A−A perièqei
mia anoikt  perioq  tou mhdenìc (−δ, δ).

Apìdeixh Epeid  λ(A) > 0 kai to λ eÐnai kanonikì, up�rqei sumpagèc K ⊆ A
me λ(K) > 0. P�li apì thn kanonikìthta tou λ, up�rqei V anoiktì me K ⊆ V
kai λ(V ) < 2λ(K). 'Estw F = V c. To F eÐnai kleistì, to K sumpagèc kai
K ∩ F = ∅, epomènwc h apìstas  touc δ ≡ inf{|x− y| : x ∈ K, y ∈ F} eÐnai
jetik . Epomènwc gia k�je x ∈ K kai k�je t ∈ (−δ, δ) èqoume x + t ∈ V .
Dhlad  an |t| < δ tìte (K + t) ⊆ V , opìte K ∪ (K + t) ⊆ V . All� ta
sÔnola K kai K + t èqoun mh ken  tom . GiatÐ an  tan xèna tìte, efìson
λ(K + t) = λ(K) ja eÐqame

λ(V ) ≥ λ(K ∪ (K + t)) = λ(K) + λ(K + t) = 2λ(K)

en¸ èqoume dialèxei to V ¸ste λ(V ) < 2λ(K).
DeÐxame ìti gia k�je t ∈ (−δ, δ) up�rqei x ∈ K ∩ (K + t), dhlad  x ∈ K

kai x = y + t gia k�poio y ∈ K. Sunep¸c t = x − y ∈ K − K, �ra
(−δ, δ) ⊆ K −K ⊆ A− A. ¤

To sÔnolo Cantor 'Estw

C0 = [0, 1]

C1 = [0,
1

3
] ∪ [

2

3
, 1]

C2 = [0,
1

9
] ∪ [

2

9
,
3

9
] ∪ [

6

9
,
7

9
] ∪ [

8

9
, 1]

. . . . . . . . . . . .

C =
∞⋂

n=1

Cn.

1Up�rqoun gnhsÐwc monìtonec akoloujÐec duadik¸n rht¸n (pn) kai (qn) ¸ste pn ↘ a
kai qn ↗ b, opìte (a, b) = ∪n[pn, qn) kai k�je di�sthma [pn, qn) eÐnai thc morf c [ p

2n , q
2m ) =

[ 2mp
2n+m , 2nq

2n+m ), eÐnai dhlad  peperasmènh ènwsh diasthm�twn thc morf c D(n + m, k).
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Dhlad  sto n-ostì st�dio èqoume èna sÔnolo Cn pou eÐnai ènwsh 2n kleist¸n
diasthm�twn kai afairoÔme apì k�je kleistì di�sthma I tou Cn to anoiktì
di�sthma me kèntro to mèso tou I kai m koc Ðso me 1/3 tou m koc tou I.

Parat rhsh 3.8 To sÔnolo Cantor èqei mètro Lebesgue mhdèn kai eÐnai
kleistì kai poujen� puknì. EÐnai ìmwc uperarijm simo.

Apìdeixh (a) K�je Cn eÐnai ènwsh 2n xènwn kleist¸n diasthm�twn me
m koc (1

3
)n to kajèna, �ra λ(Cn) = 2n(1

3
)n. 'Epetai ìti λ(C) ≤ λ(Cn) gia

k�je n kai �ra to C eÐnai mhdenikì sÔnolo.

(b) To C eÐnai kleistì kai poujen� puknì:
An I eÐnai anoiktì di�sthma pou perièqetai sto C, ja prèpei na perièqetai

se k�je Cn, epomènwc se k�poio apì ta xèna diast mata pou apartÐzoun to
Cn. Efìson loipìn kajèna apì ta diast mata aut� èqei m koc (1

3
)n, èqoume

λ(I) ≤ (1
3
)n gia k�je n, �ra λ(I) = 0 kai sunep¸c I = ∅.

