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Kef�laio 1

Anisìthta Brunn-Minkowski
kai ektim seic ìgkwn

1. DÐnontai dÔo orjog¸nia I1 =
∏n

i=1[ai, bi] kai I2 =
∏n

i=1[ci, di] ston Rn ta opoÐa den epikalÔp-
tontai (èqoun xèna eswterik�). DeÐxte ìti up�rqoun j ∈ {1, . . . , n} kai t ∈ R ¸ste to uperepÐpedo
{x : xj = t} na diaqwrÐzei ta I1 kai I2 (dhlad , eÐte I1 ⊆ {x : xj ≤ t} kai I2 ⊆ {x : xj ≥ t}  
I1 ⊆ {x : xj ≥ t} kai I2 ⊆ {x : xj ≤ t}).

Upìdeixh. Parathr ste ìti to zhtoÔmeno isqÔei an up�rqei j ∈ {1, . . . , n} ¸ste bj ≤ cj  
dj ≤ aj .

Apì thn �llh pleur�, an autì den isqÔei, tìte gia k�je j ∈ {1, . . . , n} èqoume (aj , bj) ∩
(cj , dj) 6= ∅ kai epilègontac yj ∈ (aj , bj) ∩ (cj , dj) brÐskoume shmeÐo y = (y1, . . . , yn) ∈ int(I1) ∩
int(I2), to opoÐo eÐnai �topo apì thn upìjesh.

2. 'Estw K kurtì s¸ma ston Rn, summetrikì wc proc to 0. JewroÔme θ ∈ Sn−1 kai th
sun�rthsh

fθ(t) = |K ∩ (θ⊥ + tθ)|.
DeÐxte ìti

fθ(0) ≥ fθ(t)

gia k�je t ∈ R.

Upìdeixh. MporoÔme na upojèsoume ìti θ = en. Gia k�je t ∈ R orÐzoume

K(t) = {y ∈ Rn−1 : (y, t) ∈ K}.

EÔkola elègqoume ìti K ∩ (e⊥n + ten) = K(t) + ten. Sunep¸c,

f(t) = |K(t)|.

ParathroÔme ìti K(−t) = −K(t): an y ∈ K(−t) tìte (y,−t) ∈ K kai afoÔ to K eÐnai
summetrikì èqoume (−y, t) ∈ K, dhlad  −y ∈ K(t). Autì deÐqnei ìti K(−t) ⊆ −K(t) kai o
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�lloc egkleismìc apodeiknÔetai ìmoia. 'Epetai ìti

f(−t) = |K(−t)| = | −K(t)| = |K(t)| = f(t),

dhlad  h f eÐnai �rtia.
Apì thn kurtìthta tou K mporoÔme na elègxoume ìti: an ta K(t), K(s) eÐnai mh ken�, tìte

gia k�je a ∈ (0, 1) isqÔei

K((1− a)t + as) ⊇ (1− a)K(t) + aK(s).

Apì thn anisìthta Brunn–Minkowski (ston Rn−1) èpetai ìti

f((1− a)t + as) = |K((1− a)t + as)| ≥ |K(t)|1−a|K(s)|a = f(t)1−af(s)a.

Dhlad , h f eÐnai logarijmik� koÐlh ston forèa thc. Eidikìtera, an f(t) > 0 èqoume

f(0) ≥
√

f(t)
√

f(−t) =
√

f(t)
√

f(t) = f(t).

An p�li f(t) = 0, tìte h f(0) ≥ f(t) exakoloujeÐ na isqÔei tetrimmèna.

3. (to L mma tou Borell) 'Estw B kurtì s¸ma ston Rn. An A eÐnai èna uposÔnolo tou Rn ¸ste
to A ∩B na èqei ìgko, orÐzoume

µB(A) =
|A ∩B|
|B| .

(a) 'Estw M ⊆ Rn kurtì kai summetrikì wc proc to 0. DeÐxte ìti gia k�je t > 1 isqÔei o
egkleismìc

Rn \M ⊇ 2

t + 1
(Rn \ tM) +

t− 1

t + 1
M.

(b) Upojètoume epiplèon ìti µB(M) = a > 0. Qrhsimopoi¸ntac to (a) it kai thn anisìthta
Brunn-Minkowski deÐxte ìti, gia k�je t > 1,

1− µB(tM) ≤ a

(
1− a

a

)(t+1)/2

.

Upìdeixh. (a) 'Estw x /∈ tM kai y ∈ M . Ja deÐxoume ìti 2
t+1

x + t−1
t+1

y /∈ M . Upojètoume ìti

den isqÔei to sumpèrasma kai jètoume z = 2
t+1

x + t−1
t+1

y. Tìte z ∈ M kai lÔnontac wc proc x
èqoume

x = t

(
t + 1

2t
z +

t− 1

2t
(−y)

)
∈ tM

diìti −y ∈ M afoÔ to M eÐnai summetrikì wc proc to 0, oi arijmoÐ t+1
2t

kai t−1
t+1

an koun sto
(0, 1) kai to �jroism� touc eÐnai Ðso me 1. Katal xame sthn x ∈ tM , epomènwc èqoume �topo.

(b) Qrhsimopoi¸ntac to gegonìc ìti to B eÐnai kurtì, elègqoume ìti

B ∩

(
2

t + 1
(Rn \ tM) +

t− 1

t + 1
M

)
⊇ 2

t + 1
B ∩ (tM)c +

t− 1

t + 1
B ∩M,
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kai paÐrnontac up� ìyin ton prohgoÔmeno egkleismì sumperaÐnoume ìti

B ∩Mc ⊇ 2

t + 1
B ∩ (tM)c +

t− 1

t + 1
B ∩M.

Efarmìzontac t¸ra thn anisìthta Brunn-Minkowski, paÐrnoume

|B ∩Mc| ≥ |B ∩ (tM)c|
2

t+1 · |B ∩M |
t−1
t+1 .

IsodÔnama,

|B|µB(Mc) ≥
(
|B|µB((tM)c)

) 2
t+1
(
|B|µB(M)

) t−1
t+1

.

Dhlad ,

µB(Mc) ≥
(
µB((tM)c)

) 2
t+1
(
µB(M)

) t−1
t+1

.

Jètontac µB(M) = a sthn teleutaÐa anisìthta, èqoume

1− a ≥
(
1− µB(tM)

) 2
t+1

a
t−1
t+1 ,

ap� ìpou prokÔptei h

1− µB(tM) ≤ a

(
1− a

a

)(t+1)/2

.

4. 'Estw A kai C dÔo mh ken�, sumpag  uposÔnola thc Bn
2 . Upojètoume ìti

d(A, C) = min{‖a− c‖2 : a ∈ A, c ∈ C} = ρ > 0.

(a) DeÐxte ìti

A + C

2
⊆
√

1− ρ2

4
Bn

2 .

(b) DeÐxte ìti
min{|A|, |C|} ≤ exp(−ρ2n/8)|Bn

2 |.

Upìdeixh. (a) 'Estw x ∈ A+C
2

. Up�rqoun a ∈ A, c ∈ C ¸ste x = a+c
2
. Apì ton kanìna tou

parallhlogr�mmou paÐrnoume∥∥∥∥∥a + c

2

∥∥∥∥∥
2

2

+

∥∥∥∥∥a− c

2

∥∥∥∥∥
2

2

=
‖a‖22 + ‖c‖22

2

'Omwc, ‖a‖2 ≤ 1 kai ‖c‖2 ≤ 1 diìti a, c ∈ Bn
2 . Epiplèon, eÐnai

∥∥∥a−c
2

∥∥∥
2
≥ d(A,C)

2
≥ ρ

2
. 'Epetai ìti

‖x‖22 ≤ 1− ρ2

4
,

dhlad 

x ∈
√

1− ρ2

4
Bn

2 .
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(b) Efarmìzontac thn anisìthta Brunn–Minkowski gia ta A, C èqoume

min{|A|, |C|} ≤ |A|1/2|C|1/2 ≤

∣∣∣∣∣A + C

2

∣∣∣∣∣ ≤
(

1− ρ2

4

)n/2

|Bn
2 |.

AfoÔ exp(x) ≥ x + 1 gia k�je x ∈ R, blèpoume ìti

exp(−ρ2/4) ≥ 1− ρ2/4 ⇒ exp(−ρ2n/8) ≥
(
1− ρ2/4

)n/2

.

Sunep¸c,
min{|A|, |C|} ≤ exp(−ρ2n/8)|Bn

2 |.

5. 'Estw K kai T dÔo summetrik� (wc proc to 0) kurt� s¸mata ston Rn.

(a) DeÐxte ìti 1
2
[K ∩ (x + T )] + 1

2
[K ∩ (−x + T )] ⊆ K ∩ T gia k�je x ∈ Rn.

(b) DeÐxte ìti |K ∩ (x + T )| ≤ |K ∩ T | gia k�je x ∈ Rn.

Upìdeixh. (a) 'Estw x ∈ Rn kai èstw z ∈ 1
2
[K ∩ (x + T )] + 1

2
[K ∩ (−x + T )]. Tìte up�rqoun

z1 ∈ K ∩ (x + T ) kai z2 ∈ K ∩ (−x + T ) ¸ste z = z1+z2
2

. 'Eqoume z1, z2 ∈ K kai to K eÐnai
kurtì, �ra z = z1+z2

2
∈ K. EpÐshc, z1 ∈ x + T , z2 ∈ (−x + T ), �ra up�rqoun y1, y2 ∈ T ¸ste

z1 = x + y1 kai z2 = −x + y2. Tìte,

z =
x + y1 + (−x + y2)

2
=

y1 + y2

2
∈ T,

diìti to T eÐnai kurtì. Apì ta parap�nw, z ∈ K ∩ T .

(b) 'Estw x ∈ Rn. Qrhsimopoi¸ntac th summetrÐa twn K kai T wc proc to 0 paÐrnoume

K ∩ (−x + T ) = (−K) ∩ (−x− T ) = (−K) ∩ (−(x + T )) = −K ∩ (x + T ).

Eidikìtera, |K ∩ (−x + T )| = | −K ∩ (x + T )| = |K ∩ (x + T )|. Qrhsimopoi¸ntac to (a) kai thn
anisìthta Brunn–Minkowski paÐrnoume

|K ∩T | ≥
√
|K ∩ (x + T )|

√
|K ∩ (−x + T )| =

√
|K ∩ (x + T )|

√
|K ∩ (x + T )| = |K ∩ (x + T )|.

OrismoÐ gia tic ask seic 6�9. 'Estw K kai T kurt� s¸mata ston Rn. Jèloume na ektim soume
to el�qisto pl joc metafor¸n xi + T tou T pou h ènws  touc kalÔptei to K. MporoÔme
na zht soume ta {kèntra} xi na an koun sto K   na epilègontai eleÔjera sto q¸ro. 'Etsi,
orÐzoume

N(K, T ) = min

{
N ∈ N

∣∣∣ ∃x1, . . . , xN ∈ Rn : K ⊆
N⋃

i=1

(xi + T )

}
kai

N(K, T ) = min

{
N ∈ N

∣∣∣ ∃x1, . . . , xN ∈ K : K ⊆
N⋃

i=1

(xi + T )

}
.

Lìgw sump�geiac, oi arijmoÐ k�luyhc N(K, T ) kai N(K, T ) orÐzontai kal�.
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6. DeÐxte ìti an K, T kai M eÐnai kurt� s¸mata ston Rn tìte

N(K, M) ≤ N(K, T ) ·N(T, M).

Upìdeixh. An N(K, T ) = k kai N(T, M) = m, up�rqoun x1, . . . , xk ∈ Rn ¸ste K ⊆
⋃k

i=1(xi+T )
kai up�rqoun y1, . . . , ym ∈ Rn ¸ste T ⊆

⋃m
j=1(yj +M). An jewr soume ta shmeÐa x1 + y1, x1 +

y2, . . . , x1 + ym, . . . , xk + y1, . . . , xk + ym tìte aut� eÐnai to polÔ km shmeÐa tou Rn kai isqÔei
K ⊆

⋃k
i=1

⋃m
j=1(xi + yj + M). Dhlad  to K kalÔptetai apì s ≤ km to pl joc metaforèc tou

M . Autì shmaÐnei ìti N(K, M) ≤ km.

7. Apì touc orismoÔc blèpoume eÔkola ìti

N(K, T ) ≤ N(K, T ).

DeÐxte ìti: an ta K kai T eÐnai summetrik� wc proc to 0, tìte

N(K, 2T ) ≤ N(K, T ).

Upìdeixh. 'Estw m = N(K, T ). Tìte, up�rqoun x1, . . . , xm ∈ Rn ¸ste K ⊆
⋃m

i=1(xi +T ). Apì
ton orismì tou m (to gegonìc ìti eÐnai to el�qisto pl joc metafor¸n tou T pou h ènws  touc
kalÔptei to K) prokÔptei eÔkola ìti gia k�je i = 1, . . . , m isqÔei K ∩ (xi + T ) 6= ∅.

Gia k�je i ∈ {1, . . . , m} epilègoume yi ∈ K ∩ (xi + T ). Ja deÐxoume ìti K ⊆
⋃m

i=1(yi + 2T ),
ap' ìpou èpetai �mesa ìti N(K, 2T ) ≤ m.

'Estw z ∈ K. Tìte, up�rqoun i ∈ {1, . . . , m} kai t ∈ T ¸ste z = xi + t. Apì thn epilog 
tou yi up�rqei s ∈ T ¸ste yi = xi + s. Tìte, z = yi + (t− s) kai t− s ∈ T + T = 2T diìti to T
eÐnai summetrikì wc proc to 0. Dhlad  z ∈ yi + 2T .

8. 'Estw K èna summetrikì (wc proc to 0) kurtì s¸ma ston Rn. 'Enac trìpoc gia na ektim -
soume ton arijmì k�luyhc N(K, ρBn

2 ) eÐnai o ex c. JewroÔme èna uposÔnolo S = {x1, . . . , xN}
tou K me thn ex c idiìthta:

(∗) an i 6= j tìte ‖xi − xj‖2 ≥ ρ.

(a) DeÐxte ìti

N ≤
∣∣K + ρ

2
Bn

2

∣∣∣∣ ρ
2
Bn

2

∣∣ .

(b) DeÐxte ìti: gia k�je ρ > 0 up�rqei megistikì S ⊂ K pou ikanopoieÐ thn (∗). Me ton ìro
{megistikì} ennooÔme ìti to S ikanopoieÐ thn (∗) all� an prosjèsoume opoiod pote �llo shmeÐo
z ∈ K \ S sto S, tìte to S ∪ {z} den ikanopoieÐ thn (∗). Lème ìti to S eÐnai èna ρ-dÐktuo.

(g) DeÐxte ìti an S = {x1, . . . , xN} eÐnai èna ρ-dÐktuo sto K, tìte

N(K, ρBn
2 ) ≤ N.

Upìdeixh. (a) To sÔnolo K + ρ
2
Bn

2 perièqei tic mp�lec xi +
ρ
2
Bn

2 , i = 1, 2, . . . , N oi opoÐec èqoun
ìlec ìgko Ðso me |Bn

2 | (o ìgkoc eÐnai analloÐwtoc wc proc metaforèc). Oi mp�lec xi + ρ
2
Bn

2
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èqoun xèna eswterik� (autì prokÔptei apì thn upìjesh ìti ‖xi − xj‖2 ≥ ρ an i 6= j). Apì th
monotonÐa tou ìgkou èqoume ∣∣∣∣∣

N⋃
i=1

(xi +
ρ

2
Bn

2 )

∣∣∣∣∣ ≤ ∣∣∣K +
ρ

2
Bn

2

∣∣∣
kai apì thn prosjetikìthta tou ìgkou,

N
∣∣∣ρ
2
Bn

2

∣∣∣ ≤ ∣∣∣K +
ρ

2
Bn

2

∣∣∣.
'Epetai ìti

N ≤

∣∣∣K + ρ
2
Bn

2

∣∣∣∣∣∣ ρ2Bn
2

∣∣∣ .

