
5 To olokl rwma Lebesgue

Se ìlh thn par�grafo, stajeropoioÔme ènan q¸ro mètrou (X,S, µ).

Orismìc 5.1 (i) An s : X → R+ eÐnai apl  metr simh se kanonik  morf 

s =
n∑

k=1

ckχAk
orÐzoume∫

sdµ =
n∑

k=1

ckµ(Ak) ∈ [0, +∞]

(jètoume 0 · (+∞) = 0)
(ii) An f : X → [0, +∞] eÐnai metr simh, orÐzoume∫

fdµ = sup

{∫
sdµ : s apl  metr simh, 0 ≤ s ≤ f

}
.

An A ∈ S orÐzoume ∫
A

fdµ =

∫
fχAdµ.

(iii) 'Estw f : X → R metr simh kai f+ = f ∨ 0 kai f− = (−f) ∨ 0. Tìte
oi f+ kai f− eÐnai mh arnhtikèc kai metr simec, �ra orÐzontai ta

∫
f+dµ kai∫

f−dµ (sto R). An toul�qiston èna apì ta dÔo eÐnai peperasmèno, orÐzoume∫
fdµ =

∫
f+dµ−

∫
f−dµ ∈ R.

(iv) Mia f : X → R lègetai (apolÔtwc) oloklhr¸simh an eÐnai metr -
simh kai ∫

|f |dµ < +∞.

Ja melet soume pr¸ta tic idiìthtec tou oloklhr¸matoc mh arnhtik¸n sunar-
t sewn.

L mma 5.1 An s : X → R+ apl  metr simh kai s =
∑m

k=1 bkχBk
ìpou

Bk ∩Bj = ∅ gia k 6= j, tìte∫
sdµ =

m∑
k=1

bkµ(Bk).
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Prìtash 5.2 An s, t : X → [0, +∞) aplèc metr simec kai a ≥ 0, tìte

(i)

∫
asdµ = a

∫
sdµ

(ii)

∫
(s + t)dµ =

∫
sdµ +

∫
tdµ

(iii) An s ≤ t tìte

∫
sdµ ≤

∫
tdµ.

Prìtash 5.3 An f, g : X → [0, +∞] metr simec kai a ≥ 0, tìte

(i)

∫
afdµ = a

∫
fdµ

(ii) An f ≤ g tìte

∫
fdµ ≤

∫
gdµ.

(iii) An A ⊆ B (A, B ∈ S) tìte

∫
A

fdµ ≤
∫

B

fdµ

(iv) An A ∈ S kai µ(A) = 0   f |A = 0 tìte

∫
A

fdµ = 0.

Prìtash 5.4 'Estw s : X → [0, +∞) apl  metr simh. OrÐzoume

ν : S → [0, +∞] : ν(A) =

∫
A

sdµ.

Tìte to ν eÐnai mètro.

Je¸rhma 5.5 (Monìtonhc sÔgklishc tou Lebesgue) An (fn) eÐnai aÔ-
xousa akoloujÐa metrhsÐmwn mh arnhtik¸n sunart sewn fn : X → [0, +∞],
tìte ∫

(lim
n

fn)dµ = lim
n

∫
fndµ.

Apìdeixh Gia k�je x ∈ X h akoloujÐa (fn(x)) eÐnai aÔxousa kai sunep¸c
èqei ìrio f(x) ∈ [0, +∞]. 'Eqoume deÐxei ìti to kat� shmeÐo ìrio metrhsÐmwn
sunart sewn eÐnai metr simh. 'Ara h f eÐnai metr simh, kai sunep¸c to

∫
fdµ

up�rqei (mporeÐ na eÐnai +∞). Epeid  fn ≤ fn+1 ≤ f , èqoume
∫

fndµ ≤∫
fn+1dµ ≤

∫
fdµ. Epomènwc to ìrio a ≡ limn

∫
fndµ up�rqei (mporeÐ na

eÐnai +∞) kai

a ≤
∫

fdµ.
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Mènei na deiqjeÐ h antÐstrofh anisìthta. Apì ton orismì tou
∫

fdµ arkeÐ
na deÐxoume ìti an s eÐnai apl  metr simh sun�rthsh me 0 ≤ s ≤ f isqÔei∫

sdµ ≤ a.

StajeropoioÔme èna c ∈ (0, 1) kai ja deÐxoume ìti

c

∫
sdµ ≤ a.

Jètoume
En = {x ∈ X : fn(x) ≥ cs(x)} (n = 1, 2, . . .).

ParathroÔme ìti En ∈ S afoÔ h fn − cs eÐnai metr simh kai E1 ⊆ E2 ⊆ . . .
afoÔ f1 ≤ f2 ≤ . . ..

