
Kurt  An�lush (2009-10) � Full�dio 2

Par�dosh twn ask sewn tou FulladÐou 1 wc thn Paraskeu  16 OktwbrÐou 2009.

I. Ask seic

'Estw K kai T kurt� s¸mata ston Rn. Jèloume na ektim soume to el�qisto pl joc metafor¸n
xi+T tou T pou h ènws  touc kalÔptei to K. MporoÔme na zht soume ta {kèntra} xi na an koun
sto K   na epilègontai eleÔjera sto q¸ro. 'Etsi, orÐzoume

N(K, T ) = min

{
N ∈ N

∣∣ ∃x1, . . . , xN ∈ Rn : K ⊆
N⋃

i=1

(xi + T )

}
kai

N(K, T ) = min

{
N ∈ N

∣∣ ∃x1, . . . , xN ∈ K : K ⊆
N⋃

i=1

(xi + T )

}
.

Lìgw sump�geiac, oi arijmoÐ k�luyhc N(K, T ) kai N(K, T ) orÐzontai kal�.

1. DeÐxte ìti an K, T kai M eÐnai kurt� s¸mata ston Rn tìte

N(K, M) ≤ N(K, T ) ·N(T,M).

2. Apì touc orismoÔc blèpoume eÔkola ìti

N(K, T ) ≤ N(K, T ).

DeÐxte ìti: an ta K kai T eÐnai summetrik� wc proc to 0, tìte

N(K, 2T ) ≤ N(K, T ).

3. 'Estw K èna summetrikì (wc proc to 0) kurtì s¸ma ston Rn. 'Enac trìpoc gia na ektim soume
ton arijmì k�luyhc N(K, ρBn

2 ) eÐnai o ex c. JewroÔme èna uposÔnolo S = {x1, . . . , xN} tou K
me thn ex c idiìthta:

(∗) an i 6= j tìte ‖xi − xj‖2 ≥ ρ.

(a) DeÐxte ìti

N ≤
∣∣K + ρ

2Bn
2

∣∣∣∣ρ
2Bn

2

∣∣ .

(b) DeÐxte ìti: gia k�je ρ > 0 up�rqei megistikì S ⊂ K pou ikanopoieÐ thn (∗). Me ton ìro
{megistikì} ennooÔme ìti to S ikanopoieÐ thn (∗) all� an prosjèsoume opoiod pote �llo shmeÐo
z ∈ K \ S sto S, tìte to S ∪ {z} den ikanopoieÐ thn (∗). Lème ìti to S eÐnai èna ρ-dÐktuo.

(g) DeÐxte ìti an S = {x1, . . . , xN} eÐnai èna ρ-dÐktuo sto K, tìte

N(K, ρBn
2 ) ≤ N.

(d) DeÐxte ìti: gia k�je ρ ∈ (0, 1),

N(Bn
2 , ρBn

2 ) ≤
(

1 +
2
ρ

)n

.

4*. 'Estw S = {x1, . . . , xN} ⊂ Sn−1 me thn ex c idiìthta: an i 6= j tìte ‖xi−xj‖2 ≥
√

2. DeÐxte
ìti N ≤ 2n.



II. H sun�rthsh G�mma

H sun�rthsh Γ : (0,+∞) → (0,+∞) orÐzetai mèsw thc

Γ(x) =
∫ ∞

0

tx−1e−tdt.

1. DeÐxte ìti h sun�rthsh Γ ikanopoieÐ ta ex c:

(a) Γ(1) = 1.

(b) Γ(x + 1) = xΓ(x) gia k�je x > 0.

(g) Γ(n + 1) = n! gia k�je n = 0, 1, 2, . . .

(d) Γ
(

1
2

)
=
√

π.

DeÐxte epÐshc ìti h sun�rthsh Γ eÐnai logarijmik� kurt : h log Γ eÐnai kurt  sun�rthsh.

2. 'Estw ‖ · ‖ mia nìrma ston Rn. JewroÔme th {monadiaÐa mp�la} tou (Rn, ‖ · ‖): eÐnai to sÔnolo

K = {x ∈ Rn : ‖x‖ ≤ 1}.

DeÐxte ìti, gia k�je p > 0, ∫
Rn

e−‖x‖
p

dx = |K| ·
∫ ∞

0

ptn+p−1e−tp

dt.

Upìdeixh: MporeÐte na gr�yete∫
Rn

e−‖x‖
p

dx =
∫

Rn

(∫ ∞
‖x‖

ptp−1e−tp

dt

)
dx.

All�xte (prosektik�) th seir� thc olokl rwshc.

3. 'Estw 1 ≤ p < ∞. DeÐxte ìti o ìgkoc thc Bn
p = {x ∈ Rn : |x1|p + · · ·+ |xn|p ≤ 1} eÐnai Ðsoc me

|Bn
p | =

[
2Γ
(

1
p + 1

)]n
Γ
(

n
p + 1

) .

4. 'Estw g : (0,∞) → (0,∞) sun�rthsh me tic ex c idiìthtec: (a) g(1) = 1, (b) g(x + 1) = xg(x)
gia k�je x > 0, (g) h log g eÐnai kurt  sun�rthsh. DeÐxte ìti g ≡ Γ.
Upìdeixh: Qrhsimopoi¸ntac mìno tic (a), (b) kai (g) apodeÐxte ìti

g(x) = lim
n→∞

nxn!
x(x + 1) · · · (x + n)

.

5. DeÐxte ìti gia k�je x > 0 isqÔei h isìthta

Γ
(x

2

)
Γ
(

x + 1
2

)
=

√
π

2x−1
Γ(x).

Upìdeixh: Qrhsimopoi ste thn prohgoÔmenh �skhsh.