(b) JewroÔme ìla ta uposÔnola T = {x1, . . . , xk} tou K pou ikanopoioÔn thn (∗). Apì to (a)

k�je tètoio T èqei pl joc stoiqeÐwn fragmèno apì
|K+ ρ

2 Bn
2 |

| ρ
2 Bn

2 |
. Sunep¸c, orÐzetai o

k0 := max{k : up�rqei T = {x1, . . . , xk} ⊂ K pou ikanopoieÐ thn (∗)}.

K�je S ⊂ K pou ikanopoieÐ thn (∗) kai èqei pl joc stoiqeÐwn |S| = k0 eÐnai megistikì (exhg ste
giatÐ).

(g) An S = {x1, x2, . . . , xN} eÐnai èna ρ-dÐktuo sto K, tìte K ⊆
⋃N

i=1 B(xi, ρ). Pr�gmati, an
up rqe x ∈ K ¸ste ‖x − xi‖2 ≥ ρ gia k�je i = 1, . . . , N , tìte to S ∪ {x} ja ikanopoioÔse
thn (∗) kai ja eÐqe pl joc stoiqeÐwn megalÔtero apì autì tou S, all� autì den mporeÐ na
sumbeÐ affoÔ to S eÐnai megistikì wc proc aut  thn idiìthta. 'Ara, up�rqei k�poio xi ∈ S ¸ste
‖x− xi‖2 < ρ, dhlad  x ∈ B(xi, ρ).

AfoÔ K ⊆
⋃N

i=1 B(xi, ρ), apì ton orismì tou arijmoÔ k�luyhc paÐrnoume N(K, ρBn
2 ) ≤ N .

9. DeÐxte ìti: gia k�je ρ ∈ (0, 1),

N(Bn
2 , ρBn

2 ) ≤
(

1 +
2

ρ

)n

.

Upìdeixh. Efarmìzoume thn 'Askhsh 8 me K = Bn
2 . 'Eqoume |Bn

2 + ρ
2
Bn

2 | =
(
1 + ρ

2

)n

|Bn
2 | kai

| ρ
2
Bn

2 | =
(

ρ
2

)n

|Bn
2 |. Antikajist¸ntac, paÐrnoume

N(Bn
2 , ρBn

2 ) ≤

(
1 + ρ

2

)n

|Bn
2 |(

ρ
2

)n

|Bn
2 |

=

(
1 +

2

ρ

)n

.

10*. 'Estw S = {x1, . . . , xN} ⊂ Sn−1 me thn ex c idiìthta: an i 6= j tìte ‖xi − xj‖2 ≥
√

2.
DeÐxte ìti N ≤ 2n.
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11. JewroÔme th sun�rthsh

γn(x) = (2π)−n/2e−‖x‖22/2

kai gia k�je mh kenì Borel sÔnolo A ston Rn orÐzoume

γn(A) :=

∫
A

γn(x) dx =
1

(2π)n/2

∫
A

e−‖x‖22/2dx.

To γn eÐnai to mètro tou Gauss ston Rn. Qrhsimopoi¸ntac thn anisìthta Prékopa-Leindler
deÐxte ìti: an A, B eÐnai mh ken� Borel uposÔnola tou Rn kai λ ∈ (0, 1), tìte

γn

(
λA + (1− λ)B

)
≥
(
γn(A)

)λ(
γn(B)

)1−λ

.

Upìdeixh. 'Estw A, B sÔnola Borel ston Rn. Jèloume na deÐxoume ìti

∫
Rn

χλA+(1−λ)Bγn ≥

(∫
Rn

χAγn

)λ(∫
Rn

χBγn

)1−λ

.

Efarmìzoume thn anisìthta Prékopa–Leindler gia tic sunart seic χλA+(1−λ)Bγn, χAγn kai
χBγn. Prèpei na elègxoume ìti, gia k�je x, y ∈ Rn isqÔei

χλA+(1−λ)B(λx + (1− λ)y)γn(λx + (1− λ)y) ≥ χA(x)λχB(y)1−λγn(x)λγn(y)1−λ.

An x /∈ A   y /∈ B tìte to dexiì mèloc isoÔtai me 0 kai h anisìthta isqÔei tetrimmèna. Upojètoume
loipìn ìti x ∈ A kai y ∈ B. Tìte, h anisìthta paÐrnei th morf 

γn(λx + (1− λ)y) ≥ γn(x)λγn(y)1−λ.

IsodÔnama, arkeÐ na deÐxoume ìti h log γn eÐnai koÐlh. 'Omwc,

log γn(x) = −n log(2π)

2
− ‖x‖22

2
,

�ra arkeÐ na deÐxoume ìti h sun�rthsh f(x) = ‖x‖22 eÐnai kurt . 'Omwc,

f(λx + (1− λ)y) = ‖λx + (1− λ)y‖22 ≤ (λ‖x‖2 + (1− λ)‖y‖2)2 ≤ λ‖x‖22 + (1− λ)‖y‖22

gia k�je x, y ∈ Rn kai k�je λ ∈ (0, 1) (gia thn teleutaÐa anisìthta, parathr ste ìti h s 7→ s2

eÐnai kurt  sto (0,∞)).

12. 'Estw A ⊆ Rn kleistì, kurtì kai summetrikì wc proc thn arq  twn axìnwn. DeÐxte ìti gia
k�je x ∈ Rn isqÔoun oi anisìthtec

e−‖x‖22/2γn(A) ≤ γn(A + x) ≤ γn(A).
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Upìdeixh. Gr�foume

γn(x + A) =
1

(2π)n/2

∫
x+A

exp(−‖x‖22/2) dx

=
1

(2π)n/2

∫
A

exp(−‖x + z‖22/2) dz

=
1

(2π)n/2

∫
A

exp(−‖x− z‖22/2) dz

=
1

(2π)n/2

∫
A

exp(−‖x + z‖22/2) + exp(−‖x− z‖22/2)

2
dz,

ìpou qrhsimopoi jhke h summetrÐa tou A. H x 7→ exp(−x) eÐnai kurt , �ra

γn(x + A) ≥ 1

(2π)n/2

∫
A

exp

[
−1

2

(
‖x + z‖22

2
+
‖x− z‖22

2

)]
dz

=
1

(2π)n/2

∫
A

exp(−‖x‖22/2) · exp(−‖z‖22/2) dz

= exp(−‖x‖22/2) γn(A).

Gia th dexi� anisìthta, parathr ste ìti

1

2
(A + x) +

1

2
(A− x) ⊆ A,

opìte h 'Askhsh 12 mac dÐnei

γn(A) ≥
√

γn(A + x)
√

γn(A− x).

'Omwc, A − x = −A − x = −(A + x) lìgw thc summetrÐac tou A kai eÔkola elègqoume ìti
γn(C) = γn(−C) gia k�je sÔnolo Borel C ston Rn. Sunep¸c,

γn(A) ≥
√

γn(A + x)
√

γn(−(A + x)) = γn(A + x).

13. 'Estw g : (0,∞) → (0,∞) sun�rthsh me tic ex c idiìthtec: (a) g(1) = 1, (b) g(x + 1) =
xg(x) gia k�je x > 0, (g) h log g eÐnai kurt  sun�rthsh. DeÐxte ìti g ≡ Γ.

Upìdeixh. Ja deÐxoume ìti apì tic (a), (b) kai (g) èpetai ìti

(∗) g(x) = lim
n→∞

nxn!

x(x + 1) · · · (x + n)
.

AfoÔ h sun�rthsh Γ ikanopoieÐ tic (a)-(g) ja prèpei na ikanopoieÐ ki aut  thn (∗). Sunep¸c,
ja isqÔei g(x) = Γ(x) gia k�je x > 0.

Gia thn apìdeixh thc (∗) parathroÔme pr¸ta ìti g(n + 1) = n! gia k�je n ∈ N. Autì
prokÔptei me epagwg  apì tic (a) kai (b).

'Estw 0 < x ≤ 1. Gia k�je n ≥ 0 èqoume n + 1 + x = (1− x)(n + 1) + x(n + 2) (gr�foume
to n + 1 + x san kurtì sunduasmì twn n + 1 kai n + 2). AfoÔ h log g eÐnai koÐlh, paÐrnoume

g(n + 1 + x) = g((1− x)(n + 1) + x(n + 2)) ≤ g(n + 1)1−xg(n + 2)x

= g(n + 1)1−xg(n + 1)x(n + 1)x = g(n + 1)(n + 1)x = n!(n + 1)x.
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'Omoia, gia k�je n ≥ 0 èqoume n + 1 = x(n + x) + (1 − x)(n + 1 + x) (gr�foume to n + 1 san
kurtì sunduasmì twn n + x kai n + 1 + x). AfoÔ h log g eÐnai koÐlh, paÐrnoume

n! = g(n + 1) = g(x(n + x) + (1− x)(n + 1 + x)) ≤ g(n + x)xg(n + 1 + x)1−x

= (n + x)−xg(n + 1 + x)xg(n + 1 + x)1−x = (n + x)−xg(n + 1 + x).

Sundu�zontac tic dÔo anisìthtec paÐrnoume

n!(n + x)x ≤ g(n + 1 + x) ≤ n!(n + 1)x.

Qrhsimopoi¸ntac thn (b) èqoume g(n + 1 + x) = x(x + 1) · · · (n + x)g(x). 'Ara,(n + x

n

)x

≤ (x(x + 1) · · · (n + x)g(x)

n!nx
≤
(

n + 1

n

)x

.

PaÐrnontac ìrio wc proc n blèpoume ìti

lim
n→∞

x(x + 1) · · · (n + x)g(x)

n!nx
= 1,

dhlad 

g(x) = lim
n→∞

n!nx

x(x + 1) · · · (n + x)
.

'Estw t¸ra x > 1. Up�rqei k ∈ N ¸ste 0 < y = x− k ≤ 1. Gr�foume

g(x) = g(y + k) = (y + k − 1) · · · (y + 1)yg(y)

= y(y + 1) · · · (y + k − 1) lim
n→∞

n!ny

y(y + 1) · · · (n + y)

= lim
n→∞

n!ny

(y + k) · · · (y + n)

= lim
n→∞

n!ny+k

(y + k)(y + k + 1) · · · (y + k + n)

(n + y + 1) · · · (n + y + k)

nk

= lim
n→∞

n!nx

x(x + 1) · · · (n + x)
lim

n→∞

(n + x) · · · (n + x− (k − 1))

nk

= lim
n→∞

n!nx

x(x + 1) · · · (n + x)
lim

n→∞

k∏
j=1

(
1 +

x− j + 1

n

)
= lim

n→∞

n!nx

x(x + 1) · · · (n + x)
.

14. DeÐxte ìti gia k�je x > 0 isqÔei h isìthta

Γ
(x

2

)
Γ

(
x + 1

2

)
=

√
π

2x−1
Γ(x).

Upìdeixh. OrÐzoume g : (0,∞) → (0,∞) me

g(x) =
2x−1

√
π

Γ
(x

2

)
Γ

(
x + 1

2

)
.
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ParathroÔme ìti

g(1) =
1√
π

Γ

(
1

2

)
Γ(1) = 1

diìti Γ(1) = 1 kai Γ(1/2) =
√

π. EpÐshc, gia k�je x > 0 èqoume

g(x + 1) =
2x

√
π

Γ

(
x + 1

2

)
Γ

(
x + 2

2

)
= 2

2x−1

√
π

Γ

(
x + 1

2

)
Γ
(x

2
+ 1
)

= 2
2x−1

√
π

Γ

(
x + 1

2

)
x

2
Γ
(x

2

)
= xg(x).

H sun�rthsh log g eÐnai Ðsh me

log g(x) =

[
(log 2)(x− 1)− log π

2

]
+ log Γ

(x

2

)
+ log Γ

(
x + 1

2

)
.

Parathr ste ìti kajemi� apì tic treic sunart seic sto dexiì mèloc eÐnai kurt  (oi grammikèc
sunart seic eÐnai kurtèc kai h sÔnjesh thc kurt c sun�rthshc log Γ me kajemi� apì tic x/2,
(x + 1)/2 eÐnai kurt ).

Apì ta parap�nw, h g ikanopoieÐ ta (a)-(g) thc 'Askhshc 13, �ra g ≡ Γ. Dhlad , gia k�je
x > 0 isqÔei

2x−1

√
π

Γ
(x

2

)
Γ

(
x + 1

2

)
= Γ(x),

ap� ìpou èpetai to zhtoÔmeno.



Kef�laio 2

Sunduastik� jewr mata gia

kurt� sÔnola ston EukleÐdeio

q¸ro

1. 'Estw A èna mh kenì anoiktì uposÔnolo tou Rn. DeÐxte ìti h kurt  j kh conv(A) tou A
eÐnai anoiktì sÔnolo.

Upìdeixh. 'Estw x ∈ conv(A). Up�rqoun a1, . . . , am ∈ A kai ti > 0 me
∑m

i=1 ti = 1 ¸ste
x = t1a1+· · ·+tmam. AfoÔ to A eÐnai anoiktì, gia k�je i = 1, . . . , m mporoÔme na broÔme δi > 0
¸ste B(ai, δi) ⊆ A. Jètoume δ = min{δ1, . . . , δm} > 0 kai ja deÐxoume ìti B(x, δ) ⊆ conv(A).
'Estw y ∈ B(x, δ). An u = y − x tìte ai + u ∈ B(ai, δ) ⊆ B(ai, δi) ⊆ A gia k�je i = 1, . . . , m.
Sunep¸c,

∑m
i=1 ti(ai + u) ∈ conv(A). 'Omwc,

m∑
i=1

ti(ai + u) =

m∑
i=1

tiai +

(
m∑

i=1

ti

)
u = x + u = y.

Dhlad , y ∈ conv(A).

2. (a) 'Estw S mh kenì, fragmèno uposÔnolo tou Rn. DeÐxte ìti ta S kai conv(S) èqoun thn
Ðdia di�metro.

(b) 'Estw S, T mh ken� uposÔnola tou Rn. DeÐxte ìti

conv(S + T ) = conv(S) + conv(T ).

(g) 'Estw S mh kenì uposÔnolo tou Rn. DeÐxte ìti conv(int(S)) ⊆ int(conv(S)). IsqÔei p�nta
isìthta?

Upìdeixh. (a) Apì thn S ⊆ conv(S) èqoume diam(S) ≤ diam(conv(S)). Gia thn antÐstrofh
anisìthta jewroÔme tuqìnta x, y ∈ conv(S). Up�rqoun ui, vj ∈ S kai ti, sj > 0 (1 ≤ i ≤ m, 1 ≤
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j ≤ k) me
∑m

i=1 ti =
∑k

j=1 sj = 1, ¸ste x =
∑m

i=1 tiui kai
∑k

j=1 sjvj . Tìte,

‖x− y‖2 =

∥∥∥∥∥
m∑

i=1

tiui −
k∑

j=1

sjvj

∥∥∥∥∥
2

=

∥∥∥∥∥
m∑

i=1

ti

(
k∑

j=1

sj

)
ui −

k∑
j=1

sj

(
m∑

i=1

ti

)
vj

∥∥∥∥∥
2

=

∥∥∥∥∥
m∑

i=1

k∑
j=1

tisjui −
m∑

i=1

k∑
j=1

tisjvj

∥∥∥∥∥
2

=

∥∥∥∥∥
m∑

i=1

k∑
j=1

tisj(ui − vj)

∥∥∥∥∥
2

≤
m∑

i=1

k∑
j=1

tisj‖ui − vj‖2 ≤

(
m∑

i=1

k∑
j=1

tisj

)
diam(S)

= diam(S),

afoÔ
∑m

i=1

∑k
j=1 tisj =

(∑m
i=1 ti

) (∑k
j=1 sj

)
= 1 kai ‖ui− vj‖2 ≤ diam(S) gia k�je i, j. AfoÔ

ta x, y ∈ conv(S)  tan tuqìnta, diam(conv(S)) ≤ diam(S).

(b) 'Estw x ∈ conv(S +T ). Up�rqoun yi ∈ S +T kai ti > 0 me
∑m

i=1 ti = 1 ¸ste x =
∑m

i=1 tiyi.
K�je yi gr�fetai san �jroisma yi = ui + vi gia k�poia ui ∈ S kai vi ∈ T . Tìte,

x =

m∑
i=1

ti(ui + vi) =

m∑
i=1

tiui +

m∑
i=1

tivi ∈ conv(S) + conv(T ).