Isqurismìc:
∞⋃

n=1

En = X.

Pr�gmati, èstw x ∈ X. An f(x) = 0 tìte s(x) = 0 �ra x ∈ En gia k�je
n. An p�li f(x) > 0 tìte f(x) ≥ s(x) > cs(x), opìte efìson fn(x) ↗ f(x)
up�rqei n ∈ N ¸ste fn(x) ≥ cs(x), �ra x ∈ En. O isqurismìc apodeÐqjhke.

JewroÔme to mètro ν pou orÐzetai apì th sqèsh

ν(E) =

∫
E

sdµ, E ∈ S

'Eqoume

cν(En) = c

∫
En

sdµ =

∫
En

csdµ ≤
∫

En

fndµ ≤
∫

fndµ.

'Otan n →∞, èqoume ν(En) → ν(X) =
∫

sdµ apì thn σ-prosjetikìthta tou
ν (Prìtash 5.4). EpÐshc

∫
fndµ → a.

Sunep¸c c
∫

sdµ ≤ a. AfoÔ h anisìthta aut  isqÔei gia k�je c ∈ (0, 1),
jewr¸ntac c ↗ 1 prokÔptei ∫

sdµ ≤ a

gia k�je apl  metr simh sun�rthsh s me 0 ≤ s ≤ f , kai sunep¸c∫
fdµ = sup

{∫
sdµ : s apl  metr simh, 0 ≤ s ≤ f

}
≤ a

�ra telik¸c
∫

fdµ = a. �
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Pìrisma 5.6 An f, g : X → [0, +∞] metr simec, tìte∫
(f + g)dµ =

∫
fdµ +

∫
gdµ.

Je¸rhma 5.7 (Beppo Levi) An (fn) eÐnai akoloujÐa metrhsÐmwn mh ar-
nhtik¸n sunart sewn fn : X → [0, +∞], tìte∫ (∑

n

fn

)
dµ =

∑
n

(∫
fndµ

)
.

Prìtash 5.8 (L mma Fatou) An fn : X → [0, +∞] eÐnai metr simec1∫
(lim inf

n
fn)dµ ≤ lim inf

n

∫
fndµ.

Prìtash 5.9 'Estw f : X → [0, +∞] metr simh. OrÐzoume

ν = νf,µ : S → [0, +∞]

ν(A) =

∫
A

fdµ.

(i) To ν eÐnai mètro.
(ii) An A ∈ S tìte µ(A) = 0 ⇒ ν(A) = 0.
(iii) An g : X → [0, +∞] metr simh, tìte∫

gdν =

∫
gfdµ kai

νfg,µ = νg,ν
f,µ

= νf,νg,µ .

Orismìc 5.2 Mia idiìthta P shmeÐwn tou X isqÔei µ-sqedìn pantoÔ an to
sÔnolo {x ∈ X : h P (x) den isqÔei} eÐnai µ-mhdenikì, dhlad  up�rqei A ∈ S
me µ(A) = 0 ¸ste gia k�je x ∈ X \ A h P (x) na isqÔei.

Gia par�deigma an f, g : X → [−∞, +∞], h sqèsh f ≤ g µ-sqedìn pantoÔ
shmaÐnei ìti to sÔnolo {x ∈ X : f(x) > g(x)} eÐnai mhdenikì, dhlad  ìti
up�rqei A ∈ S me µ(A) = 0 ¸ste gia k�je x ∈ X \ A na isqÔei f(x) ≤ g(x).

1UpenjÔmish: lim inf
n

fn = lim
n

(inf{fk : k ≥ n}).
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Prìtash 5.10 An f : X → [−∞, +∞] eÐnai µ−metr simh (dhl. [f ≤ b] ∈
Sµ gia k�je b ∈ R) tìte:

(i) K�je g pou eÐnai µ-sqedìn pantoÔ Ðsh me thn f eÐnai µ−metr simh.
(ii) Up�rqei h : X → [−∞, +∞] metr simh (dhl. [h ≤ b] ∈ S gia k�je

b ∈ R) ¸ste h = f sqedìn pantoÔ.

Pìrisma 5.11 K�je Lebesgue metr simh sun�rthsh f : R → [−∞, +∞]
eÐnai λ-sqedìn pantoÔ Ðsh me mia Borel metr simh sun�rthsh.

Prìtash 5.12 An f, g : X → [0, +∞] eÐnai metr simec tìte
(i) f = g sqedìn pantoÔ =⇒

∫
fdµ =

∫
gdµ

(ii) f = 0 sqedìn pantoÔ ⇐⇒
∫

fdµ = 0.

