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I. Ask seic

1. 'Estw K kurtì s¸ma ston Rn, summetrikì wc proc to 0. JewroÔme θ ∈ Sn−1 kai th sun�rthsh

fθ(t) = |K ∩ (θ⊥ + tθ)|.

DeÐxte ìti
fθ(0) ≥ fθ(t)

gia k�je t ∈ R. Dhlad , h {mègisth tom } tou K me uperepÐpedo k�jeto sto θ eÐnai ekeÐnh pou
pern�ei apì to kèntro summetrÐac tou.

2. (to L mma tou Borell) 'Estw B kurtì s¸ma ston Rn. An A eÐnai èna uposÔnolo tou Rn ¸ste
to A ∩B na èqei ìgko, orÐzoume

µB(A) =
|A ∩B|
|B|

.

(a) 'Estw M ⊆ Rn kurtì kai summetrikì wc proc to 0. DeÐxte ìti gia k�je t > 1 isqÔei o
egkleismìc

Rn \M ⊇ 2
t + 1

(Rn \ tM) +
t− 1
t + 1

M.

(b) Upojètoume epiplèon ìti µB(M) = a > 0. Qrhsimopoi¸ntac to (a) kai thn anisìthta Brunn-
Minkowski deÐxte ìti, gia k�je t > 1,

1− µB(tM) ≤ a

(
1− a

a

)(t+1)/2

.

Sumpèrasma: An µB(M) = a > 1/2, dhlad  an to M tèmnei {parap�nw apì to misì} B, tìte to
posostì tou B pou mènei èxw apì to tM fjÐnei ekjetik� sto 0 kaj¸c to t →∞ (gia par�deigma,
an µB(M) = 2/3 tìte 1− µB(tM) ≤ 2−t/2 gia k�je t > 1).

3. Autì to prìblhma deÐqnei ìti (gia meg�lec diast�seic) dÔo uposÔnola thc monadiaÐac Euk-
leÐdeiac mp�lac mporoÔn na èqoun {sqetik� meg�lh} apìstash mìno an k�poio apì ta dÔo eÐnai
{polÔ mikrì}.

'Estw A kai C dÔo mh ken�, sumpag  uposÔnola thc Bn
2 . Upojètoume ìti

d(A,C) = min{‖a− c‖2 : a ∈ A, c ∈ C} = ρ > 0.

(a) DeÐxte ìti

A + C

2
⊆

√
1− ρ2

4
Bn

2 .

[Upìdeixh: Jewr ste a ∈ A kai c ∈ C, kai qrhsimopoi ste ton kanìna tou parallhlogr�mmou.]

(b) DeÐxte ìti
min{|A|, |C|} ≤ exp(−ρ2n/8)|Bn

2 |.

4. 'Estw K kai T dÔo summetrik� (wc proc to 0) kurt� s¸mata ston Rn.

(a) DeÐxte ìti 1
2 [K ∩ (x + T )] + 1

2 [K ∩ (−x + T )] ⊆ K ∩ T gia k�je x ∈ Rn.

(b) DeÐxte ìti |K ∩ (x + T )| ≤ |K ∩ T | gia k�je x ∈ Rn.

II. Anisìthta Prékopa–Leindler

H anisìthta Prékopa–Leindler eÐnai mia genÐkeush thc anisìthtac Brunn–Minkowski sto plaÐsio
twn oloklhr¸simwn sunart sewn: 'Estw f, g, h : Rn → R+ treÐc sunart seic kai èstw λ ∈ (0, 1).
Upojètoume ìti oi f, g kai h eÐnai oloklhr¸simec kai ìti gia k�je x, y ∈ Rn isqÔei h

(1) h(λx + (1− λ)y) ≥ f(x)λg(y)1−λ.



Tìte,

(2)
∫

Rn

h ≥
(∫

Rn

f

)λ (∫
Rn

g

)1−λ

.

Ja deÐxoume thn anisìthta me epagwg  wc proc th di�stash n kai ja doÔme p¸c, epilègontac
kat�llhla tic f, g kai h, mporoÔme na p�roume san pìrisma thn anisìthta Brunn–Minkowski.

1. Upojètoume pr¸ta ìti n = 1 kai ìti oi f, g, h eÐnai suneqeÐc kai gnhsÐwc jetikèc sunart seic
pou ikanopoioÔn thn (1).

(a) OrÐzoume x, y : (0, 1) → R mèsw twn∫ x(t)

−∞
f(u)du = t

∫ ∞

−∞
f(u)du kai

∫ y(t)

−∞
g(u)du = t

∫ ∞

−∞
g(u)du.

DeÐxte ìti oi x, y eÐnai paragwgÐsimec kai ìti gia k�je t ∈ (0, 1) èqoume

x′(t)f(x(t)) =
∫ ∞

−∞
f(u)du kai y′(t)g(y(t)) =

∫ ∞

−∞
g(u)du.