Sunep¸c, conv(S + T ) ⊆ conv(S) + conv(T ).
AntÐstrofa, èstw y ∈ conv(S) kai z ∈ conv(T ). Gr�foume y =

∑m
i=1 tiui kai z =

∑k
j=1 sjvj ,

ìpou ui ∈ S, vj ∈ T , ti, sj > 0 kai
∑m

i=1 ti =
∑k

j=1 sj = 1. Tìte,

y + z =

m∑
i=1

tiui +

k∑
j=1

sjvj =

m∑
i=1

ti

(
k∑

j=1

sj

)
ui +

k∑
j=1

sj

(
m∑

i=1

ti

)
vj

=

m∑
i=1

k∑
j=1

tisjui +

m∑
i=1

k∑
j=1

tisjvj

=

m∑
i=1

k∑
j=1

tisj(ui + vj) ∈ conv(S + T ),

afoÔ ui + vj ∈ S + T kai
∑m

i=1

∑k
j=1 tisj =

(∑m
i=1 ti

) (∑k
j=1 sj

)
= 1. AfoÔ ta y ∈ conv(S)

kai z ∈ conv(T )  tan tuqìnta, conv(S) + conv(T ) ⊆ conv(S + T ).

(g) Apì thn int(S) ⊆ S èpetai ìti conv(int(S)) ⊆ conv(S). Apì to (a) èqoume ìti to sÔnolo
conv(int(S)) eÐnai anoiktì, �ra perièqetai sto eswterikì tou conv(S). Dhlad , conv(int(S)) ⊆
int(conv(S)).

O egkleismìc mporeÐ na eÐnai gn sioc: gia par�deigma, an S = {0, 1} sto R, tìte int(S) = ∅
kai conv(S) = [0, 1], sunep¸c conv(int(S)) = ∅ kai int(conv(S)) = (0, 1).

3. 'Estw S ⊂ Rn kai èstw x, y ∈ Rn dÔo shmeÐa pou den an koun sthn kurt  j kh conv(S) tou
S. DeÐxte ìti an x ∈ conv(S ∪ {y}) kai y ∈ conv(S ∪ {x}) tìte x = y.
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Upìdeixh. Upojètoume ìti x 6= y. AfoÔ x ∈ conv(S ∪ {y}), up�rqoun ui ∈ S kai ti, t ≥ 0 me∑m
i=1 ti + t = 1 ¸ste

x =

m∑
i=1

tiui + ty.

ParathroÔme ìti t 6= 0 (alli¸c ja eÐqame x ∈ conv(S)) kai t 6= 1 (alli¸c ja eÐqame t1 = · · · =
tm = 0 kai x = y). 'Omoia, afoÔ y ∈ conv(S ∪ {x}) kai x 6= y, up�rqoun vj ∈ S kai sj ≥ 0,
0 < s < 1 me

∑k
j=1 sj + s = 1, ¸ste

y =

k∑
j=1

sjvj + sx.

Antikajist¸ntac thn pr¸th sth deÔterh sqèsh paÐrnoume

y =

k∑
j=1

sjvj +

m∑
i=1

stiui + tsy,

dhlad 

y =

k∑
j=1

sj

1− ts
vj +

m∑
i=1

s
ti

1− ts
ui.

ParathroÔme ìti

k∑
j=1

sj

1− ts
+

m∑
i=1

s
ti

1− ts
=

1− s

1− ts
+ s

1− t

1− ts
=

1− s + s(1− t)

1− ts
= 1.

'Epetai ìti y ∈ conv(S), to opoÐo eÐnai �topo.

4. DÐnontai eujÔgramma tm mata I1, . . . , Im ston R2 ta opoÐa perièqontai stic diakekrimènec
par�llhlec eujeÐec `1, . . . , `m. Upojètoume ìti gia k�je i1, i2, i3 ∈ {1, . . . , m} up�rqei eujeÐa
pou tèmnei ta Ii1 , Ii2 kai Ii3 . DeÐxte ìti up�rqei eujeÐa pou tèmnei ìla ta eujÔgramma tm mata
I1, . . . , Im.

Upìdeixh. MporoÔme na upojèsoume ìti ta I1, . . . , Im eÐnai par�llhla ston y-�xona. AfoÔ
perièqontai se diakekrimènec eujeÐec, up�rqoun x1, . . . , xm diaforetik� an� dÔo kai ci < di,
i = 1, . . . , m sto R ¸ste

Ii = {(xi, y) : ci ≤ y ≤ di}, i = 1, . . . , m.

OrÐzoume C1, . . . , Cm ⊆ R2 jètontac

Ci = {(a, b) : ci ≤ axi + b ≤ di}.

Dhlad , (a, b) ∈ Ci an kai mìno an h eujeÐa y = ax + b tèmnei to Ii. Apì thn upìjesh, gia
k�je i1, i2, i3 ∈ {1, . . . , m} isqÔei Ci1 ∩ Ci2 ∩ Ci3 6= ∅. Epiplèon, k�je Ci eÐnai kurtì sÔnolo:
an (a, b) ∈ Ci kai (a1, b1) ∈ Ci tìte ci ≤ axi + b ≤ di kai ci ≤ a1xi + b1 ≤ di opìte, gia k�je
t ∈ (0, 1) isqÔei

ci = (1− t)ci + tci ≤ (1− t)(axi + b) + t(a1xi + b1) ≤ (1− t)di + tdi = di,
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dhlad  ((1 − t)a + ta1, (1 − t)b + tb1) ∈ Ci. T¸ra, to zhtoÔmeno prokÔptei apì to je¸rhma
tou Helly ston R2: up�rqoun a, b ¸ste (a, b) ∈ C1 ∩ · · · ∩ Cm, to opoÐo shmaÐnei ìti h eujeÐa
y = ax + b tèmnei ìla ta eujÔgramma tm mata Ii.

5. DÐnontai kurt� sÔnola A1, . . . , Am ston R2. Upojètoume ìti gia k�je i, j ∈ {1, . . . , m}
up�rqei eujeÐa par�llhlh ston x��xona pou tèmnei ta Ai kai Aj . DeÐxte ìti up�rqei eujeÐa
par�llhlh ston x��xona pou tèmnei ìla ta sÔnola A1, . . . , Am.

Upìdeixh. Gia k�je i = 1, . . . , m orÐzoume Bi = {t ∈ R : up�rqei x ∈ R ¸ste (x, t) ∈ Ai},
dhlad  Bi eÐnai h {probol } tou Ai ston y-�xona. EÔkola elègqoume ìti k�je Bi eÐnai kurtì
uposÔnolo tou R. Apì thn upìjesh, gia k�je i, j ∈ {1, . . . , m} up�rqei t ∈ R ¸ste h eujeÐa
y = t na tèmnei ta Ai kai Aj . Dhlad , up�rqoun xi, xj ∈ R ¸ste (xi, t) ∈ Ai kai (xj , t) ∈ Aj .
Autì shmaÐnei ìti t ∈ Bi ∩Bj , �ra Bi ∩Bj 6= ∅.

T¸ra, efarmìzontac to je¸rhma tou Helly gia ta kurt� sÔnola B1, . . . , Bm ⊆ R sumperaÐ-
noume ìti up�rqei t ∈ B1 ∩ · · · ∩Bm. Tìte, h eujeÐa y = t tèmnei ìla ta sÔnola A1, . . . , Am.

6. 'Estw m ≥ n+1, d > 0 kai C1, . . . , Cm mh ken� kurt� uposÔnola tou Rn me thn ex c idiìthta:
an 1 ≤ i1 < · · · < in+1 ≤ m tìte up�rqei y ∈ Rn ¸ste d(y, Cij ) ≤ d gia k�je j = 1, . . . , n + 1.
DeÐxte ìti up�rqei x ∈ Rn ¸ste d(x, Ci) ≤ d gia k�je i = 1, . . . , m.

Upìdeixh. Gia k�je i ∈ {1, . . . , m} orÐzoume

Bi = {y ∈ Rn : d(y, Ci) ≤ d}.

Parathr ste ìti k�je Bi eÐnai kurtì: èstw y1, y2 ∈ Bi, t ∈ (0, 1) kai ε > 0. Up�rqoun
x1, x2 ∈ Ci ¸ste ‖y1 − x1‖2 < d + ε kai ‖y2 − x2‖ < d + ε. AfoÔ to Ci eÐnai kurtì, èqoume
(1− t)x1 + tx2 ∈ Ci kai

‖((1− t)y1 + ty2)− ((1− t)x1 + tx2)‖2 = ‖(1− t)(y1 − x1) + t(y2 − x2)‖2
≤ (1− t)‖y1 − x1‖2 + t‖y2 − x2‖2 < d + ε.

'Ara, d((1−t)y1+ty2, Ci) < d+ε. AfoÔ to ε > 0  tan tuqìn, paÐrnoume d((1−t)y1+ty2, Ci) ≤ d,
dhlad  (1− t)y1 + ty2 ∈ Bi.

Apì thn upìjesh, an 1 ≤ i1 < · · · < in+1 ≤ m up�rqei y ∈ Rn ¸ste d(y, Cij ) ≤ d gia k�je
j = 1, . . . , n + 1, dhlad  y ∈ Bi1 ∩ · · · ∩Bin+1 . Efarmìzontac to je¸rhma tou Helly gia ta Bi,
brÐskoume x ∈ B1 ∩B2 ∩ · · · ∩Bm. Tìte, d(x, Ci) ≤ d gia k�je i = 1, . . . , m.

7. DÐnontai θ1, . . . , θk ∈ Sn−1 kai t1, . . . , tk ∈ R. Upojètoume ìti to kurtì polÔedro

P =

k⋂
i=1

{x ∈ Rn : 〈x, θi〉 ≤ ti}

eÐnai mh kenì kai fragmèno. DeÐxte ìti: an to uperepÐpedo H = {x ∈ Rn : 〈x, θ〉 = t} (ìpou
θ ∈ Sn−1 kai t ∈ R) ikanopoieÐ thn P ∩ H = ∅, tìte up�rqoun 1 ≤ i1 < · · · < in ≤ k ¸ste to
P1 =

⋂n
j=1{x ∈ Rn : 〈x, θij 〉 ≤ tij} na ikanopoieÐ tic P1 ⊇ P kai P1 ∩H = ∅.

Upìdeixh. Jètoume C0 = H kai Ci = {x ∈ Rn : 〈x, θi〉 ≤ ti}, i = 1, . . . , k. Ta sÔnola
C0, C1, . . . , Ck eÐnai kurt� kai apì thn upìjesh èqoume C0 ∩C1 ∩ · · · ∩Ck = ∅. Apì to je¸rhma
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tou Helly up�rqoun 0 ≤ i0 < i1 < · · · < in ≤ k ¸ste Ci0 ∩ Ci1 ∩ · · · ∩ Cin+1 = ∅. ParathroÔme
ìti i0 = 0: diaforetik�,

Ci0 ∩ · · · ∩ Cin+1 ⊇
k⋂

i=1

Ci = P 6= ∅.

Jètoume

P1 =

n⋂
j=1

{x ∈ Rn : 〈x, θij 〉 ≤ tij}.

Tìte, P1 ⊇ P kai
H ∩ P1 = C0 ∩ Ci1 ∩ · · · ∩ Cin = ∅.

8. 'Estw A1, . . . , Am mh ken� kurt� uposÔnola tou Rn kai èstw k ≤ n + 1. Upojètoume ìti:
gia k�je i1, . . . , ik ∈ {1, . . . , m}, to sÔnolo Ai1 ∩ · · · ∩Aik eÐnai mh kenì.

DeÐxte ìti: an F eÐnai ènac (n− k + 1)-di�statoc grammikìc upìqwroc tou Rn tìte up�rqei
u ∈ Rn ¸ste h metafor� F + u tou F na tèmnei ìla ta sÔnola A1, . . . , Am.

Upìdeixh. JewroÔme ton k�jeto upìqwro F⊥ tou F . Parathr ste ìti dim(F⊥) = k − 1. Gia
k�je i = 1, . . . , m orÐzoume

Ci = {x ∈ F⊥ : up�rqei y ∈ F ¸ste x + y ∈ Ai}.

Dhlad , Ci eÐnai h {probol } tou Ai ston F⊥. Qrhsimopoi¸ntac thn kurtìthta twn Ai

elègqoume eÔkola ìti k�je Ci eÐnai kurtì uposÔnolo tou F⊥.
Apì thn upìjesh, gia k�je i1, . . . , ik ∈ {1, . . . , m} mporoÔme na broÔme z ∈ Ai1 ∩ · · · ∩Aik .

Gr�fontac z = x + y ìpou x ∈ F⊥ kai y ∈ F , blèpoume ìti x ∈ Bi1 ∩ · · · ∩Bik .
AfoÔ dim(F⊥) = k− 1, ta B1, . . . , Bm ikanopoioÔn thn upìjesh tou jewr matoc tou Helly

ston F⊥. Sunep¸c, B1 ∩ · · · ∩ Bm 6= ∅. JewroÔme u ∈ F⊥ me u ∈ B1 ∩ · · · ∩ Bm. Apì ton
orismì twn Bi, gia k�je i = 1, . . . , m up�rqei yi ∈ F ¸ste u + yi ∈ Ai. Dhlad ,

(u + F ) ∩Ai 6= ∅, i = 1, . . . , m.

9. 'Estw A1, . . . , Am kai C kurt� uposÔnola tou Rn.

(a) DeÐxte ìti gia k�je i = 1, . . . , m, to sÔnolo Bi = {u ∈ Rn : Ai ∩ (C + u) 6= ∅} eÐnai kurtì.

(b) Upojètoume ìti gia k�je i1, . . . , in+1 ∈ {1, . . . , m} up�rqei u ∈ Rn ¸ste to C + u na tèmnei
ta Ai1 , . . . , Ain+1 . DeÐxte ìti up�rqei u ∈ Rn ¸ste to C+u na tèmnei ìla ta sÔnola A1, . . . , Am.

Upìdeixh. (a) Parathr ste ìti Bi = Ai − C = {x − y : x ∈ Ai, y ∈ C}. AfoÔ ta Ai, C eÐnai
kurt�, elègqoume eÔkola ìti to Ai − C eÐnai kurtì.

(b) Me b�sh to (a) h upìjesh metafr�zetai wc ex c: gia k�je i1, . . . , in+1 ∈ {1, . . . , m} up�rqei
u ∈ Rn ¸ste

u ∈ (Ai1 − C) ∩ · · · ∩ (Ain+1 − C) = Bi1 ∩ · · · ∩Bin+1 .

Apì to je¸rhma tou Helly gia ta Bi, up�rqei

u ∈ B1 ∩ · · · ∩Bm = (A1 − C) ∩ · · · ∩ (Am − C).
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Tìte, (C + u) ∩Ai 6= ∅ gia k�je i = 1, . . . , m.

10. 'Estw m ≥ n + 1 kai K, C1, . . . , Cm kurt� uposÔnola tou Rn. Upojètoume ìti gia k�je
1 ≤ i1 < · · · < in+1 ≤ m up�rqei x ∈ Rn ¸ste x + K ⊆ Ci1 ∩ · · · ∩ Cin+1 . DeÐxte ìti up�rqei
x ∈ Rn ¸ste x + K ⊆ C1 ∩ · · · ∩ Cm.

Upìdeixh. Gia k�je i = 1, . . . , m orÐzoume Ai = {x ∈ Rn : x + K ⊆ Ci}. ParathroÔme ìti k�je
Ai eÐnai kurtì: èstw x, y ∈ Ai kai t ∈ (0, 1). Gia k�je u ∈ K èqoume

(1− t)x + ty + u = (1− t)(x + u) + t(y + u) ∈ Ci

giatÐ x + u, y + u ∈ Ci kai to Ci eÐnai kurtì. Sunep¸c, (1 − t)x + ty + K ⊆ Ci, dhlad 
(1− t)x + ty ∈ Ai.

