
Prosèggish me aperiìrista paragwgÐsimec
sunart seic me sumpag  forèa.

'Eqoume deÐxei ìti o q¸roc twn suneq¸n sunart sewn me sumpag  forèa eÐnai
puknìc ston L1(R,Mλ∗ , λ). Ja deÐxoume ìti ìti o {polÔ mikrìteroc} q¸roc
twn aperiìrista paragwgÐsimwn sunart sewn me sumpag  forèa èqei thn Ðdia
idiìthta.

Prìtash 1 'Estw φ : R → R+ aperiìrista paragwgÐsimh me sumpag  fo-
rèa. Tìte gia k�je suneq  sun�rthsh f : R → R me sumpag  forèa, h
sun�rthsh g ìpou

g(x) =

∫
R
f(x− s)φ(s)ds

eÐnai aperiìrista paragwgÐsimh kai èqei sumpag  forèa1 kai

supp g ⊆ supp f + supp φ.

Apìdeixh An x /∈ supp f + supp φ, tìte gia k�je s ∈ supp φ èqoume
x− s /∈ supp f �ra g(x) = 0. Epomènwc h g èqei sumpag  forèa:

supp g ⊆ supp f + supp φ.

Stajeropoi¸ x ∈ R kai ja deÐxw ìti h g′(x) up�rqei.

g(x) =

∫
R
f(x− y)φ(y)dy

g(x+ h) =

∫
R
f(x− (y − h))φ(y)dy =

∫
R
f(x− t)φ(t+ h)dt

g(x+ h)− g(x)

h
=

∫
R
f(x− t)

φ(t+ h)− φ(t)

h
dt

Isqurismìc: An hn → 0 tìte

ψn(t) ≡ φ(t+ hn)− φ(t)

hn

→ φ′(t)

omoiìmorfa wc proc t kai up�rqei sumpagèc K ⊆ R ¸ste supp ψn ⊆ K gia
k�je n.

1O forèac supp g miac sun�rthshc g eÐnai ex orismoÔ to sÔnolo {x : g(x) 6= 0}
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Pr�gmati, an supp φ ⊆ [a, b] kai |hn| ≤ c gia k�je n tìte supp ψn ⊆
[a− c, b + c] gia k�je n. Sunep¸c supp φ′ ⊆ [a− c, b + c]. Apì to Je¸rhma
Mèshc Tim c, gia k�je n up�rkei tn metaxÔ twn t kai t+ hn ¸ste

φ(t+ hn)− φ(t) = φ′(tn)hn �ra ψn(t)− φ(t) = φ′(tn)− φ(t).

Epeid  h φ′ eÐnai omoiìmorfa suneq c (diìti eÐnai suneq c me sumpag  forèa)
gia k�je ε > 0 up�rqei δ > 0 ¸ste an |x−y| < δ na èqome |φ′(y)−φ′(x)| < ε.
T¸ra an |hn| < δ èqoume |tn − t| < δ opìte |ψn(t)− φ(t)| < ε.

O isqurismìc apodeÐqjhke.
'Epetai ìti gia k�je x èqoume f(x − t)ψn(t) → f(x − t)φ′(t) omoiìmorfa

wc proc t kai sunep¸c, afoÔ oi ψn kai φ fèrontai se èna sumpagèc,∫
f(x− t)ψn(t)dt→

∫
f(x− t)φ′(t)dt.

�ra
g(x+ hn)− g(x)

hn

→
∫
f(x− t)φ′(t)dt.

Efìson h (hn) eÐnai tuqaÐa mhdenik  akoloujÐa, deÐxame ìti gia k�je x h g′(x)
up�rqei kai

g′(x) =

∫
f(x− t)φ′(t)dt.

Epagwgik� gia k�je n ∈ N, h g(n) up�rqei kai

g(n)(x) =

∫
f(x− t)φ(n)(t)dt.

Prìtash 2 An f : R → R eÐnai suneq c me sumpag  forèa, up�rqei ako-
loujÐa (fm) apì aperiìrista paragwgÐsimec sunart seic me sumpag  forèa
supp fm ⊆ supp f + [−1, 1], ¸ste fm → f omoiìmorfa, kai �ra∫

|fm − f |dλ→ 0.