(g) Tèloc, gia na deÐxoume ìti to C eÐnai uperarijm simo, ja kataskeu�soume
mia 1-1 sun�rthsh pou apeikonÐzei to sÔnolo

Ω = {(σn) : σn ∈ {0, 1}}

epÐ tou C. Autì arkeÐ, afoÔ to Ω eÐnai uperarijm simo.
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DÐnoume diadoqik� deÐktec sta kleist� diast mata tou k�je Cn wc ex c:

C1 : [0, 1
3
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9
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9
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9
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dhlad  ta diast mata tou Cn onom�zontai K(σ1, σ2, . . . , σn) ìpou σk ∈ {0, 1}
me tètoio trìpo ¸ste apì to K(σ1, σ2, . . . , σn) na prokÔptoun sto n+1-ostì
st�dio ta diast mata K(σ1, σ2, . . . , σn, 0) kai K(σ1, σ2, . . . , σn, 1). Epomènwc,
k�je �peirh akoloujÐa σ ∈ Ω kajorÐzei mia monadik  fjÐnousa akoloujÐa
K(σ1), K(σ1, σ2), . . . , K(σ1, σ2, . . . , σn), . . . apì sumpag  diast mata. 'Epetai

(lìgw sump�geiac) ìti h tom  Kσ ≡
∞⋂

n=1

K(σ1, σ2, . . . , σn) den eÐnai ken , kai

efìson diamK(σ1, σ2, . . . , σn) =
1

3n
→ 0, to Kσ eÐnai monosÔnolo. Onom�-

zoume f(σ) to monadikì stoiqeÐo tou Kσ, dhlad  Kσ = {f(c)}.
Den eÐnai dÔskolo na bebaiwjeÐ kaneÐc ìti h σ → f(σ) eÐnai 1-1 kai epÐ:
An σ = (σ1, σ2, . . .) 6= τ = (τ1, τ2, . . .), tìte up�rqei n ∈ N ¸ste σn 6=

τn opìte ta sÔnola K(σ1, σ2, . . . , σn) kai K(τ1, τ2, . . . , τn) eÐnai xèna. All�
f(σ) ∈ K(σ1, σ2, . . . , σn) kai f(τ) ∈ K(τ1, τ2, . . . , τn) �ra f(σ) 6= f(τ).

EpÐshc an x ∈ C = ∩nCn tìte gia k�je n to x an kei se èna kai monadikì
K(σ1, σ2, . . . , σn). 'Ara to x an kei sthn tom 

⋂
n K(σ1, σ2, . . . , σn) = Kσ =

{f(σ)} opìte up�rqei σ ∈ Ω ¸ste x = f(σ).

Parat rhsh 3.9 To sÔnolo Cantor eÐnai tèleio, dhlad  eÐnai kleistì kai
den èqei memonwmèna shmeÐa.
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Apìdeixh BebaÐwc to C = ∩nCn eÐnai kleistì, giatÐ k�je Cn eÐnai pepera-
smènh ènwsh kleist¸n diasthm�twn, �ra kleistì sÔnolo.

Ja deÐxoume ìti k�je x ∈ C eÐnai ìrio miac akoloujÐac (xn) shmeÐwn tou
C daforetik¸n apì to x.

Gia k�je n, to shmeÐo x perièqetai se èna monadikì K(σ1, σ2, . . . , σn), pou
to sumbolÐzoume Kx(n).
Up�rqoun dÔo peript¸seic:   to x eÐnai to aristerì �kro k�poiou Kx(n0)  
to x den eÐnai to aristerì �kro kanenìc Kx(n).

Sthn pr¸th perÐptwsh, to x den eÐnai to dexiì �kro kanenìc Kx(n), opìte
gia k�je n onom�zoume xn autì to dexiì �kro. Tìte 0 < |x−xn| ≤ (1

3
)n. Sthn

deÔterh perÐptwsh, gia k�je n onom�zoume xn to aristerì �kro tou Kx(n)
kai p�li èqoume 0 < |x− xn| ≤ (1

3
)n. Kai stic dÔo peript¸seic isqÔei xn 6= x

gia k�je n ∈ N kai xn → x. ¤

Parat rhsh 3.10 Gia k�je a ∈ (0, 1), mporoÔme na kataskeu�soume èna
sÔnolo {tÔpou Cantor} Ca me mètro a.