Apì thn upìjesh èqoume Ai1 ∩ · · · ∩ Ain+1 6= ∅ gia k�je 1 ≤ i1 < · · · < in+1 ≤ m.
Efarmìzontac to je¸rhma tou Helly paÐrnoume A1 ∩ · · · ∩ Am 6= ∅. Tìte, gia tuqìn x ∈
A1 ∩ · · · ∩Am èqoume x + K ⊆ Ci gia k�je i = 1, . . . , m, dhlad  x + K ⊆ C1 ∩ · · · ∩ Cm.

11*. DÐnontai n shmeÐa x1, . . . , xn sto epÐpedo. DeÐxte ìti up�rqei zeÔgoc k�jetwn eujei¸n
`1 ⊥ `2 ¸ste kajèna apì ta tèssera kleist� tetarthmìria sta opoÐa qwrÐzoun to epÐpedo na
perièqei toul�qiston [n/4] apì ta shmeÐa xi.

12. 'Estw T (n, r) o mikrìteroc fusikìc m me thn akìlouj  idiìthta: an A ⊂ Rn kai |A| = m,
tìte up�rqoun xèna an� dÔo A1, . . . , Ar ⊂ A ¸ste

r⋂
i=1

conv(Ai) 6= ∅.

DeÐxte ìti
T (n, r1r2) ≤ T (n, r1)T (n, r2)

gia k�je r1, r2 ≥ 2.

Upìdeixh. Jètoume m = T (n, r1) kai k = T (n, r2). JewroÔme A ⊆ Rn me |A| = mk kai to
qwrÐzoume se k xèna sÔnola A1, . . . , Ak, kajèna apì ta opoÐa èqei m = T (n, r1) stoiqeÐa.

Gia k�je i = 1, . . . , k mporoÔme na broÔme xèna sÔnola Ai1, . . . , Air1 ⊆ Ai kai yi ∈ Rn me

yi ∈
r1⋂

j=1

conv(Aij).

Upojètoume arqik� ìti ta y1, . . . , yk eÐnai diaforetik� an� dÔo. JewroÔme to sÔnolo B =
{y1, . . . , yk}. AfoÔ |B| = k = T (n, r2), mporoÔme na broÔme xèna sÔnola J1, . . . , Jr2 ⊆ {1, . . . , k}
kai z ∈ Rn ¸ste

z ∈
r2⋂

s=1

conv({yi : i ∈ Js}).

JewroÔme thn oikogèneia { ⋃
i∈Js

Aij : 1 ≤ s ≤ r2, 1 ≤ j ≤ r1

}
.
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ApoteleÐtai apì xèna uposÔnola tou A, èqei plhj�rijmo r1r2 kai eÔkola elègqoume ìti

z ∈
r2⋂

s=1

r1⋂
j=1

conv

( ⋃
i∈Js

Aij

)
.

ShmeÐwsh: Sthn perÐptwsh pou k�poia apì ta yi sumpÐptoun, jewr ste akoloujÐec yn
i = yi +

ui,n → yi ¸ste gia k�je n ta yn
i na eÐnai diaforetik� an� dÔo, kai antikatast ste ta Aij me ta

A
(n)
ij = Aij + ui,n. Akolouj¸ntac thn Ðdia poreÐa mporeÐte na breÐte

zn ∈
r2⋂

s=1

r1⋂
j=1

conv

( ⋃
i∈Js

A
(n)
ij

)
.

H (zn) èqei sugklÐnousa upakoloujÐa kai to ìriì thc ikanopoieÐ to zhtoÔmeno.

13. Skopìc mac se aut  thn �skhsh eÐnai na deÐxoume to ex c: an K eÐnai èna mh kenì, kurtì
kai sumpagèc uposÔnolo tou Rn, tìte up�rqei y ∈ Rn ¸ste

− 1

n
K + y ⊆ K.

(a) Exet�ste pr¸ta thn perÐptwsh pou K = conv({u1, . . . , un+1}) gia k�poia u1, . . . , un+1 ∈ Rn

me u1 + · · ·+ un+1 = 0. Me autèc tic upojèseic deÐxte ìti

− 1

n
K ⊆ K.

(b) Exet�ste t¸ra thn perÐptwsh pou K = conv({u1, . . . , un+1}) gia k�poia u1, . . . , un+1 ∈ Rn.
An

y =
u1 + · · ·+ un+1

n
,

deÐxte ìti

− 1

n
K + y ⊆ K.

(g) Jewr ste t¸ra th genik  perÐptwsh: K eÐnai èna mh kenì, kurtì kai sumpagèc uposÔnolo
tou Rn. Gia k�je x ∈ K jewr ste to sÔnolo

Ax =

{
y ∈ Rn : − 1

n
x + y ∈ K

}
kai deÐxte ìti h oikogèneia {Ax : x ∈ K} ikanopoieÐ tic upojèseic tou jewr matoc tou Helly.

Upìdeixh. (a) JewroÔme tuqìn x ∈ − 1
n
K. Up�rqei z ∈ K ¸ste x = − 1

n
z. To z eÐnai kurtìc

sunduasmìc twn u1, . . . , un+1: up�rqoun ti ≥ 0 me
∑n+1

i=1 ti = 1 ¸ste

x = − 1

n
z = − t1u1 + · · ·+ tn+1un+1

n
.

Qrhsimopoi¸ntac thn u1 + · · ·+ un+1 = 0 gr�foume

x =
u1 + · · ·+ un+1

n
− t1u1 + · · ·+ tn+1un+1

n
=

n+1∑
i=1

1− ti

n
ui.
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Parathr ste ìti
n+1∑
i=1

1− ti

n
=

n + 1

n
− 1

n

n∑
i=1

ti =
n + 1

n
− 1

n
= 1

kai 1−ti
n

≥ 0 gia k�je i = 1, . . . , n+1. Sunep¸c, to x eÐnai kurtìc sunduasmìc twn u1, . . . , un+1:
dhlad , x ∈ K.

(b) JewroÔme tuqìn x ∈ − 1
n
K + y. Up�rqei z ∈ K ¸ste x = − 1

n
z + y. To z eÐnai kurtìc

sunduasmìc twn u1, . . . , un+1: up�rqoun ti ≥ 0 me
∑n+1

i=1 ti = 1 ¸ste

x = − 1

n
z = − t1u1 + · · ·+ tn+1un+1

n
.

Qrhsimopoi¸ntac thn u1 + · · ·+ un+1 = ny gr�foume

x =
u1 + · · ·+ un+1

n
− t1u1 + · · ·+ tn+1un+1

n
=

n+1∑
i=1

1− ti

n
ui.

Parathr ste ìti
n+1∑
i=1

1− ti

n
=

n + 1

n
− 1

n

n∑
i=1

ti =
n + 1

n
− 1

n
= 1

kai 1−ti
n

≥ 0 gia k�je i = 1, . . . , n+1. Sunep¸c, to x eÐnai kurtìc sunduasmìc twn u1, . . . , un+1:
dhlad , x ∈ K.

(g) Gia k�je x ∈ K jewr ste to sÔnolo

Ax =

{
y ∈ Rn : − 1

n
x + y ∈ K

}
.

ParathroÔme ìti Ax = K + 1
n
x, �ra k�je Ax eÐnai kurtì kai sumpagèc.

'Estw x1, . . . , xn+1 ∈ K. An T = conv({x1, . . . , xn+1}), efarmìzontac to (b) blèpoume ìti

− 1

n
T + y ⊆ T ⊆ K

ìpou y =
x1+···+xn+1

n
. Dhlad , − 1

n
xi + y ∈ K gia k�je i = 1, . . . , n + 1. 'Epetai ìti

y ∈ Ax1 ∩ · · · ∩Axn+1 ,

dhlad  h oikogèneia {Ax : x ∈ K} ikanopoieÐ tic upojèseic tou jewr matoc tou Helly. AfoÔ ta
Ax eÐnai sumpag , sumperaÐnoume ìti up�rqei

z ∈
⋂

x∈K

Ax.

Autì shmaÐnei ìti − 1
n
x + z ⊆ K gia k�je x ∈ K, �ra

− 1

n
K + z ⊆ K.
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14*. An K eÐnai èna sumpagèc uposÔnolo tou Rn, h di�metroc tou K orÐzetai apì thn

diam(K) = max{‖x− y‖2 : x, y ∈ K}.

'Estw K sumpagèc uposÔnolo tou Rn me diam(K) ≤ 2. DeÐxte ìti up�rqei u ∈ Rn ¸ste to K
na perièqetai sthn kleist  mp�la B(u, rn) me kèntro u kai aktÐna

rn =

√
2n

n + 1
.

To apotèlesma autì eÐnai gnwstì wc je¸rhma tou Jung.

15*. DÐnontai mh kenèc oikogèneiec C1, . . . , Cn+1 sumpag¸n kurt¸n uposunìlwn tou Rn me thn
akìloujh idiìthta: gia k�je epilog  C1 ∈ C1, . . . , Cn+1 ∈ Cn+1 isqÔei C1 ∩ · · · ∩ Cn+1 6= ∅.
DeÐxte ìti up�rqei i ∈ {1, . . . , n + 1} ¸ste ìla ta sÔnola thc oikogèneiac Ci na èqoun k�poio
koinì shmeÐo.

16* 'Estw S ⊆ Rn. Upojètoume ìti h kurt  j kh conv(S) tou S èqei mh kenì eswterikì. DeÐxte
ìti: an x ∈ int(conv(S)) tìte up�rqoun v1, . . . , v2n ∈ S ¸ste x ∈ int(conv({v1, . . . , v2n})).





Kef�laio 3

GewmetrÐa twn arijm¸n

1. 'Estw K kurtì s¸ma ston Rn. Gia k�je r ∈ N, jewroÔme to plègma 1
r
Zn. SumbolÐzoume me

Nr ton plhj�rijmo tou sunìlou K ∩ 1
r
Zn. DeÐxte ìti

lim
r→∞

|K|
Nrr−n

= 1.

Upìdeixh. To K èqei mh kenì eswterikì, kai an to r eÐnai arket� meg�lo up�rqei z ∈ 1
r
Zn ¸ste

z ∈ int(K). Metafèrontac to K mporoÔme na upojèsoume ìti z = 0 (exhg ste giatÐ). Tìte,
up�rqei δ > 0 ¸ste δBn

2 ⊆ K. OrÐzoume Ar =
{
x ∈ 1

r
Zn : x + 1

r
P ⊆ K

}
kai Br = {x ∈ 1

r
Zn :

(x + 1
r
P ) ∩K 6= ∅}, ìpou

P = {x ∈ Rn : 0 ≤ xi < 1, i = 1, . . . , n}.

Jètoume Cr =
⋃

x∈Ar
(x + 1

r
P ) kai Dr =

⋃
x∈Br

(x + 1
r
P ). Parathr ste ìti

card(Ar)

rn
= |Cr| ≤ |K| ≤ |Dr| =

card(Br)

rn
.

Ja deÐxoume pr¸ta ìti

(1) lim
r→∞

|Dr|
|K| = 1.

Parathr ste ìti

Dr ⊆ K +
1

r
P ⊆ K + (

√
n/r)Bn

2 ⊆ K +

√
n

δr
K.

'Epetai ìti

|Dr|
|K| ≤

∣∣∣(1 +
√

n
δr

)
K
∣∣∣

|K| =

(
1 +

√
n

δr

)n

→ 1

ìtan to r →∞. AfoÔ |Dr|/|K| ≥ 1, èqoume deÐxei thn (1).
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Sth sunèqeia deÐqnoume ìti

(2) lim
r→∞

|Cr|
|K| = 1.

Jètoume α =
√

n
δr

. An to r eÐnai arket� meg�lo, èqoume 0 < α < 1. 'Estw x ∈ (1−α)K. Up�rqei
y ∈ 1

r
Zn ¸ste x ∈ y + 1

r
P . Gia k�je z ∈ y + 1

r
P èqoume

z − x = (z − y) + (y − x) ∈ 1

r
(P − P ) ⊆

√
n

r
Bn

2 ⊆ αK.

Sunep¸c, z = x + (z − x) ∈ (1 − α)K + αK = K. Dhlad , y + 1
r
P ⊆ K, �ra y ∈ Ar. 'Epetai

ìti x ∈ Cr, dhlad  (1− α)K ⊆ Cr. Tìte,

|Cr|
|K| ≥

∣∣∣(1− √
n

δr

)
K
∣∣∣

|K| =

(
1−

√
n

δr

)n

→ 1

ìtan to r →∞. AfoÔ |Cr|/|K| ≤ 1, èqoume deÐxei thn (2).

Tèloc, parathroÔme ìti card(Ar) ≤ Nr ≤ card(Br), sunep¸c

|Cr| ≤ Nrr
−n ≤ |Dr|.

Sundu�zontac aut  thn anisìthta me tic (1) kai (2) paÐrnoume thn

lim
r→∞

|K|
Nrr−n

= 1.

2. (Mordell) 'Estw m ∈ N kai èstw K èna kurtì s¸ma ston Rn me |K| > m. Tìte, up�rqei
z ∈ Rn ¸ste to K + z na perièqei toul�qiston m + 1 diakekrimèna akèraia shmeÐa.

Upìdeixh. Gia k�je r ∈ N, jewroÔme to plègma (1/r)Zn. SumbolÐzoume me Nr ton plhj�rijmo
tou sunìlou K ∩ (1/r)Zn. Apì thn �skhsh 1 èqoume

lim
r→∞

|K|
Nr(1/r)n

= 1,

dhlad , gia meg�la r isqÔei h anisìthta

Nr > rnm.

PaÐrnoume èna tètoio r ∈ N, kai jewroÔme to sÔnolo

Ar = {u ∈ Zn : (1/r)u ∈ K}.

To Ar èqei plhj�rijmo Nr > rnm, kai ta shmeÐa tou an koun se rn to polÔ kl�seic upoloÐpwn
modr. Epomènwc, mporoÔme na broÔme u1, . . . , um+1 ∈ Ar ta opoÐa an koun sthn Ðdia kl�sh
modr. Tìte, ta shmeÐa u1

r
, . . . ,

um+1
r

an koun sto K, kai ta

xi =
ui − u1

r
∈ Zn, i = 1, . . . , m + 1.
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'Ara, an jèsoume z = (1/r)u1, to K + z perièqei m + 1 akèraia shmeÐa.

3. (van der Corput) 'Estw m ∈ N, kai K èna anoiktì kai fragmèno, summetrikì wc proc to
0, kurtì uposÔnolo tou Rn, me ìgko |K| > 2nm. Tìte, to K perièqei toul�qiston m zeug�ria
akeraÐwn shmeÐwn ±uj 6= 0.

Upìdeixh. To K/2 èqei ìgko megalÔtero apì m. Apì to L mma tou Mordell, up�rqoun z ∈ Rn

kai v1, . . . , vm+1 diakekrimèna akèraia shmeÐa ¸ste

z + vi ∈
1

2
K, i = 1, . . . , m + 1.

MporoÔme na upojèsoume ìti ta vi eÐnai diatetagmèna lexikografik�. Dhlad , an i < i′ tìte
(vi)s < (vi′)s, ìpou s eÐnai o pr¸toc deÐkthc gia ton opoÐo (vi)s 6= (vi′)s. Tìte, gia k�je
i = 1, . . . , m èqoume

ui := vi+1 − v1 = (z + vi+1)− (z + v1) ∈
(

1

2
K − 1

2
K

)
∩ (Zn\{0}) = K ∩ (Zn\{0}) ,

kai, ta zeug�ria ±ui, i = 1, . . . , m, eÐnai diakekrimèna, giatÐ k�je ui èqei jetik  thn pr¸th mh
mhdenik  suntetagmènh tou (opìte, den mporeÐ na sumbeÐ ui = −uj an i 6= j).

4. (Mahler) 'Estw K kurtì s¸ma ston Rn, to opoÐo perièqei to 0 sto eswterikì tou. O
suntelest c asummetrÐac tou K wc proc to 0 eÐnai o mikrìteroc σ = σ(K) > 0 gia ton opoÐo

x ∈ K =⇒ −x ∈ σK.

DeÐxte ìti: an |K| > (1 + σ(K))n, tìte K ∩ (Zn \ {0}) 6= ∅.