Apìdeixh An φ : R → R+ eÐnai aperiìrista paragwgÐsimh me suppφ ⊆
[−1, 1], kai

∫ 1

−1
φdλ = 1, jètoume

φm(x) = mφ(mx)

kai fm(x) =

∫
R
f(x− t)φm(t)dt.
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Tìte h fm eÐnai aperiìrista paragwgÐsimh kai supp fm ⊆ supp f +[−1, 1] apì
thn prohgoÔmenh Prìtash. 'Eqoume

fm(x)− f(x) =

∫
R
f(x− t)φm(t)dt− f(x)

=

∫
R
f(x− t)φm(t)dt− f(x)

∫
R
φm(t)dt (diìti

∫
R
φm(t)dt = 1)

=

∫
R
(f(x− t)− f(x))φm(t)dt.

H f eÐnai omoiìmorfa suneq c, �ra gia k�je ε > 0 up�rqei δ > 0 ¸ste an
|t| < δ na isqÔei gia k�je x ∈ R h anisìthta |f(x − t) − f(x)| < ε. Epeid 
suppφm ⊆ [− 1

m
, 1

m
], gia k�je m ∈ N me 1

m
< δ èqw φm(t) ìtan |t| > δ, opìte

fm(x)− f(x) =

∫
R
(f(x− t)− f(x))φm(t)dt =

∫
[−δ,δ]

(f(x− t)− f(x))φm(t)dt.

Sunep¸c gia k�je x ∈ R èqoume, an 1
m
< δ,

|fm(x)− f(x)| ≤
∫

[−δ,δ]

|f(x− t)− f(x)|φm(t)dt ≤ ε

∫
φm(t)dt = ε.

Par�deigma 3 MÐa sun�rthsh pou ikanopoieÐ tic apait seic twn prohgou-
mènwn eÐnai h

φ(x) =


c exp −1

1−x2 , |x| < 1

0, |x| ≥ 1

ìpou 1
c

=
∫ 1

−1
exp −1

1−x2dx.

Apìdeixh Prèpei na deÐxoume ìti sta shmeÐa −1,+1, ìlec oi par�gwgoi φ(n)

up�rqoun kai eÐnai 0. ParathroÔme ìti an |x| < 1, gia k�je m ∈ N,

|x− 1|(1− x2)m exp
1

1− x2
= |1− x|m+1|1 + x|m exp

1

|1− x|.|1 + x|

≥ |1− x|m+1|1 + x|m 1

(m+ 2)!

1

|1− x|m+2|1 + x|m+2

=
1

(m+ 2)!

1

|1− x|.|1 + x|2
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Epomènwc 0 ≤ 1

|x− 1|(1− x2)m
exp

−1

1− x2
≤ (m+ 2)!|1− x|.|1 + x|2

�ra lim
x↗1

1

(x− 1)(1− x2)m
exp

−1

1− x2
= 0 (1)

An |x| < 1 èqoume

φ′(x) =
−2x

(1− x2)2
c exp

(
−1

1− x2

)
Epagwgik�, φ(n)(x) =

pn(x)

(1− x2)2n
φ(x)

ìpou pn polu¸numo2. Apo thn (1)

φ′(1) = lim
x↗1

1

x− 1
(φ(x)− φ(0)) = lim

x↗1

1

x− 1
φ(x) = 0.

An upojèsoume ìti h φ(n)(1) up�rqei kai eÐnai 0,

φ(n+1)(1) = lim
x↗1

1

x− 1
(φ(n)(x)− φ(n)(1)) = lim

x↗1

1

x− 1

pn(x)

(1− x2)2n
φ(x) = 0

me ton Ðdio trìpo apodeiknÔetai ìti h φ(n+1)(−1) up�rqei kai eÐnai 0.

2

y(n) = p(x)(x2 − 1)−2ny

y(n+1) = p(x)(x2 − 1)−2ny′ + p′(x)(x2 − 1)−2ny − 2np(x)(x2 − 1)−2n−12xy

= p(x)(x2 − 1)−2n−2(−2x)y + p′(x)(x2 − 1)−2ny − 2np(x)(x2 − 1)−2n−12xy

= [−2xp(x) + p′(x)(x2 − 1)2 − 4nxp(x)(x2 − 1)](x2 − 1)−2n−2y
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