Kataskeu  Xekin�me apì to C0 = [0, 1], all� antÐ na afairèsoume èna
anoiktì di�sthma m kouc 1

3
me kèntro to mèson tou, afairoÔme èna anoiktì

di�sthma (1
2
− b

4
, 1

2
+ b

4
) m kouc b

2
(ìpou b = 1− a). ProkÔptoun dÔo kleist�

diast mata m kouc 1
2
(1− b

2
). Apì to kajèna afairoÔme èna anoiktì di�sthma

m kouc b
8
me kèntro to mèson tou, kai prokÔptoun tèssera diast mata m kouc

1
4
(1− b

2
− b

4
) to kajèna, kai oÔtw kajex c. 'Etsi sto n-ostì st�dio afairoÔme,

me kèntro to mèson k�je diast matoc tou Ca
n−1, èna anoiktì di�sthma m kouc

b
22n−1 . 'Epetai ìti

λ([0, 1] \ Ca) =
b

2
+

b

4
+

b

8
+ . . . = b, �ra λ(Ca) = a.

EpÐshc, epeid  λ(Ca
n) < 1, kajèna apì ta 2n kleist� diast mata pou apoteloÔn

to Ca
n èqei m koc mikrìtero apì 1

2n . 'Ara to Ca den mporeÐ na perièqei anoikt�
diast mata.

Je¸rhma 3.11 (Vitali) Up�rqei E ⊆ [0, 1] pou den eÐnai Lebesgue metr -
simo.

'Ena deÔtero par�deigma 'Estw S1 = {ei2πt : t ∈ [0, 1)} h monadiaÐa
perifèreia sto migadikì epÐpedo. OrÐzoume ei2πt ∼ ei2πs an ei2π(t−s) = ei2πq gia
k�poio q ∈ Q. H sqèsh ∼ eÐnai sqèsh isodunamÐac, kai �ra diamerÐzei thn S1 se
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kl�seic isodunamÐac. Qrhsimopoi¸ntac to AxÐwma thc Epilog c, epilègoume
ènan antiprìswpo ei2πt apì k�je kl�sh isodunamÐac, kai onom�zoume F ⊆ S1

to sÔnolo ìlwn aut¸n twn antipros¸pwn. Ja deÐxoume ìti to F den eÐnai
Lebesgue metr simo, opìte kai to sÔnolo E = {t ∈ [0, 1) : ei2πt ∈ F} den ja
eÐnai Lebesgue metr simo.

An q1 6= q2 eÐnai rhtoÐ sto [0, 1), ta sÔnola ei2πq1F = {ei2π(q1+t) : ei2πt ∈
F} kai ei2πq2F eÐnai xèna giatÐ an ei2π(q1+t) = ei2π(q2+s) tìte ei2π(t−s) = ei2π(q2−q1),
opìte ta ei2πt kai ei2πs ja an koun sthn Ðdia kl�sh isodunamÐac, antÐjeta me
thn epilog  tou F . An {q1,q2, . . .} eÐnai mia arÐjmhsh tou Q ∩ [0, 1), tìte

S1 =
⋃
n

ei2πqnF

giatÐ k�je ei2πt ∈ S1 an kei se k�poia kl�sh isodunamÐac, opìte eÐnai isodÔ-
namo me k�poio ei2πs ∈ F . Efìson ta sÔnola ei2πqnF eÐnai xèna, an to F  tan
Lebesgue metr simo ja eÐqame

λ(S1) =
∑

n

λ(ei2πqnF ).

All� λ(ei2πqnF ) = λ(F ) gia k�je n, afoÔ to mètro Lebesgue eÐnai analloÐwto
stic metajèseic. An λ(F ) = 0 prokÔptei λ(S1) = 0, kai an λ(F ) > 0 prokÔptei
λ(S1) = ∞ ; kai oi dÔo ekdoqèc odhgoÔn se �topo.

Prìtash 3.12 'Estw X metrikìc q¸roc kai µ peperasmèno mètro Borel
ston X. Gia k�je A sthn pl rwsh B(X)µ thc σ-�lgebrac B(X) twn uposu-
nìlwn Borel tou X isqÔei

µ̄(A) = inf{µ(G) : G anoiktì, A ⊆ G}
= sup{µ(F ) : G kleistì, F ⊆ A}. (1)

Pìrisma 3.13 An X sumpag c metrikìc q¸roc, k�je peperasmèno mètro
Borel ston X eÐnai kanonikì.

(To sumpèrasma tou PorÐsmatoc isqÔei kai an o X eÐnai pl rhc metrikìc
diaqwrÐsimoc q¸roc.)
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