Upìdeixh. JewroÔme to s¸ma K1 = (1 + σ)−1K. Tìte, |K1| > 1, �ra up�rqoun x, y ∈ K1 ¸ste
y − x ∈ Zn\{0}. Ta K kai K1 eÐnai omoiojetik�, �ra èqoun ton Ðdio suntelest  asummetrÐac,
kai afoÔ x ∈ K1 sumperaÐnoume ìti −σ−1x ∈ K1. Tìte, qrhsimopoi¸ntac thn kurtìthta tou
K1, blèpoume ìti

y − x = (1 + σ)

(
1

1 + σ
y +

σ

1 + σ
(−σ−1x)

)
∈ (1 + σ)K1 = K.

Dhlad , y − x ∈ K ∩ (Zn\{0}).

5. ApodeÐxte leptomer¸c to Je¸rhma 3.2.3: Up�rqei stajer� c > 0 me thn idiìthta: an
a1, . . . , an ∈ R, up�rqoun q ∈ N osod pote meg�loc, kai p1, . . . , pn ∈ Z ¸ste∣∣∣∣ai −

pi

q

∣∣∣∣ ≤ c

q1+ 1
n

.

Upìdeixh. 'Estw M > 0. MporoÔme na upojèsoume ìti oi a1, . . . , an den eÐnai ìloi rhtoÐ.
JewroÔme to parallhlepÐpedo

K =

{
(x, y1, . . . , yn) ∈ Rn+1 : |aix− yi| ≤

1

Q1/n
, |x| ≤ Q

}
,
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ìpou Q > 1 arket� meg�loc ¸ste

tM := min
{

max
i≤n

|aiq − pi| : q ≤ M, q ∈ N, pi ∈ Z
}

>
1

Q1/n
.

O ìgkoc tou K eÐnai Ðsoc me (2Q)
∏n

i=1 2Q−1/n = 2n+1. Apì to je¸rhma tou Minkowski ston
Rn+1 up�rqoun akèraioi q, p1, . . . , pn, ìqi ìloi mhdèn, ¸ste |q| ≤ Q kai |aiq−pi| ≤ 1

Q1/n gia k�je

i = 1, . . . , n. ParathroÔme ìti q 6= 0: alli¸c, gia k�je i = 1, . . . , n ja eÐqame |pi| ≤ 1

Q1/n < 1,

dhlad  q = p1 = · · · = pn = 0. MporoÔme loipìn na upojèsoume ìti q > 0. Tìte, o q eÐnai
fusikìc kai gia k�je i = 1, . . . , n èqoume∣∣∣∣ai −

pi

q

∣∣∣∣ ≤ 1

qQ1/n
≤ 1

q1+ 1
n

,

afoÔ q ≤ Q. Tèloc, q > M diìti max
1≤i≤n

|aiq − pi| ≤ 1

Q1/n < tM .

6. DeÐxte ìti oi parak�tw prot�seic eÐnai isodÔnamec:

(i) Gia k�je elleiyoeidèc E me ìgko |E| > n+2
2

2n/2 isqÔei E ∩ (Zn \ {0}) 6= ∅.

(ii) Gia k�je plègma Λ = T (Zn) ston Rn (ìpou T ∈ GL(n)) me |Bn
2 | > n+2

2
2n/2|det T | isqÔei

Bn
2 ∩ (Λ \ {0}) 6= ∅.

Upìdeixh. Apì to (i) sto (ii): 'Estw Λ = T (Zn) plègma ston Rn me |Bn
2 | > n+2

2
2n/2|det T |.

Tìte, gia to elleiyoeidèc E = T−1(Bn
2 ) èqoume |E| = |det T |−1|Bn

2 | > n+2
2

2n/2, �ra E ∩ (Zn \
{0}) 6= ∅. 'Epetai ìti

Bn
2 ∩ (T (Zn) \ {0}) = T (E) ∩ (T (Zn) \ {0}) = T (E ∩ (Zn \ {0})) 6= ∅.

Dhlad , Bn
2 ∩ (Λ \ {0}) 6= ∅.

H antÐstrofh sunepagwg  apodeiknÔetai me parìmoio trìpo.

7* (Pick) 'Estw K kurtì polÔgwno me korufèc shmeÐa tou Z2. DeÐxte ìti to pl joc twn shmeÐwn
tou K ∩ Z2 eÐnai Ðso me

A(K) +
|Z2 ∩ bd(K)|

2
+ 1,

ìpou A(K) to embadìn tou K kai bd(K) to sÔnoro tou K.

'Estw K summetrikì kurtì s¸ma ston Rn. 'Ena plègma Λ = T (Zn), ìpou T ∈ GL(n), lègetai
apodektì gia to K, an to mìno shmeÐo tou Λ pou an kei sto eswterikì tou K eÐnai to 0.

An Λ = T (Zn) ìpou T ∈ GL(n), orÐzoume det Λ = |det T |. H krÐsimh orÐzousa ∆(K) tou
K eÐnai to inf(det Λ), ìpou to infimum paÐrnetai p�nw apì ìla ta plègmata Λ pou eÐnai apodekt�
gia to K.

8. DeÐxte ìti:

(i) An K ⊆ W , tìte ∆(K) ≤ ∆(W ).

(ii) Gia k�je t > 0, ∆(tK) = tn∆(K).
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(iii) An T ∈ GL(n), tìte ∆(T (K)) = |det T |∆(K).

Upìdeixh. (i) ParathroÔme ìti an èna plègma Λ eÐnai apodektì gia to W tìte eÐnai apodektì
kai gia to K, afoÔ Λ ∩ int(K) ⊆ Λ ∩ int(W ) = {0}. AfoÔ

{Λ : Λ ∩ int(W ) = {0}} ⊆ {Λ : Λ ∩ int(K) = {0}},

sumperaÐnoume ìti

∆(K) = inf{det Λ : Λ ∩ int(K) = {0}} ≤ inf{det Λ : Λ ∩ int(W ) = {0}} = ∆(W ).

(ii) ParathroÔme ìti T (Zn)∩ int(tK) = {0} an kai mìno an
(

1
t
T
)
(Zn)∩ int(K) = {0}. Dhlad ,

∆(K) = inf

{∣∣∣∣det

(
1

t
T

)∣∣∣∣ : T (Zn) ∩ int(tK) = {0}
}

=
1

tn
inf{|det T | : T (Zn) ∩ int(tK) = {0}} =

1

tn
∆(tK).

(iii) ParathroÔme ìti S(Zn) ∩ int(T (K)) = {0} an kai mìno an
(
T−1S

)
(Zn) ∩ int(K) = {0}.

Dhlad ,

∆(K) = inf
{∣∣det(T−1S)

∣∣ : S(Zn) ∩ int(T (K)) = {0}
}

= |det T−1| inf{|det S| : S(Zn) ∩ int(T (K)) = {0}} =
1

|det T |∆(T (K)).

9. DeÐxte ìti, gia k�je summetrikì kurtì s¸ma K ston Rn isqÔei

∆(K) ≥ 2−n|K|.

Upìdeixh. 'Estw T ∈ GL(n) me thn idiìthta T (Zn) ∩ int(K) = {0}. Tìte, Zn ∩ int(T−1(K)) =
{0}. Apì to je¸rhma tou Minkowski,

|T−1(K)| ≤ 2n,

dhlad  1
| det T | |K| ≤ 2n  , isodÔnama, |det T | ≥ 2−n|K|. 'Epetai ìti

∆(K) = inf{|det T | : T (Zn) ∩ int(K) = {0}} ≥ 2−n|K|.

10. SumbolÐzoume me En thn kl�sh ìlwn twn elleiyoeid¸n tou Rn pou den perièqoun sto
eswterikì touc kanèna shmeÐo tou Zn\{0} kai orÐzoume

αn = sup{|E| : E ∈ En}.

DeÐxte ìti
∆(Bn

2 )αn = ωn.
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Upìdeixh. 'Estw Λ = T (Zn) èna plègma me thn idiìthta Λ ∩ int(Bn
2 ) = {0}. Tìte, gia to

elleiyoeidèc E = T−1(Bn
2 ) èqoume Zn ∩ int(E) = {0}, �ra |E| ≤ αn. Dhlad , |det T−1||Bn

2 | ≤
αn. IsodÔnama,

|det T |αn ≥ ωn.

PaÐrnontac infimum wc proc ìla ta plègmata pou eÐnai apodekt� gia thn Bn
2 blèpoume ìti

∆(Bn
2 )αn ≥ ωn.

AntÐstrofa, an E = T−1(Bn
2 ) eÐnai elleiyoeidèc ston Rn kai Zn ∩ int(E) = {0}, tìte

T (Zn) ∩ int(Bn
2 ) = T (Zn) ∩ int(T (E)) = T (Zn ∩ int(E)) = {0},

�ra |det T | ≥ ∆(Bn
2 ). 'Epetai ìti

|E| = 1

|det T | |B
n
2 | ≤

ωn

∆(Bn
2 )

.

PaÐrnontac supremum wc proc ìla ta E ∈ En sumperaÐnoume ìti

αn ≤
ωn

∆(Bn
2 )

.

Mia oikogèneia P = {xi + rBn
2 : i ∈ I} apì mp�lec aktÐnac r > 0, lègetai packing an oi

xi + rBn
2 èqoun xèna eswterik�. OrÐzoume �nw kai k�tw puknìthta tou P wc ex c: gia k�je

R > 0, jewroÔme thn RBn
2 , kai tic xi + rBn

2 oi opoÐec tèmnoun thn RBn
2 . An N(R) eÐnai to

pl joc twn stoiqeÐwn tou {i ∈ I : (xi + rBn
2 ) ∩ (RBn

2 ) 6= ∅}, orÐzoume

δ(P ) = lim sup
R→∞

N(R)ωnrn

ωnRn

kai

δ(P ) = lim inf
R→∞

N(R)ωnrn

ωnRn
.

Oi arijmoÐ δ(P ) kai δ(P ) eÐnai h �nw kai k�tw puknìthta tou P , antÐstoiqa. An δ(P ) = δ(P ),
tìte aut  h koin  tim  eÐnai h puknìthta δ(P ) tou P .

'Estw Λ èna plègma ston Rn. 'Ena packing me kèntra sto Λ eÐnai èna packing thc morf c

P = {x + rBn
2 : x ∈ Λ}.

11. 'Estw P = {x + rBn
2 : x ∈ Λ} èna packing me kèntra sto plègma Λ. DeÐxte ìti

δ(P ) =
ωnrn

det Λ
.

Upìdeixh. 'Estw R > 0. To pl joc N(R) twn x+rBn
2 , x ∈ Λ, pou tèmnoun thn RBn

2 , ikanopoieÐ
thn anisìthta

|RBn
2 ∩ Λ| ≤ N(R) ≤ |(R + r)Bn

2 ∩ Λ|.
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'Ara,
|RBn

2 ∩ Λ|
|RBn

2 |
≤ N(R)

|RBn
2 |
≤ |(R + r)Bn

2 ∩ Λ|
|RBn

2 |
.

Gr�fontac Λ = T (Zn), Bn
2 = T (K), paÐrnontac ìrio kaj¸c R → ∞, kai qrhsimopoi¸ntac thn

'Askhsh 1, blèpoume ìti
1

detΛ
=

1

|det T | = lim
R→∞

N(R)

ωnRn
.

'Ara, up�rqei to

δ(P ) = lim
R→∞

N(R)ωnrn

ωnRn
=

ωnrn

det Λ
.

12. OrÐzoume δn to supremum twn δ(P ), ìpou P packing me mp�lec aktÐnac 1 kai kèntra se
k�poio plègma Λ tou Rn. DeÐxte ìti αn = 2nδn.

Upìdeixh. Sthn 'Askhsh 10 eÐdame ìti ∆(Bn
2 )αn = ωn. Apì thn 'Askhsh 11 paÐrnoume

δn = sup
Λ

ωn

det Λ

ìpou to supremum eÐnai wc proc ìla ta plègmata Λ pou epidèqontai packing apì mp�lec aktÐnac
1. ParathroÔme ìti èna plègma Λ èqei aut  thn idiìthta an kai mìno an eÐnai 2Bn

2 -apodektì
(exhg ste giatÐ). 'Ara,

δn =
ωn

2n∆(Bn
2 )

.

Sundu�zontac tic dÔo sqèseic blèpoume ìti

δn =
αn

2n
.





Kef�laio 4

UperepÐpeda st rixhc kai

diaqwristik� jewr mata

1. 'Estw x0, x1, . . . , xk ∈ Rn me thn ex c idiìthta: k�je x ∈ conv({x0, x1, . . . , xk}) gr�fe-
tai monos manta san kurtìc sunduasmìc twn x0, x1, . . . , xk. DeÐxte ìti ta x0, x1, . . . , xk eÐnai
afinik� anex�rthta.

Upìdeixh. JewroÔme t0, t1, . . . , tk ∈ R me
∑k

i=0 ti = 0 kai
∑k

i=0 tixi = 0. An oi ti den eÐnai ìloi
Ðsoi me mhdèn kai an jèsoume I = {i : ti > 0} kai J = {i : ti ≤ 0}, tìte

t =
∑
i∈I

ti =
∑
i∈J

(−ti) > 0.

Eidikìtera, to I eÐnai mh kenì. JewroÔme to

(∗) x =
∑
i∈I

ti

t
xi =

∑
i∈J

−ti

t
xi.

AfoÔ
∑

i∈I
ti
t

=
∑

i∈J
−ti

t
= 1, to x eÐnai kurtìc sunduasmìc twn xi. An stajeropoi soume

i0 ∈ I apì thn upìjesh prèpei oi suntelestèc tou xi0 stic dÔo anaparast�seic tou x sthn (∗)
na sumpÐptoun: tìte ti0 = 0, to opoÐo eÐnai �topo.

2. 'Estw C mh kenì, kurtì uposÔnolo tou Rn. DeÐxte ìti:

(i) aff(C) = aff(C) = aff(ri(C)).

(ii) ri(C) = ri(C) = ri(ri(C)).

(iii) rb(C) = rb(C) = rb(ri(C)).

Upìdeixh. (i) AfoÔ ri(C) ⊆ C ⊆ C, isqÔei h aff(ri(C)) ⊆ aff(C) ⊆ aff(C). AntÐstrofa, èstw
x ∈ aff(C). Up�rqoun xi ∈ C kai ti ∈ R me

∑m
i=1 ti = 1 ¸ste x =

∑m
i=1 tixi. Gia k�je

i = 1, . . . , m up�rqei akoloujÐa (xik) sto C me xik → xi ìtan k →∞. Tìte, xk =
∑m

i=1 tixik ∈
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aff(C) kai xk → x, �ra x ∈ aff(C). AfoÔ h aff(C) eÐnai kleistì sÔnolo, èqoume aff(C) = aff(C).
Sunep¸c, x ∈ aff(C) kai aff(C) ⊆ aff(C).

Tèloc, afoÔ C = ri(C), to prohgoÔmeno deÐqnei ìti aff(C) = aff(ri(C)) ⊆ aff(ri(C)).

(ii) AfoÔ aff(C) = aff(C) = aff(ri(C)) kai ri(C) ⊆ C ⊆ C, apì ton orismì tou sqetikoÔ
eswterikoÔ èqoume ri(ri(C)) ⊆ ri(C) ⊆ ri(C).

'Estw x ∈ ri(C). JewroÔme kai k�poio y ∈ ri(C). An x = y èqoume x ∈ ri(C). An
x 6= y gnwrÐzoume ìti up�rqei z ∈ C ¸ste x ∈ (y, z) (efarmog  tou Jewr matoc 4.2.5 gia to
2y− x 6= x). P�li apì to Je¸rhma 4.2.5, afoÔ y ∈ ri(C) kai z ∈ C, èqoume (y, z) ⊆ ri(C). 'Ara
x ∈ ri(C). Autì apodeiknÔei ìti ri(C) ⊆ ri(C).

Tèloc, afoÔ C = ri(C), efarmìzontac to prohgoÔmeno me to ri(C) sth jèsh tou C paÐrnoume
ton isqurìtero egkleismì ri(C) ⊆ ri(ri(C)).