Orismìc 5.3 Mia f : X → R lègetai oloklhr¸simh an eÐnai metr simh
kai ∫

|f |dµ < +∞.

L1
R(X,S, µ) = L1

R(µ) = {f : X → R : f oloklhr¸simh}

Parat rhsh 5.13 An f ∈ L1
R(µ) kai f = f+−f−, tìte epeid  0 ≤ f± ≤ |f |

èqoume f± ∈ L1
R(µ). An antÐstrofa oi f+ kai f− eÐnai oloklhr¸simec tìte

afoÔ |f | = f+ + f− èqoume
∫
|f |dµ < +∞ �ra f ∈ L1

R(µ).

f ∈ L1
R(µ), f = f+ − f− :

∫
fdµ =

∫
f+dµ−

∫
f−dµ.

Je¸rhma 5.14 O L1
R(µ) eÐnai grammikìc q¸roc kai to olokl rwma eÐnai

grammik  apeikìnish L1
R(µ) → R. Dhlad 

an f, g ∈ L1
R(µ), kai λ ∈ R, tìte f + λg ∈ L1

R(µ)

kai

∫
(f + λg)dµ =

∫
fdµ + λ

∫
gdµ.

Apìdeixh (i) Epeid  |f + λg| ≤ |f |+ |λ||g|, èqoume∫
|f + λg|dµ ≤

∫
(|f |+ |λ||g|)dµ =

∫
|f |dµ + |λ|

∫
|g|dµ < +∞.
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(iia) An h = f + g tìte

h+ − h− = f+ − f− + g+ − g−

⇒ h+ + f− + g− = f+ + g+ + h−

⇒
∫

(h+ + f− + g−)dµ =

∫
(f+ + g+ + h−)dµ (ìlec mh arnhtikèc)

⇒
∫

h+dµ +

∫
f−dµ +

∫
g−dµ =

∫
f+dµ +

∫
g+dµ +

∫
h−dµ (Pìrisma 5.6)

⇒
∫

hdµ =

∫
fdµ +

∫
gdµ.

(iib) An λ ≥ 0 tìte (λf)+ = λf+ kai (λf)− = λf− �ra∫
λfdµ =

∫
(λf)+dµ−

∫
(λf−)dµ =

∫
λf+dµ−

∫
λf−dµ

(5.3)
= λ

∫
f+dµ− λ

∫
f−dµ = λ

∫
fdµ.

(iig) (−f)+ = f− kai (−f)− = f+ �ra∫
(−f)dµ =

∫
(−f)+dµ−

∫
(−f−)dµ =

∫
f−dµ−

∫
f+dµ

= −
(∫

f+dµ−
∫

f−dµ

)
= −

∫
fdµ.

Prìtash 5.15 An f, g ∈ L1
R(µ) tìte

(i) f ≤ g =⇒
∫

fdµ ≤
∫

gdµ.

(ii)

∣∣∣∣∫ fdµ

∣∣∣∣ ≤ ∫ |f |dµ

Apìdeixh (i) Ex orismoÔ an h ≥ 0 metr simh tìte
∫

hdµ ≥ 0. Epomènwc∫
(g − f)dµ ≥ 0. All�

∫
(g − f)dµ =

∫
gdµ−

∫
fdµ.

(ii) 'Eqoume
− |f | ≤ f ≤ |f |

=⇒
∫

(−|f |)dµ ≤
∫

fdµ ≤
∫
|f |dµ

=⇒ −
∫
|f |dµ ≤

∫
fdµ ≤

∫
|f |dµ

=⇒
∣∣∣∣∫ fdµ

∣∣∣∣ ≤ ∫ |f |dµ.
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Prìtash 5.16 'Estw f, g ∈ L1
R(µ).

(i) An f = g µ-sv.p. tìte
∫

fdµ =
∫

gdµ.
(ii) f = 0 µ-sv.p. an kai mìnon an

∫
A

fdµ = 0 gia k�je A ∈ S.

Apìdeixh (i) An f = g µ-sv.p. tìte |f−g| = 0 µ-sv.p. opìte
∫
|f−g|dµ = 0,

�ra

0 ≤
∣∣∣∣∫ fdµ−

∫
gdµ

∣∣∣∣ =

∣∣∣∣∫ (f − g)dµ

∣∣∣∣ ≤ ∫ |f − g|dµ = 0.

