
Kurt  An�lush (2009-10) � Full�dio 5

Par�dosh twn ask sewn tou FulladÐou 4 wc thn Paraskeu  13 NoembrÐou 2009.

I. Ask seic

1. 'Estw K kurtì s¸ma ston Rn. Gia k�je r ∈ N, jewroÔme to plègma (1/r)Zn. SumbolÐzoume
me Nr ton plhj�rijmo tou sunìlou K ∩ (1/r)Zn. DeÐxte ìti

lim
r→∞

|K|
Nr(1/r)n

= 1.

2. (Mordell) 'Estw m ∈ N kai èstw K èna kurtì s¸ma ston Rn me |K| > m. Tìte, up�rqei
z ∈ Rn ¸ste to K + z na perièqei toul�qiston m + 1 diakekrimèna akèraia shmeÐa.

3. (van der Corput) 'Estw m ∈ N, kai K èna anoiktì kai fragmèno, summetrikì wc proc to 0,
kurtì uposÔnolo tou Rn, me ìgko |K| > 2nm. Tìte, to K perièqei toul�qiston m zeug�ria
akeraÐwn shmeÐwn ±uj 6= 0.
Upìdeixh. Qrhsimopoi ste to L mma tou Mordell.

4. (Mahler) 'Estw K kurtì s¸ma ston Rn, to opoÐo perièqei to 0 sto eswterikì tou. O sunte-
lest c asummetrÐac tou K wc proc to 0 eÐnai o mikrìteroc σ = σ(K) > 0 gia ton opoÐo

x ∈ K =⇒ −x ∈ σK.

DeÐxte ìti: an |K| > (1 + σ(K))n, tìte K ∩ (Zn \ {0}) 6= ∅.

5* (Pick) 'Estw K kurtì polÔgwno me korufèc shmeÐa tou Z2. DeÐxte ìti to pl joc twn shmeÐwn
tou K ∩ Z2 eÐnai Ðso me

A(K) +
|Z2 ∩ bd(K)|

2
+ 1,

ìpou A(K) to embadìn tou K kai bd(K) to sÔnoro tou K.

II. 'Allec ènnoiec apì th gewmetrÐa twn arijm¸n: krÐsimh orÐzousa kai packings thc
mp�lac

'Estw K summetrikì kurtì s¸ma ston Rn. 'Ena plègma Λ = T (Zn), ìpou T ∈ GL(n), lègetai
apodektì gia to K, an to mìno shmeÐo tou Λ pou an kei sto eswterikì tou K eÐnai to 0.

An Λ = T (Zn) ìpou T ∈ GL(n), orÐzoume detΛ = |det T |. H krÐsimh orÐzousa ∆(K) tou
K eÐnai to inf(det Λ), ìpou to infimum paÐrnetai p�nw apì ìla ta plègmata Λ pou eÐnai apodekt�
gia to K.

(a) DeÐxte ìti:

1. An K ⊆ W , tìte ∆(K) ≤ ∆(W ).

2. Gia k�je t > 0, ∆(tK) = tn∆(K).

3. An T ∈ GL(n), tìte ∆(T (K)) = |detT |∆(K).

(b) DeÐxte ìti, gia k�je summetrikì kurtì s¸ma K ston Rn isqÔei

∆(K) ≥ 2−n|K|.

(g) SumbolÐzoume me En thn kl�sh ìlwn twn elleiyoeid¸n tou Rn pou den perièqoun sto eswterikì
touc kanèna shmeÐo tou Zn\{0} kai orÐzoume

αn = sup{|E| : E ∈ En}.

DeÐxte ìti
∆(Bn

2 )αn = ωn.



Mia oikogèneia P = {xi + rBn
2 : i ∈ I} apì mp�lec aktÐnac r > 0, lègetai packing an oi

xi + rBn
2 èqoun xèna eswterik�. OrÐzoume �nw kai k�tw puknìthta tou P wc ex c: gia k�je

R > 0, jewroÔme thn RBn
2 , kai tic xi +rBn

2 oi opoÐec tèmnoun thn RBn
2 . An N(R) eÐnai to pl joc

twn stoiqeÐwn tou {i ∈ I : (xi + rBn
2 ) ∩ (RBn

2 ) 6= ∅}, orÐzoume

δ(P ) = lim sup
R→∞

N(R)ωnrn

ωnRn

kai

δ(P ) = lim inf
R→∞

N(R)ωnrn

ωnRn
.

Oi arijmoÐ δ(P ) kai δ(P ) eÐnai h �nw kai k�tw puknìthta tou P , antÐstoiqa. An δ(P ) = δ(P ),
tìte aut  h koin  tim  eÐnai h puknìthta δ(P ) tou P .

'Estw Λ èna plègma ston Rn. 'Ena packing me kèntra sto Λ eÐnai èna packing thc morf c

P = {x + rBn
2 : x ∈ Λ}.

(d) 'Estw P = {x + rBn
2 : x ∈ Λ} èna packing me kèntra sto plègma Λ. DeÐxte ìti

δ(P ) =
ωnrn

detΛ
.

(e) OrÐzoume δn to supremum twn δ(P ), ìpou P packing me mp�lec aktÐnac 1 kai kèntra se k�poio
plègma Λ tou Rn. DeÐxte ìti αn = 2nδn.