(iii) 'Ameso apì to (ii). Gia par�deigma,

rb(C) = C \ ri(C) = C \ ri(C) = rb(C).

3. 'Estw C1, C2 mh ken�, kurt� uposÔnola tou Rn. DeÐxte ìti

ri(C1 + C2) = ri(C1) + ri(C2).

Upìdeixh. MporoÔme, metafèrontac ta C1 kai C2, na upojèsoume ìti 0 ∈ C1 ∩ C2. Tìte,

aff(C1 + C2) = span(C1 + C2) = span(C1) + span(C2) = aff(C1) + aff(C2).

'Estw x1 ∈ ri(C1) kai x2 ∈ ri(C2). Ja deÐxoume ìti x1+x2 ∈ ri(C1+C2). 'Estw z ∈ aff(C1+C2),
z 6= x1+x2. Tìte z = y1+y2 gia k�poia y1 ∈ aff(C1) kai y2 ∈ aff(C2). MporoÔme na upojèsoume
ìti yi 6= xi (alli¸c, to prìblhma eÐnai aploÔstero). AfoÔ x1 ∈ ri(C1), up�rqei t ∈ (0, 1) ¸ste
(1− t)x1 + ty1 ∈ C1. 'Omoia, up�rqei s ∈ (0, 1) ¸ste (1− s)x2 + sy2 ∈ C2. An 0 ≤ r ≤ min{t, s}
tìte (1 − r)xi + ryi ∈ Ci gia i = 1, 2, �ra (1 − r)(x1 + x2) + r(y1 + y2) ∈ C1 + C2. Dhlad ,
up�rqei z ∈ (x1 + x2, y1, y2) ¸ste [x1 + x2, z] ⊆ C1 + C2. 'Epetai ìti x1 + x2 ∈ ri(C1 + C2) kai
autì deÐqnei ìti ri(C1) + ri(C2) ⊆ ri(C1 + C2).

Gia ton antÐstrofo egkleismì, deÐqnoume pr¸ta ìti

C1 + C2 = ri(C1) + ri(C2).

Tìte, apì thn 'Askhsh 2 blèpoume ìti

ri(C1 + C2) = ri(C1 + C2) = ri(ri(C1) + ri(C2))

= ri(ri(C1) + ri(C2)) ⊆ ri(C1) + ri(C2).

4. 'Estw C1, C2 kurt� uposÔnola tou Rn me ri(C1) ∩ ri(C2) 6= ∅. DeÐxte ìti

ri(C1 ∩ C2) = ri(C1) ∩ ri(C2).

IsqÔei to Ðdio gia tuqìnta mh ken� kurt� C1, C2 ⊆ Rn?
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Upìdeixh. 'Estw x ∈ ri(C1) ∩ ri(C2). JewroÔme y ∈ aff(C1 ∩ C2) me y 6= x kai ja broÔme
z ∈ (x, y) ¸ste [x, z] ⊆ C1∩C2 (apì to Je¸rhma 4.2.5 èpetai ìti x ∈ ri(C1∩C2)). ParathroÔme
ìti aff(C1 ∩ C2) ⊆ aff(C1), �ra y ∈ aff(C1). AfoÔ x ∈ ri(C1), up�rqei z1 ∈ (x, y) ¸ste
[x, z1] ⊆ C1. Me ton Ðdio trìpo blèpoume ìti up�rqei z2 ∈ (x, y) ¸ste [x, z2] ⊆ C2. AfoÔ
z1, z2 ∈ (x, y) èqoume [x, z1] ⊆ [x, z2]   [x, z2] ⊆ [x, z1]. Se k�je perÐptwsh, up�rqei z ∈ (x, y)
(k�poio apì ta z1, z2) ¸ste [x, z] ⊆ [x, zi] ⊆ Ci gia i = 1, 2, dhlad  [x, z] ⊆ C1 ∩ C2. Sunep¸c,
x ∈ ri(C1 ∩ C2) kai èqoume deÐxei ìti ri(C1) ∩ ri(C2) ⊆ ri(C1 ∩ C2).

AntÐstrofa, èstw x ∈ ri(C1 ∩ C2). JewroÔme kai k�poio z ∈ ri(C1) ∩ ri(C2). MporoÔme
na upojèsoume ìti x 6= z alli¸c den èqoume tÐpota na deÐxoume. AfoÔ x ∈ ri(C1 ∩ C2) kai
z ∈ C1 ∩ C2, up�rqei u ∈ C1 ∩ C2 ¸ste x ∈ (u, z).

'Estw t¸ra y ∈ aff(C1), y 6= x. Upojètoume ìti to y den an kei sthn eujeÐa twn x, z, u,
alli¸c to prìblhma eÐnai aploÔstero. AfoÔ z ∈ ri(C1), up�rqei v ∈ C1 ¸ste z ∈ (v, y). Ta
x, y, z, u, v brÐskontai sto Ðdio epÐpedo kai to x eÐnai eswterikì shmeÐo tou trig¸nou uvy. 'Ara,
up�rqei w ∈ (u, v) ¸ste x ∈ (y, w). AfoÔ ta u, v an koun sto C1, èqoume w ∈ C1. Dhlad ,
gia k�je y ∈ aff(C1), y 6= x, br kame w ∈ C1 ¸ste x ∈ (y, w). Autì apodeiknÔei ìti x ∈ ri(C1)
(apì to Je¸rhma 4.2.5). 'Omoia deÐqnoume ìti x ∈ ri(C1). AfoÔ to x ∈ ri(C1 ∩ C2)  tan tuqìn,
èpetai ìti ri(C1 ∩ C2) ⊆ ri(C1) ∩ ri(C2).

ShmeÐwsh. An C1 = {(x, 0) : 0 ≤ x ≤ 1} kai C2 = {(0, y) : 0 ≤ y ≤ 1} tìte C1 ∩ C2 =
ri(C1 ∩ C2) = {(0, 0)} kai ri(C1) ∩ ri(C2) = ∅.

5. 'Estw {Ci : i ∈ I} oikogèneia kurt¸n uposunìlwn tou Rn me
⋂

i∈I ri(Ci) 6= ∅. DeÐxte ìti⋂
i∈I

Ci =
⋂
i∈I

Ci.

Upìdeixh. Gia k�je i ∈ I èqoume Ci ⊆ Ci, sunep¸c⋂
i∈I

Ci ⊆
⋂
i∈I

Ci.

To sÔnolo
⋂
i∈I

Ci eÐnai kleistì, �ra

⋂
i∈I

Ci ⊆
⋂
i∈I

Ci.

Gia thn antÐstrofh kateÔjunsh stajeropoioÔme y ∈
⋂
i∈I

ri(Ci). JewroÔme tuqìn x ∈
⋂
i∈I

Ci kai

ja deÐxoume ìti x ∈
⋂
i∈I

Ci. Gia k�je i ∈ I èqoume y ∈ ri(Ci) kai x ∈ Ci, �ra [y, x) ⊆ ri(Ci) ⊆ Ci.

'Epetai ìti [y, x) ⊆
⋂
i∈I

Ci. AfoÔ x ∈ [y, x), sumperaÐnoume ìti x ∈
⋂
i∈I

Ci.

6. 'Estw S = conv({x0, x1, . . . , xn}) èna n�simplex ston Rn kai èstw y ∈ int(S). DeÐxte ìti ta

Si = conv({x0, x1, . . . , xi−1, y, xi+1, . . . , xn}), i = 0, 1, . . . , n
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eÐnai n�simplices, an� dÔo èqoun xèna eswterik�, kai

S = S0 ∪ S1 ∪ · · · ∪ Sn.

Upìdeixh. AfoÔ y ∈ int(S), up�rqoun 0 < ai < 1 ¸ste y = a0x0 +a1x1 + · · ·+anxn. DeÐqnoume
pr¸ta ìti k�je Si eÐnai simplex: arkeÐ na deÐxoume ìti ta x0, x1, . . . , xi−1, y, xi+1, . . . , xn eÐnai
afinik� anex�rthta. 'Estw tj ∈ R me

∑n
j=0 tj = 0 kai t0x0 + · · · + ti−1xi−1 + tiy + ti+1xi+1 +

· · ·+ tnxn = 0. Antikajist¸ntac to y paÐrnoume

t0x0 + · · ·+ ti−1xi−1 + ti

n∑
j=0

ajxj + ti+1xi+1 + · · ·+ tnxn = 0,

dhlad  ∑
j 6=i

(tj + ajti)xj + tiaixi = 0.

AfoÔ ta x0, x1, . . . , xn eÐnai afinik� anex�rthta, èqoume tiai = 0 kai tj +ajti = 0 gia k�je j 6= i.
AfoÔ ai 6= 0, apì thn tiai = 0 blèpoume ìti ti = 0. Tìte, h tj + ajti = 0 mac dÐnei ìti tj = 0 gia
j 6= i. Sunep¸c, t0 = t1 = · · · = tn = 0.

'Estw i 6= j kai èstw x ∈ int(Si) ∩ int(Sj). Tìte, up�rqoun tk, sk ∈ (0, 1) me
∑n

k=0 tk =∑n
k=0 sk = 1 ¸ste

x =
∑
k 6=i

tkxk + tiy =
∑
k 6=j

skxk + sjy.

Sunep¸c, ∑
k 6=i,j

(tk − sk)xk + tjxj − sixi + tiy − sjy = 0.

Antikajist¸ntac to y paÐrnoume

∑
k 6=i,j

(tk − sk)xk + tjxj − sixi +

n∑
k=0

(ti − sj)akxk = 0,

dhlad  ∑
k 6=i,j

(tk − sk + (ti − sj)ak)xk + ((ti − sj)ai − si)xi + ((ti − sj)aj + tj)xj = 0.

EÔkola elègqoume ìti to �jroisma twn suntelest¸n eÐnai Ðso me 0. AfoÔ ta xk eÐnai afinik�
anex�rthta, èqoume

(ti − sj)ai − si = (ti − sj)aj + ti = 0.

'Omwc, an ti − sj ≥ 0 èqoume (ti − sj)aj + ti ≥ ti > 0 kai an ti − sj < 0 èqoume (ti − sj)ai − si <
−si < 0. Se k�je perÐptwsh odhgoÔmaste se �topo.

Gia k�je i = 0, 1, . . . , n èqoume Si ⊆ S: ta y, xj , j 6= i an koun sto S kai to S eÐnai kurtì,
�ra Si = conv({x0, . . . , xi−1, y, xi+1, . . . , xn}) ⊆ S. 'Epetai ìti S0 ∪ S1 ∪ · · · ∪ Sn ⊆ S.

AntÐstrofa, èstw x ∈ S. Up�rqoun tk ≥ 0 me
∑n

k=0 tk = 1 ¸ste x =
∑n

k=0 tkxk. EpÐshc,
up�rqei j ¸ste

tj

aj
= min

{
tk

ak
: k = 0, 1, . . . , n

}
.
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OrÐzoume

sk = tk −
tj

aj
ak, k 6= j

kai sj =
tj

aj
. Tìte, sk ≥ 0 kai

n∑
k=0

sk =
∑
k 6=j

(
tk −

tj

aj
ak

)
+

tj

aj
=
∑
k 6=j

tk −
tj

aj

∑
k 6=j

ak +
tj

aj
= 1− tj −

tj

aj
(1− aj) +

tj

aj
= 1.

EpÐshc,

∑
k 6=j

skxk + sjy =
∑
k 6=j

(
tk −

tj

aj
ak

)
xk +

tj

aj

n∑
k=0

akxk

=
∑
k 6=j

(
tk −

tj

aj
ak +

tj

aj
ak

)
xk + tjxj

=
∑
k 6=j

tkxk + tjxj = x.

'Ara, x ∈ Sj ⊆ S0 ∪ S1 ∪ · · · ∪ Sn.

7. 'Estw A mh kenì uposÔnolo tou Rn. DeÐxte ìti

conv(A) =
⋂
{B ⊆ Rn : B ⊇ A, B kleistì kai kurtì}.

Upìdeixh. Jètoume C =
⋂
{B ⊆ Rn : B ⊇ A, B kleistì kai kurtì}. Apì ton orismì tou C, an

B eÐnai kleistì kai kurtì uposÔnolo tou Rn me A ⊆ B tìte C ⊆ B. AfoÔ to conv(A) eÐnai
kleistì kurtì kai perièqei to A, blèpoume ìti

C ⊆ conv(A).

AntÐstrofa, p�li apì ton orismì tou C, eÐnai fanerì ìti A ⊆ C (to C eÐnai tom  sunìlwn pou
perièqoun to A, �ra perièqei to A). EpÐshc, to C eÐnai kurtì sÔnolo wc tom  kurt¸n sunìlwn,
�ra conv(A) ⊆ C. Tèloc, to C eÐnai kleistì wc tom  kleist¸n sunìlwn, �ra

conv(A) ⊆ C.

Oi dÔo egkleismoÐ deÐqnoun to zhtoÔmeno.

8. D¸ste par�deigma kleistoÔ uposunìlou tou R2 tou opoÐou h kurt  j kh den eÐnai kleistì
sÔnolo. MporeÐte na breÐte antÐstoiqo par�deigma sto R?

Upìdeixh. To sÔnolo A = {(0, 0)} ∪
{(

x, 1
x

)
| x > 0

}
eÐnai kleistì uposÔnolo tou R2, all� h

kurt  tou j kh den eÐnai kleistì sÔnolo (exhg ste giatÐ).
An A eÐnai kleistì uposÔnolo tou R tìte conv(A) = [min(A), max(A)] an to A eÐnai frag-

mèno (exhg ste ti sumbaÐnei an to A den eÐnai �nw   k�tw fragmèno). Se k�je perÐptwsh, h
kurt  j kh tou A eÐnai kleistì sÔnolo.
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9. 'Estw C mh kenì, kleistì kai kurtì uposÔnolo tou Rn. DeÐxte ìti: an x, y ∈ Rn kai
‖pC(x)− pC(y)‖2 = ‖x− y‖2, tìte x− pC(x) = y − PC(y).

An ‖pC(x)− pC(y)‖2 = ‖x− y‖2 gia k�je x, y ∈ Rn, ti sumperaÐnete gia to C?

Upìdeixh. Upojètoume ìti ‖pC(x) − pC(y)‖2 = ‖x − y‖2. GnwrÐzoume ìti 〈x − pC(x), pC(y) −
pC(x)〉 ≤ 0 kai 〈pC(y)− y, pC(y)− pC(x)〉 ≤ 0, �ra

〈x− pC(x) + pC(y)− y, pC(y)− pC(x)〉 ≤ 0.

Gr�foume

‖x− y‖22 = ‖(x− pC(x) + pC(y)− y) + (pC(x)− pC(y))‖22
= ‖x− pC(x) + pC(y)− y‖22 + 2〈x− pC(x) + pC(y)− y, pC(x)− pC(y)〉

+‖pC(x)− pC(y)‖22
= ‖x− pC(x) + pC(y)− y‖22 − 2〈x− pC(x) + pC(y)− y, pC(y)− pC(x)〉+ ‖x− y‖22
≥ ‖x− pC(x) + pC(y)− y‖22 + ‖x− y‖22.

'Epetai ìti ‖x− pC(x) + pC(y)− y‖2 = 0, �ra x− pC(x) = y − pC(y).

Gia to deÔtero er¸thma parathroÔme ìti, afoÔ C 6= ∅, up�rqei x0 ∈ Rn (opoiod pote shmeÐo
tou C) ¸ste pC(x0) = x0, dhlad  x0−pC(x0) = 0. H upìjesh ìti ‖pC(x)−pC(y)‖2 = ‖x−y‖2
gia k�je x, y ∈ Rn, se sunduasmì me to prohgoÔmeno er¸thma, mac exasfalÐzei ìti

x− pC(x) = x0 − pC(x0) = 0

gia k�je x ∈ Rn. 'Ara, x ∈ C gia k�je x ∈ Rn. Sunep¸c, C = Rn.

10*. 'Estw A mh kenì, kleistì uposÔnolo tou Rn me thn ex c idiìthta: gia k�je x ∈ Rn up�rqei
monadikì pA(x) ∈ A ¸ste ‖x− pA(x)‖2 = d(x, A). DeÐxte ìti to A eÐnai kurtì.

