An exercise

Exercise. Let (X, A, ) be a finite measure space and let F C A be an algebra of subsets with
o(F) = A. Show that for all € > 0 and A € A there exists F' € F such that u(AAF) < e.

Proof. Define

D ={Ac A:forall € >0 there exists F' € F s.t. u(AAF) < ¢}.

Clearly D contains F (if A € F, for any € > 0 take F' = A: then u(AAF) =0 < ¢).
Hence it suffices to show that D is a o-algebra. It clearly contains X, since it contains F.

D is closed under complements:
If A € D, given € > 0 choose F' € F with u(AAF) <e. Now F¢ € Fand A\ F¢ =A°NF=F\A
and '\ A°=F°‘NA=A\F. Hence A°’AF° = AAF and so pu(A°AF°¢) < €; so A° € D.

It remains to prove that D is closed under countable unions.

So now let A, € D and A = U,A,. Since pu(U" 1A,) — wu(A) which is finite, we have u(A\

n=1

U1 A,) — 0 hence given € > 0 we can find m € N so that p(A\ U, A,) < e. We now choose,

for each n = 1,...,m, elements F,, € F so that pu(A,AF,) < ¢/m. Write B = U]" A, and
F=uUm F, and observe that

ANAF C (AAB)U (BAF). (1)

Indeed, writing A’ := A\ B = AAB,

AANF = (AUFR)\(ANF)=(AUBUF)\(ANF)=(A'\(ANF))U((BUF)\ (ANF))
C A U((BUF)\ (BNF))=(AAB)U (BAF).

Observe that
(ALUA) \ (FLUF) C (A1 \ F1) U (A2 )\ F2). (2)

Indeed,

(A1 UA2) \ (F1U ) = (A1 U A2) N (FY N EFY) = (AL N FY N F) U (A2 N FY N Fy)
C (A1 NFY) U (AN F3)

and similarly
(FLUR)\ (A1 UA2) C (F1\ A1) U (F )\ Ag). 3)
By (2) and (3) we have
(A1 U A)A(FL U By) € (ALAF) U (AsAF).

It follows that
AAF C (AAB) U (BAF) € (AAB)U | (4nAF,)
n=1

(using (1)). Therefore by subadditivity of u,

(((AAF) < f(AAB) + W(BAF) < € + W(BAF) < e + (O A AF, )
n=1

<e+2 (A, AF,) < e+e. O