(ii) An
∫

A
fdµ = 0 gia k�je A ∈ S, tìte jètontac A+ = {x ∈ X : f(x) ≥ 0}

kai A− = {x ∈ X : f(x) ≤ 0}, opìte A± ∈ S, èqoume f± = fχA± , �ra∫
f±dµ =

∫
fχA±dµ =

∫
A±

fdµ = 0

�ra, afou f± ≥ 0 kai
∫

f±dµ = 0, èqoume f± = 0 µ-sv.p. �ra f = 0 µ-sv.p.

Pìrisma 5.17 An f, g ∈ L1
R(µ) kai f ≤ g µ-sv.p. tìte

∫
fdµ ≤

∫
gdµ.

Apìdeixh An B = [f > g] tìte B ∈ S kai µ(B) = 0. An f1 = fχBc kai
g1 = gχBc tìte |f1| ≤ |f | kai |g1| ≤ |g| �ra f1, g1 ∈ L1

R(µ) kai f1 ≤ g1 pantoÔ
�ra

∫
f1dµ ≤

∫
g1dµ. All� f = f1 kai g = g1 µ-sv.p. �ra

∫
fdµ =

∫
f1dµ

kai
∫

gdµ =
∫

g1dµ.

Je¸rhma 5.18 (Kuriarqhmènhc SÔgklishc) 'Estw (fn) akoloujÐa me-
tr simwn sunart sewn pou sugklÐnei gia k�je x ∈ X kai èstw f(x) =
limn fn(x).

An up�rqei g ∈ L1
R(µ) ¸ste2 |fn| ≤ g gia k�je n, tìte f ∈ L1

R(µ) kai

lim
n→∞

∫
|fn − f |dµ = 0

lim
n→∞

∫
fndµ =

∫
fdµ.

Apìdeixh H f eÐnai metr simh diìti k�je fn eÐnai metr simh. Efìson |fn| ≤ g
kai g ∈ L1

R(µ), èqoume
∫
|fn|dµ ≤

∫
gdµ < +∞ �ra fn ∈ L1

R(µ). Gia ton Ðdio
lìgo (efìson |f | = limn |fn| ≤ g) èqoume epÐshc f ∈ L1

R(µ). Epomènwc∣∣∣∣∫ fndµ−
∫

fdµ

∣∣∣∣ =

∣∣∣∣∫ (fn − f)dµ

∣∣∣∣ ≤ ∫ |fn − f | dµ

2upenjumÐzoume ìti h upìjesh |fn| ≤ g den mporeÐ en gènei na paraleifjeÐ
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ìpou h pr¸th isìthta prokÔptei apì to je¸rhma 5.14 kai h deÔterh anisìthta
apì thn Prìtash 5.15.

ArkeÐ loipìn na deÐxoume ìti∫
|fn − f | dµ → 0.

Jètoume hn = |fn − f | kai parathroÔme ìti 0 ≤ hn ≤ 2g kai ìti hn(x) → 0
gia k�je x. 'Ara 2g − hn ≥ 0 kai 2g − hn → 2g kat� shmeÐo. Apì to L mma
Fatou èqoume ∫

lim inf
n

(2g − hn)dµ ≤ lim inf
n

∫
(2g − hn)dµ

dhlad ∫
2gdµ =

∫
lim inf

n
(2g − hn)dµ ≤ lim inf

n

∫
(2g − hn)dµ

=

∫
2gdµ + lim inf

n

∫
(−hn)dµ =

∫
2gdµ− lim sup

n

∫
hndµ

�ra lim sup
n

∫
hndµ ≤ 0. All�

∫
hndµ ≥ 0 �ra lim inf

n

∫
hndµ ≥ 0 epomènwc

0 ≤ lim inf
n

∫
hndµ ≤ lim sup

n

∫
hndµ ≤ 0

dhlad  to ìrio lim
n

∫
hndµ up�rqei kai eÐnai 0. �

Parat rhsh 5.19 Ta sumper�smata twn Jewrhm�twn Kuriarqhmènhc SÔg-
klishc kai Monìtonhc SÔgklishc exakoloujoÔn na isqÔoun an oi upojèseic
touc ikanopoioÔntai µ-sqedìn se ìla ta shmeÐa tou X.

Gia par�deigma, èstw (fn) akoloujÐa metr simwn sunart sewn pou su-
gklÐnei µ-sqedìn gia k�je x ∈ X kai up�rqei g ∈ L1

R(µ) ¸ste |fn| ≤ g
µ-sqedìn pantoÔ. An orÐsoume f(x) = limn fn(x) sta shmeÐa x ∈ X ìpou
to ìrio up�rqei kai f(x) = 0 sta upìloipa shmeÐa tou q¸rou, tìte h f eÐnai
metr simh, an kei ston L1

R(µ) kai isqÔei
∫
|fn − f |dµ → 0.
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