11. 'Estw K èna mh kenì, sumpagèc kurtì uposÔnolo tou Rn. DeÐxte ìti up�rqei oikogèneia
{B(xi, ri) : i ∈ I} apì kleistèc mp�lec ston Rn ¸ste

K =
⋂
i∈I

B(xi, ri).

Upìdeixh. Gr�foume C gia thn tom  ìlwn twn B(xi, ri) (ìpou xi ∈ Rn kai ri > 0) pou perièqoun
to K. Profan¸c, K ⊆ C.

SumbolÐzoume me d th di�metro tou K. 'Estw y /∈ K. Jètoume z = pK(y), w = y+z
2
,

u = z−y
‖z−y‖2

kai s = ‖z − w‖2. Gia k�je x ∈ K èqoume

〈x− z, u〉 ≥ 0.

Sunep¸c, gia k�je t > 0,

‖x− (z + tu)‖22 = ‖x− z‖22 − 2t〈x− z, u〉+ t2 ≤ d2 + t2.
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An t ≥ d2

2s
tìte d2 + t2 ≤ (t + s)2, �ra

x ∈ B(z + tu,
√

d2 + t2) ⊆ B(z + tu, t + s).

'AfoÔ to x ∈ K  tan tuqìn,
K ⊆ B(z + tu, t + s).

'Omwc, ta z − y kai u eÐnai omìrropa, �ra

‖y − (z + tu)‖2 = t + ‖z − y‖2 = t + 2s > t + s,

dhlad  y /∈ B(z + tu, t + s). 'Ara, y /∈ C. Autì apodeiknÔei ìti C ⊆ K.

12. 'Estw K èna kurtì s¸ma ston Rn. To kèntro b�rouc tou K eÐnai to shmeÐo y = (y1, . . . , yn)
me suntetagmènec

yi =
1

|K|

∫
K

〈x, ei〉 dx, i = 1, . . . , n.

DeÐxte ìti y ∈ K.

Upìdeixh. Upojètoume ìti y /∈ K. Tìte, to {y} diaqwrÐzetai austhr� apì to K: up�rqoun
z 6= 0 ston Rn kai α ∈ R ¸ste

max
x∈K

〈x, z〉 ≤ α < 〈y, z〉.

Tìte,
1

|K|

∫
K

〈x, z〉 dx ≤ 1

|K|

∫
K

α dx = α

kai, tautìqrona, apì thn

〈x, z〉 =

n∑
i=1

xizi =

n∑
i=1

zi〈x, ei〉

èqoume

1

|K|

∫
K

〈x, z〉 dx =

n∑
i=1

zi
1

|K|

∫
K

〈x, ei〉 dx =

n∑
i=1

ziyi = 〈y, z〉 > α,

to opoÐo eÐnai �topo.

13. (a) Perigr�yte ìla ta kleist� kurt� uposÔnola tou Rn pou to sumpl rwm� touc eÐnai epÐshc
kurtì.

(b) Perigr�yte ìla ta kurt� uposÔnola tou Rn ta opoÐa den èqoun kanèna uperepÐpedo st rixhc.

Upìdeixh. (a) Upojètoume ìti to C eÐnai mh kenì gn sio kleistì kurtì uposÔnolo tou Rn

kai to Cc eÐnai kurtì. Ta C kai Cc diaqwrÐzontai: up�rqei uperepÐpedo H ¸ste C ⊆ H+ kai
Cc ⊆ H−. Apì th deÔterh sqèsh, paÐrnontac sumplhr¸mata, èqoume C ⊇ H+. AfoÔ to C eÐnai
kleistì, èpetai ìti C ⊇ H+. 'Ara, C = H+. Dhlad , to C eÐnai kleistìc hmÐqwroc   C = Rn  
C = ∅.

AntÐstrofa, eÔkola elègqoume ìti ìla aut� ta sÔnola eÐnai kleist� kurt� kai èqoun kurtì
sumpl rwma.
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(b) GnwrÐzoume ìti k�je mh kenì kleistì kurtì uposÔnolo C tou Rn me bd(C) 6= ∅ èqei up-
erepÐpeda st rixhc. An loipìn to C den èqei uperepÐpeda st rixhc tìte eÐte C = ∅   C 6= ∅ kai
int(C) = C = C, to opoÐo mporeÐ na sumbeÐ mìno an C = Rn.

14. (a) Up�rqei par�deigma xènwn mh ken¸n, kleist¸n kurt¸n uposunìlwn tou R2 ta opoÐa den
diaqwrÐzontai gn sia?

(b) Up�rqei par�deigma xènwn mh ken¸n, kleist¸n kurt¸n uposunìlwn tou R2 ta opoÐa na
diaqwrÐzontai gn sia all� na mhn diaqwrÐzontai austhr�?

Upìdeixh. (a) Jewr ste ta sÔnola A =
{
(x, y) : y ≥ 1

x
, x > 0

}
kai B = {(x, y) : y ≤ 0} sto

R2.

(b) Jewr ste ta sÔnola A =
{
(x, y) : y ≥ 1

x
, x > 0

}
kai B =

{
(x, y) : y ≤ − 1

x
, x > 0

}
.

15. 'Estw C mh kenì, kurtì uposÔnolo tou Rn. DeÐxte ìti to C eÐnai kleistì an kai mìno an to
C ∩ ` eÐnai kleistì sÔnolo gia k�je eujeÐa ` ston Rn.

Upìdeixh. K�je eujeÐa eÐnai kleistì uposÔnolo tou Rn. An loipìn to C eÐnai kleistì, tìte to
C ∩ ` eÐnai kleistì sÔnolo gia k�je eujeÐa ` ston Rn.

AntÐstrofa, upojètoume ìti C eÐnai mh kenì kurtì uposÔnolo tou Rn kai ìti to C ∩ ` eÐnai
kleistì sÔnolo gia k�je eujeÐa ` ston Rn. JewroÔme tuqìn x ∈ bd(C) kai ja deÐxoume ìti
x ∈ C (èpetai to zhtoÔmeno). Up�rqei y ∈ ri(C), kai tìte, [y, x) ⊆ C. JewroÔme thn eujeÐa
` pou orÐzetai apì ta x kai y. Tìte, to C ∩ ` eÐnai kleistì sÔnolo kai [y, x) ⊆ C ∩ `, �ra
[y, x) ⊆ C ∩ `. 'Omwc, x ∈ [y, x). Sunep¸c, x ∈ C ∩ ` kai, eidikìtera, x ∈ C.

16. (a) 'Estw T = conv({v1, . . . , vm}). DeÐxte ìti

T ◦ = {x ∈ Rn : 〈x, vj〉 ≤ 1 gia k�je j = 1, . . . , m}.

(b) 'Estw v1, . . . , vm ∈ Rn kai

P = {x ∈ Rn : 〈x, vj〉 ≤ 1 gia k�je j = 1, . . . , m}.

DeÐxte ìti P ◦ = conv({0, v1, . . . , vm}).

Upìdeixh. (a) Jètoume P = {x ∈ Rn : 〈x, vj〉 ≤ 1 gia k�je j = 1, . . . , m}. 'Estw x ∈ T ◦. Tìte,
〈x, v〉 ≤ 1 gia k�je v ∈ T . Eidikìtera, 〈x, vj〉 ≤ 1 gia k�je j = 1, . . . , m, �ra x ∈ P . Autì
deÐqnei ìti T ◦ ⊆ P .

AntÐstrofa, èstw x ∈ P kai èstw v ∈ T . Up�rqoun ti ≥ 0 me
∑m

j=1 tj = 1 kai v =∑m
j=1 tjvj . Tìte,

〈x, v〉 =

m∑
j=1

tj〈x, vj〉 ≤
m∑

j=1

tj = 1.

AfoÔ to v ∈ T  tan tuqìn, èpetai ìti x ∈ T ◦. 'Ara, P ⊆ T ◦.

(b) Apì to (a), an T = conv({v1, . . . , vm}) èqoume P = T ◦. Sunep¸c,

P ◦ = T ◦◦ = conv(T ∪ {0}) = conv({0, v1, . . . , vm}) = conv({0, v1, . . . , vm}).
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17. 'Estw A kai B kleist� kai kurt� uposÔnola tou Rn ta opoÐa perièqoun to 0. DeÐxte ìti

(A ∩B)◦ = conv(A◦ ∪B◦).

Upìdeixh. Apì tic basikèc idiìthtec twn polik¸n sunìlwn èqoume ta ex c: A ∩ B ⊆ A kai
A ∩B ⊆ B, �ra (A ∩B)◦ ⊇ A◦ kai (A ∩B)◦ ⊇ B◦. Sunep¸c,

(A ∩B)◦ ⊇ A◦ ∪B◦.

EpÐshc, to (A ∩B)◦ eÐnai kleistì kai kurtì, �ra

(A ∩B)◦ ⊇ conv(A◦ ∪B◦).

Upojètoume ìti o egkleismìc eÐnai gn sioc. Tìte, up�rqei x ∈ (A∩B)◦ me x /∈ conv(A◦ ∪B◦).
MporoÔme na diaqwrÐsoume austhr� to x apì to conv(A◦ ∪B◦), dhlad  up�rqoun z 6= 0 kai
d ∈ R ¸ste

〈z, x〉 > d > 〈z, y〉
gia k�je y ∈ A◦ ∪B◦. AfoÔ 0 ∈ A◦, èqoume d > 0. Jètontac u = 1

d
z èqoume u 6= 0 kai

〈u, x〉 > 1 > 〈u, y〉

gia k�je y ∈ A◦∪B◦. Apì thn 〈u, y〉 < 1 gia k�je y ∈ A◦ èpetai ìti u ∈ A◦◦ = conv(A ∪ {0}) =
A, diìti to A eÐnai kleistì kurtì kai perièqei to 0. 'Omoia, u ∈ B, dhlad  u ∈ A ∩ B. 'Omwc,
x ∈ (A ∩B)◦, �ra

〈u, x〉 ≤ 1,

to opoÐo eÐnai �topo.





Kef�laio 5

Kurtèc sunart seic

1. 'Estw f : Rn → R �nw fragmènh kurt  sun�rthsh. DeÐxte ìti h f eÐnai stajer .

Upìdeixh. Upojètoume ìti h f eÐnai �nw fragmènh, dhlad  up�rqei M ∈ R ¸ste f(z) ≤ M gia
k�je z ∈ Rn. Upojètoume epÐshc ìti up�rqoun x, y ston Rn ¸ste f(x) < f(y). H f eÐnai kurt ,
�ra èqei uperepÐpedo st rixhc sto y: up�rqei u ∈ Rn ¸ste

f(z) ≥ f(y) + 〈u, z − y〉

gia k�je z ∈ Rn. Jètontac z = x blèpoume ìti

〈u, x− y〉 ≤ f(x)− f(y) < 0.

Jètontac z = y − t(x− y) paÐrnoume

f(y)− 〈u, t(x− y)〉 ≤ f(y − t(x− y)) ≤ M,

dhlad 
−t〈u, x− y〉 ≤ M − f(y)

gia k�je t ∈ R. AfoÔ 〈u, x− y〉 < 0, af nontac to t → +∞ katal goume se �topo.

2. 'Estw f : Rn → R kurt  sun�rthsh, g : Rn → R koÐlh sun�rthsh kai èstw ìti f(x) ≤ g(x)
gia k�je x ∈ Rn. DeÐxte ìti up�rqei afinik  sun�rthsh h : Rn → R ¸ste f(x) ≤ h(x) ≤ g(x)
gia k�je x ∈ Rn.

Upìdeixh. H sun�rthsh f − g eÐnai kurt  kai �nw fragmènh apì to 0. Apì thn 'Askhsh 1, h
f − g eÐnai stajer : up�rqei c ≥ 0 ¸ste g(x) = f(x) + c gia k�je x ∈ Rn. Tìte, afoÔ h f
eÐnai kurt  kai h g eÐnai koÐlh, eÔkola elègqoume ìti h g = f + c eÐnai afinik  sun�rthsh (eÐnai
tautìqrona kurt  kai koÐlh). To Ðdio isqÔei kai gia thn f = g − c. Tìte, gia k�je 0 ≤ r ≤ c, h
h(x) = f(x)+r eÐnai afinik  sun�rthsh kai ikanopoieÐ thn f(x) ≤ h(x) ≤ g(x) gia k�je x ∈ Rn.

3. 'Estw V mh kenì, anoiktì kurtì uposÔnolo tou Rn kai èstw f : V → R kurt  sun�rthsh.
DeÐxte ìti: an C eÐnai mh kenì, sumpagèc uposÔnolo tou V tìte h f eÐnai Lipschitz suneq c sto
C.
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Upìdeixh. Apì th sump�geia tou C mporoÔme na broÔme ε > 0 ¸ste to sÔnolo C + εBn
2 na

perièqetai sto C (exhg ste giatÐ). GnwrÐzoume ìti h f eÐnai suneq c sto V , �ra kai sto C+εBn
2 .

AfoÔ to C + εBn
2 eÐnai sumpagèc (exhg ste giatÐ), up�rqei M > 0 ¸ste |f(x)| ≤ M gia k�je

x ∈ C + εBn
2 .

JewroÔme tuqìnta y 6= z sto C. An w = z + ε z−y
‖z−y‖2

, tìte w ∈ C + εBn
2 kai ‖w− z‖2 = ε.

Jewr¸ntac thn f wc kurt  sun�rthsh sthn eujeÐa twn y, z, w kai efarmìzontac to l mma twn
tri¸n qord¸n, paÐrnoume

f(z)− f(y)

‖y − z‖2
≤ f(w)− f(z)

‖w − z‖2
≤ |f(w)|+ |f(z)|

ε
≤ 2M

ε
.

Dhlad ,

f(z)− f(y) ≤ 2M

ε
‖y − z‖2.

Lìgw summetrÐac, èqoume kai thn f(y)− f(z) ≤ 2M
ε
‖y − z‖2. Dhlad ,

|f(z)− f(y)| ≤ 2M

ε
‖y − z‖2

gia k�je y, z ∈ C.

4. 'Estw C mh kenì, anoiktì kurtì uposÔnolo tou Rn kai èstw f : C → R.
(a) Upojètoume ìti h f èqei suneqeÐc merikèc parag ģouc. DeÐxte ìti h f eÐnai kurt  an kai
mìno an

〈∇f(x)−∇f(y), x− y〉 ≥ 0

gia k�je x, y ∈ C.

(b) Upojètoume ìti h f èqei suneqeÐc merikèc parag ģouc deÔterhc t�xhc. DeÐxte ìti h f eÐnai
kurt  an kai mìno an gia k�je x ∈ C kai gia k�je u ∈ Rn isqÔei

n∑
i,j=1

∂2f

∂xi∂xj
(x)uiuj ≥ 0.

Upìdeixh. (a) Apì thn kurtìthta thc f gia k�je x, y ∈ C isqÔoun oi

f(y)− f(x) ≥ 〈∇f(x), y − x〉

kai
f(x)− f(y) ≥ 〈∇f(y), x− y〉 = −〈∇f(y), y − x〉.

Prosjètontac kat� mèlh, paÐrnoume thn

〈∇f(x)−∇f(y), y − x〉 ≤ 0,

h opoÐa eÐnai isodÔnamh me thn zhtoÔmenh.
Gia thn antÐstrofh kateÔjunsh: èstw x 6= y sto C. JewroÔme thn kurt  sun�rthsh

g : [0, 1] → R me g(t) = f((1− t)x + ty) = f(x + t(y − x)). Tìte, up�rqei s ∈ (0, 1) ¸ste

f(y)− f(x) = g(1)− g(0) = g′(s) = 〈∇f((1− s)x + sy), y − x〉.
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Apì thn upìjesh èqoume

〈∇f((1− s)x + sy)−∇f(x), (1− s)x + sy − x〉 ≥ 0,

dhlad 
s〈∇f((1− s)x + sy)−∇f(x), y − x〉 ≥ 0.

Sunep¸c,
f(y)− f(x) = 〈∇f((1− s)x + sy), y − x〉 ≥ 〈∇f(x), y − x〉.