(b) OrÐzoume z : (0, 1) → R me
z(t) = λx(t) + (1− λ)y(t).

DeÐxte ìti h z eÐnai gnhsÐwc aÔxousa. Qrhsimopoi¸ntac to gegonìc ìti h z 7→ log z eÐnai
koÐlh, deÐxte ìti

z′(t) = λx′(t) + (1− λ)y′(t) ≥ (x′(t))λ(y′(t))1−λ.

(g) K�nontac thn allag  metablht¸n s = z(t) kai qrhsimopoi¸ntac ta (a) kai (b) deÐxte ìti∫ ∞

−∞
h(u)du ≥

(∫ ∞

−∞
f(u)du

)λ (∫ ∞

−∞
g(u)du

)1−λ

.

2. Upojètoume ìti n ≥ 2 kai ìti h anisìthta Prékopa–Leindler èqei apodeiqjeÐ gia diast�seic
k ∈ {1, . . . , n − 1}. 'Estw f, g, h : Rn → R suneqeÐc kai gnhsÐwc jetikèc sunart seic pou
ikanopoioÔn thn (1). Gia k�je s ∈ R orÐzoume fs, gs, hs : Rn−1 → R+ me

fs(w) = f(w, s), gs(w) = g(w, s), hs(w) = h(w, s).

(a) Qrhsimopoi¸ntac thn (1) deÐxte ìti an x, y ∈ Rn−1 kai s0, s1 ∈ R tìte

hλs1+(1−λ)s0(λx + (1− λ)y) ≥ fs1(x)λgs0(y)1−λ.

(b) Jewr ste tic sunart seic F,G, H : R → R pou orÐzontai apì tic

F (s) =
∫

Rn−1
fs(w)dw, G(s) =

∫
Rn−1

gs(w)dw, H(s) =
∫

Rn−1
hs(w)dw.

Qrhsimopoi¸ntac thn epagwgik  upìjesh kai to (a) deÐxte ìti: gia k�je s0, s1 ∈ R,

H(λs1 + (1− λ)s0) ≥ F (s1)λG(s0)1−λ.

(g) Efarmìzontac xan� thn epagwgik  upìjesh (gia n = 1) gia tic sunart seic F,G kai H, deÐxte
ìti ∫

Rn

h ≥
(∫

Rn

f

)λ (∫
Rn

g

)1−λ

.

3. 'Estw A kai B dÔo mh ken� sumpag  uposÔnola tou Rn kai èstw λ ∈ (0, 1). DeÐxte ìti: gia
k�je x, y ∈ Rn, isqÔei h

χλA+(1−λ)B(λx + (1− λ)y) ≥ χA(x)λχB(y)1−λ.



Efarmìzontac thn anisìthta Prékopa–Leindler, deÐxte ìti

(3) |λA + (1− λ)B| ≥ |A|λ|B|1−λ.

[ShmeÐwsh: Oi χA, χB kai χλA+(1−λ)B den eÐnai suneqeÐc oÔte gn sia jetikèc. ApodeiknÔetai
ìmwc ìti h anisìthta Prékopa–Leindler isqÔei sto eurÔtero plaÐsio twn mh arnhtik¸n Lebesgue
oloklhr¸simwn sunart sewn: h epèktash gÐnetai me kat�llhlo epiqeÐrhma prosèggishc apì
suneqeÐc jetikèc sunart seic.]

4. 'Estw A kai B dÔo mh ken� sumpag  uposÔnola tou Rn me |A| > 0 kai |B| > 0. Efarmìzontac
thn (3) me

λ =
|A|1/n

|A|1/n + |B|1/n
kai 1− λ =

|B|1/n

|A|1/n + |B|1/n

gia ta sÔnola

A1 =
1

|A|1/n
A kai B1 =

1
|B|1/n

B

deÐxte ìti
|A + B|1/n ≥ |A|1/n + |B|1/n.

5. JewroÔme th sun�rthsh

γn(x) = (2π)−n/2e−‖x‖
2
2/2

kai gia k�je mh kenì Borel sÔnolo A ston Rn orÐzoume

γn(A) :=
∫

A

γn(x) dx =
1

(2π)n/2

∫
A

e−‖x‖
2
2/2dx.

To γn eÐnai to mètro tou Gauss ston Rn.

(a) Qrhsimopoi¸ntac thn anisìthta Prékopa-Leindler deÐxte ìti: an A,B eÐnai mh ken� Borel
uposÔnola tou Rn kai λ ∈ (0, 1), tìte

γn

(
λA + (1− λ)B

)
≥

(
γn(A)

)λ(
γn(B)

)1−λ
.

(b) 'Estw A ⊆ Rn kleistì, kurtì kai summetrikì wc proc thn arq  twn axìnwn. DeÐxte ìti gia
k�je x ∈ Rn isqÔoun oi anisìthtec

e−‖x‖
2
2/2γn(A) ≤ γn(A + x) ≤ γn(A).


