
'Askhsh 'Estw fn, f ∈ L1(µ). An
∫
A fndµ →

∫
A fdµ gia k�je metr simo

sÔnolo A, eÐnai al jeia ìti
∫
|fn − f |dµ → 0?

Autì pou isqÔei genik� eÐnai:∫
A fndµ →

∫
A fdµ omoiìmorfa wc proc A an kai mìnon an

∫
|fn − f |dµ → 0.

Apìdeixh An
∫
|fn − f |dµ → 0 tìte gia k�je ε > 0 up�rqei no ∈ N ¸ste∫

|fn − f |dµ < ε gia k�je n ≥ no kai sunep¸c∣∣∣∣∫
A

fndµ−
∫

A
fdµ

∣∣∣∣ ≤ ∫
A
|fn − f |dµ ≤

∫
|fn − f |dµ < ε

gia k�je A ∈ A kai gia k�je n ≥ no.
AntÐstrofa, èstw ε > 0 kai no ∈ N tètoio ¸ste gia k�je n ≥ no kai gia

k�je A ∈ A na isqÔei ∣∣∣∣∫
A
(fn − f)dµ

∣∣∣∣ < ε.

Tìte, jètontac An = [fn − f ≥ 0] èqoume gia k�je n ≥ no∫
An

|fn − f |dµ =
∫

An

(fn − f)dµ < ε

kai ∫
Ac

n

|fn − f |dµ =
∫

Ac
n

(f − fn)dµ < ε

�ra ∫
|fn − f |dµ =

∫
An

|fn − f |dµ +
∫

Ac
n

|fn − f |dµ < 2ε.

An h sÔgklish twn oloklhrwm�twn den eÐnai omoiìmorfh wc proc A, den
isqÔei p�nta ìti

∫
|fn − f |dµ → 0.

Par�deigma Sto [0, 1] me to mètro Lebesgue λ orÐzoume, gia n = 0, 1, . . .,
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n
.
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Dhlad  h fn paÐrnei enall�x tic timèc +1 kai −1 sta upodiast mata sta opoÐa
diareÐtai to [0, 1] sto n-ostì st�dio. EÐnai fanerì ìti oi fn eÐnai sunart seic
Borel kai ìti an koun ston L1, afoÔ |fn| = 1 gia k�je n, opìte

∫
|fn|dλ = 1

gia k�je n. Ja deÐxoume ìmwc ìti
∫
A fndλ → 0 gia k�je Borel A ⊆ [0, 1].

Pr�gmati:
(i) an onom�soume D to sÔnolo { k

2n , k = 0, 1, . . . , 2n, n ∈ N} twn duadik¸n

rht¸n tou [0, 1], tìte eÐnai fanerì ìti an A eÐnai di�sthma me �kra k
2m < k+1

2m ,
isqÔei ìti

∫
A fndµ = 0 gia k�je n > m, �ra to Ðdio isqÔei an to A èqei �kra

k
2m < r

2m .
(ii) 'Estw ε > 0 kai A ⊆ [0, 1] Borel. Apì thn kanonikìthta tou mètrou
Lebesgue, up�rqei C anoiktì me A ⊆ C ⊆ [0, 1] kai λ(C ∩ Ac) < ε. Epeid 
to D eÐnai puknì sto [0, 1], to anoiktì sÔnolo C gr�fetai1 wc arijm simh
ènwsh C =

⋃∞
m=1 Im xènwn an� dÔo diasthm�twn me �kra apì to D. Epeid 

λ(C) =
∑

m λ(Im) up�rqei M ∈ N ¸ste an C ′ =
⋃M

m=1 Im kai C ′′ = C \ C ′

na isqÔei λ(C ′′) < ε. Epeid  to C ′ eÐnai peperasmènh ènwsh diasthm�twn me
�kra apì to D, apì to (i) up�rqei no ∈ N ¸ste

∫
C′ fndλ = 0 gia k�je n ≥ no.

Epomènwc

0 =
∫

C′
fndλ =

∫
A∩C′

fndλ +
∫

Ac∩C′
fndλ

�ra, efìson |fn| = 1,∣∣∣∣∫
A∩C′

fndλ

∣∣∣∣ =
∣∣∣∣∫

Ac∩C′
fndλ

∣∣∣∣ ≤ ∫
Ac∩C′

|fn|dλ = λ(Ac∩C ′) ≤ λ(Ac∩C) < ε

gia k�je n ≥ no. EpÐshc∣∣∣∣∫
A∩C′′

fndλ

∣∣∣∣ ≤ ∫
A∩C′′

|fn|dλ = λ(A ∩ C ′′) ≤ λ(C ′′) < ε

�ra, efìson (A ∩ C ′) ∪ (A ∩ C ′′) = A ∩ C = A,∣∣∣∣∫
A

fndλ

∣∣∣∣ =
∣∣∣∣∫

A∩C′
fndλ +

∫
A∩C′′

fndλ

∣∣∣∣ ≤ ∣∣∣∣∫
A∩C′

fndλ

∣∣∣∣+∣∣∣∣∫
A∩C′′

fndλ

∣∣∣∣ < 2ε

gia k�je n ≥ no.

1An to C eÐnai di�sthma, C = (a, b), up�rqoun mia fjÐnousa akoloujÐa (an) kai mia
aÔxousa akoloujÐa (bn) me stoiqeÐa apì to D ¸ste an → a kai bn → b. 'Eqoume (a, b) =S

n(an, bn). Jètoume t¸ra J1 = (a1, b1), J2 = (a2, b2) \ (a1, b1), . . ., kai parathroÔme ìti
ta Jn eÐnai xèna, k�je èna eÐnai xènh ènwsh (dÔo) diasthm�twn me �kra apì to D kai
(a, b) =

S
n Jn. Gia th genik  perÐptwsh arkeÐ na jumhjoÔme ìti k�je anoiktì uposÔnolo

tou R eÐnai arijm simh ènwsh xènwn an� dÔo anoikt¸n diasthm�twn.
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