An stajeropoi soume to x ∈ C, h teleutaÐa sqèsh deÐqnei ìti h f èqei uperepÐpedo st rixhc sto
x. AfoÔ to x ∈ C  tan tuqìn, h f eÐnai kurt .

(b) Upojètoume pr¸ta ìti h f eÐnai kurt . 'Estw x ∈ C kai u 6= 0. AfoÔ to C eÐnai anoiktì,
up�rqei ε > 0 ¸ste x+ tu ∈ C gia k�je t ∈ (−ε, ε). JewroÔme th sun�rthsh g : (−ε, ε) → R me
g(t) = f(x + tu). H g eÐnai kurt  kai dÔo forèc paragwgÐsimh, �ra g′′(0) ≥ 0. Apì ton kanìna
thc alusÐdac èqoume

g′′(t) =

n∑
i,j=1

∂2f

∂xi∂xj
(x + tu)uiuj ,

sunep¸c
n∑

i,j=1

∂2f

∂xi∂xj
(x)uiuj = g′′(0) ≥ 0.

AntÐstrofa, upojètoume ìti gia k�je x ∈ C kai gia k�je u ∈ Rn isqÔei

n∑
i,j=1

∂2f

∂xi∂xj
(x)uiuj ≥ 0.

Gia na deÐxoume ìti h f eÐnai kurt , arkeÐ na deÐxoume ìti, gia k�je x 6= y sto C, h sun�rthsh
h : [0, 1] → R me h(t) = f(x + t(y − x)) eÐnai kurt . H h eÐnai dÔo forèc paragwgÐsimh kai

h′′(t) =

n∑
i,j=1

∂2f

∂xi∂xj
(x + t(y − x))(yi − xi)(yj − xj) ≥ 0,

an efarmìsoume thn upìjesh sto x + t(y − x) ∈ C me u = y − x. Sunep¸c, h h eÐnai kurt .

5. 'Estw C kleistì kai kurtì uposÔnolo tou Rn kai èstw f : Rn → R h sun�rthsh f(x) =
dist(x, C).

(a) 'Estw x /∈ C. DeÐxte ìti

∇f(x) =
x− pC(x)

‖x− pC(x)‖2
.

(b) DeÐxte ìti h f eÐnai diaforÐsimh sto Rn \ C.

Upìdeixh. (a) Gia k�je i = 1, . . . , n kai gia arket� mikrì t > 0 èqoume

f(x + tei)− f(x)

t
=

‖x + tei − pC(x + tei)‖2 − ‖x− pC(x)‖2
t

≤ ‖x + tei − pC(x)‖2 − ‖x− pC(x)‖2
t
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=
‖x− pC(x) + tei‖22 − ‖x− pC(x)‖22

t(‖x− pC(x) + tei‖2 + ‖x− pC(x)‖2)

=
2t〈x− pC(x), ei〉+ t2

t(‖x− pC(x) + tei‖2 + ‖x− pC(x)‖2)

=
2〈x− pC(x), ei〉+ t

‖x− pC(x) + tei‖2 + ‖x− pC(x)‖2
.

Parathr ste ìti

(∗) lim
t→0+

2〈x− pC(x), ei〉+ t

‖x− pC(x) + tei‖2 + ‖x− pC(x)‖2
=

〈
x− pC(x)

‖x− pC(x)‖2
, ei

〉
.

EpÐshc,

f(x + tei)− f(x)

t
=

‖x + tei − pC(x + tei)‖2 − ‖x− pC(x)‖2
t

=
‖x + tei − pC(x + tei)‖2‖x− pC(x)‖2 − ‖x− pC(x)‖22

t‖x− pC(x)‖2

≥ 〈x + tei − pC(x + tei), x− pC(x)〉 − 〈x− pC(x), x− pC(x)〉
t‖x− pC(x)‖2

=
〈pC(x)− pC(x + tei), x− pC(x)〉+ t〈x− pC(x), ei〉

t‖x− pC(x)‖2

≥
〈

x− pC(x)

‖x− pC(x)‖2
, ei

〉
,

diìti 〈pC(x)− pC(x + tei), x− pC(x)〉 ≥ 0 (isqÔei 〈y − pC(x), x− pC(x)〉 ≤ 0 gia k�je y ∈ C).
Sundu�zontac aut  thn anisìthta me thn (∗) sumperaÐnoume ìti

∂f

∂xi
(x) = lim

t→0+

f(x + tei)− f(x)

t
=

〈
x− pC(x)

‖x− pC(x)‖2
, ei

〉
.

Dhlad ,

∇f(x) =
x− pC(x)

‖x− pC(x)‖2
.

(b) 'Estw x ∈ Rn \ C. Oi merikèc par�gwgoi thc f eÐnai suneqeÐc sto x, diìti h sun�rthsh

x 7→ x−pC(x)
‖x−pC(x)‖2

eÐnai suneq c sto Rn \ C. 'Epetai ìti h f eÐnai diaforÐsimh sto x.

6. 'Estw A, B mh ken�, sumpag  kai kurt� uposÔnola tou Rn. An C = conv(A ∪B) deÐxte ìti

hC(x) = max{hA(x), hB(x)}

gia k�je x ∈ Rn.

Upìdeixh. AfoÔ A, B ⊆ C, isqÔoun oi hA(x) ≤ hC(x) kai hB(x) ≤ hC(x) gia k�je x ∈ Rn.
Sunep¸c,

max{hA(x), hB(x)} ≤ hC(x), x ∈ Rn.
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AntÐstrofa, èstw x ∈ Rn kai èstw c ∈ C ¸ste hC(x) = 〈x, c〉. AfoÔ c ∈ conv(A∪B), up�rqoun
t ∈ [0, 1], a ∈ A kai b ∈ B ¸ste c = (1− t)a + tb. Tìte,

hC(x) = 〈x, (1− t)a + tb〉 = (1− t)〈x, a〉+ t〈x, b〉 ≤ (1− t)hA(x) + thB(x),

ap� ìpou èpetai �mesa ìti
hC(x) ≤ max{hA(x), hB(x)}.

7. 'Estw A, B kleist� kai kurt� uposÔnola tou Rn me 0 ∈ int(A) ∩ int(B). An C = A ∩ B
deÐxte ìti

gC(x) = max{gA(x), gB(x)}
gia k�je x ∈ Rn.

Upìdeixh. 'Enac trìpoc eÐnai me ton orismì thc sun�rthshc st�jmhc. 'Enac �lloc eÐnai na
qrhsimopoi soume thn prohgoÔmenh �skhsh kai tic sqèseic duðsmoÔ: afoÔ 0 ∈ int(A), èqoume
gA = hA◦ . OmoÐwc, gB = hB◦ . Apì thn prohgoÔmenh �skhsh,

max{gA(x), gB(x)} = max{hA◦(x), hB◦(x)} = hconv(A◦∪B◦)(x)

= g[conv(A◦∪B◦)]◦(x) = g(A◦◦∩B◦◦)(x)

= gA∩B(x).

8. 'Estw h : Rn → R kurt , jetik� omogen c sun�rthsh. DeÐxte ìti:

(i) h′(u; u) = h(u) kai h′(u;−u) = −h(u),

(ii) h′(u; y) ≤ h(y),

ìpou h′(x; u) eÐnai h par�gwgoc thc f sto shmeÐo x sthn kateÔjunsh tou u.

Upìdeixh. (i) Qrhsimopoi¸ntac thn upìjesh ìti h h eÐnai jetik� omogen c, gr�foume

h′(u; u) = lim
t→0+

h(u + tu)− h(u)

t
= lim

t→0+

h((1 + t)u)− h(u)

t

= lim
t→0+

(1 + t)h(u)− h(u)

t
= lim

t→0+

th(u)

t

= h(u).

OmoÐwc, gia 0 < t < 1,

h′(u;−u) = lim
t→0+

h(u− tu)− h(u)

t
= lim

t→0+

h((1− t)u)− h(u)

t

= lim
t→0+

(1− t)h(u)− h(u)

t
= lim

t→0+

−th(u)

t

= −h(u).

(ii) AfoÔ h h eÐnai kurt  kai jetik� omogen c, èqoume

h(u + ty) = 2h

(
u + ty

2

)
≤ 2

h(u) + h(ty)

2
= h(u) + h(ty) = h(u) + th(y)
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gia k�je t > 0 kai u, y ∈ Rn. Sunep¸c,

h′(u; y) = lim
t→0+

h(u + ty)− h(u)

t
≤ lim

t→0+

h(u) + th(y)− h(u)

t
= lim

t→0+

th(y)

t
= h(y).

9. 'Estw C mh kenì, kurtì kai sumpagèc uposÔnolo tou Rn. 'Estw u 6= 0. OrÐzoume

L = {x ∈ C : hC(u) = 〈x, u〉}.

DeÐxte ìti:

(i) h′C(u; y) = hL(y) gia k�je y ∈ Rn.

(ii) H hC eÐnai diaforÐsimh sto u an kai mìno an to L eÐnai monosÔnolo.

Upìdeixh. Parathr ste ìti hL ≤ hC diìti L ⊆ C kai

hL(u+ty) = max
x∈L

(〈x, u〉+t〈x, y〉) = max
x∈L

(hC(u)+t〈x, y〉) = hC(u)+max
x∈L

t〈x, y〉 = hC(u)+thL(y)

gia k�je y ∈ Rn kai t > 0, apì ton orismì tou L. Tìte,

h′C(u; y) = lim
t→0+

hC(u + ty)− hC(u)

t
≥ lim

t→0+

hL(u + ty)− hC(u)

t

= lim
t→0+

hC(u) + thL(y)− hC(u)

t

= hL(y).

Dhlad ,

(∗) hL(y) ≤ h′C(u; y), y ∈ Rn.

Apì thn �llh pleur�, gia k�je y ∈ Rn isqÔei

h′C(u; y) = lim
t→0+

hC(u + ty)− hC(u)

t
≤ lim

t→0+

hC(u) + thC(y)− hC(u)

t
= hC(y).

H sun�rthsh g(y) = h′C(u; y) eÐnai kurt  kai jetik� omogen c. Sunep¸c, up�rqei mh kenì,
sumpagèc kurtì M ⊆ Rn ¸ste

hM (y) = h′C(u; y), y ∈ Rn.

Apì thn
hM (y) = h′C(u; y) ≤ hC(y)

(deÐte thn 'Askhsh 8(ii)) èpetai ìti M ⊆ C. Epiplèon, an x ∈ M èqoume

〈x, u〉 ≤ h′C(u; u) = hC(u)

kai
〈x,−u〉 ≤ h′C(u;−u) = −hC(u),
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dhlad 
〈x, u〉 = hC(u).

'Epetai ìti M ⊆ L. Autì deÐqnei ìti

(∗∗) h′C(u; y) = hM (y) ≤ hL(y), y ∈ Rn.

Apì tic (∗) kai (∗∗) èpetai ìti h′C(u; y) = hL(y) gia k�je y ∈ Rn.

(b) Apì thn 'Askhsh 10, to L eÐnai monosÔnolo an kai mìno an h hL eÐnai grammik , dhlad  an
kai mìno an h y 7→ h′C(u; y) eÐnai grammik  sun�rthsh.

Me thn orologÐa thc 'Askhshc 11 parathroÔme tìte to ex c: an h h′C(u; y) eÐnai grammik 
kai an v ∈ ∂hC(u) tìte 〈v, y〉 ≤ h′C(u; y) kai 〈v,−y〉 ≤ h′C(u;−y) = −h′C(u; y), dhlad 

〈v, y〉 = h′C(u; y)

gia k�je y ∈ Rn. 'Epetai ìti to ∂hC(u) eÐnai monosÔnolo: an 〈v, y〉 = 〈v1, y〉 gia k�je y ∈ Rn

tìte v = v1. P�li apì thn 'Askhsh 11, to ∂hC(u) eÐnai monosÔnolo an kai mìno an h hC eÐnai
diaforÐsimh sto u. 'Ara, an h h′C(u; y) eÐnai grammik , tìte h hC eÐnai diaforÐsimh sto u. To
antÐstrofo elègqetai eÔkola: an h hC eÐnai diaforÐsimh sto u tìte

h′C(u; y) = 〈∇hC(u), y〉,

dhlad  h h′C(u; y) eÐnai grammik .
Sundu�zontac ta parap�nw blèpoume ìti to L eÐnai monosÔnolo an kai mìno an h h′C(u; y)

eÐnai grammik , to opoÐo me th seir� tou sumbaÐnei an kai mìno an h hC eÐnai diaforÐsimh sto u.

10. 'Estw C mh kenì, kurtì kai sumpagèc uposÔnolo tou Rn. DeÐxte ìti h hC eÐnai grammik 
an kai mìno an to C eÐnai monosÔnolo.

Upìdeixh. An C = {x} gia k�poio x ∈ Rn tìte h sun�rthsh hC(y) = 〈x, y〉 eÐnai profan¸c
grammik .

AntÐstrofa, èstw ìti h hC eÐnai grammik  sun�rthsh. Tìte, up�rqei u 6= 0 ¸ste hC(y) =
〈u, y〉 gia k�je y ∈ Rn. 'Estw x ∈ C. Tìte,

〈x, y〉 ≤ hC(y) = 〈u, y〉

gia k�je y ∈ Rn. Jètontac ìpou y to −y paÐrnoume

−〈x, y〉 = 〈x,−y〉 ≤ hC(−y) = 〈u,−y〉 = −〈u, y〉,

�ra
〈x, y〉 = 〈u, y〉

gia k�je y ∈ Rn. Autì mporeÐ na isqÔei mìno an x = u (exhg ste giatÐ). 'Ara, gia k�je x ∈ C
isqÔei x = u, dhlad  to C = {u} eÐnai monosÔnolo.

11. 'Estw f : Rn → R kurt  sun�rthsh. To upodiaforikì thc f sto x eÐnai to sÔnolo

∂f(x) = {v ∈ Rn : f(y) ≥ f(x) + 〈v, y − x〉 gia k�je y ∈ Rn}.

(a) DeÐxte ìti to ∂f(x) eÐnai mh kenì, sumpagèc kai kurtì.
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(b) DeÐxte ìti
∂f(x) = {v ∈ Rn : 〈v, u〉 ≤ f ′(x; u) gia k�je u 6= 0},

ìpou f ′(x; u) eÐnai h par�gwgoc thc f sto shmeÐo x sthn kateÔjunsh tou u.

(g) DeÐxte ìti: an h f eÐnai diaforÐsimh sto x tìte ∂f(x) = {∇f(x)}.

Upìdeixh. (a) H f eÐnai kurt , �ra èqei toul�qiston èna uperepÐpedo st rixhc sto x: up�rqei
v ∈ Rn ¸ste

f(y) ≥ f(x) + 〈v, y − x〉
gia k�je y ∈ Rn. Tìte, v ∈ ∂f(x).

'Estw v1, v2 ∈ ∂f(x) kai èstw t ∈ (0, 1). Gia k�je y ∈ Rn èqoume

(1− t)f(y) ≥ (1− t)f(x) + (1− t)〈v1, y − x〉

kai
tf(y) ≥ tf(x) + t〈v2, y − x〉.

Prosjètontac kat� mèlh paÐrnoume

f(y) ≥ f(x) + (1− t)〈v1, y − x〉+ t〈v2, y − x〉 = f(x) + 〈(1− t)v1 + tv2, y − x〉.

'Epetai ìti (1− t)v1 + tv2 ∈ ∂f(x), �ra to ∂f(x) eÐnai kurtì.
To ∂f(x) eÐnai kleistì: èstw vm ∈ ∂f(x) me vm → v ∈ Rn. Gia k�je y ∈ Rn èqoume

f(y) ≥ f(x) + 〈vm, y − x〉,

kai paÐrnontac ìrio kaj¸c to m →∞ sumperaÐnoume ìti

f(y) ≥ f(x) + 〈v, y − x〉.

AfoÔ to y  tan tuqìn, èpetai ìti v ∈ ∂f(x).
Tèloc, deÐqnoume ìti to ∂f(x) eÐnai fragmèno. H f eÐnai topik� Lipschitz sto x: eidikìtera,

up�rqoun M > 0 kai δ > 0 ¸ste |f(z) − f(x)| ≤ M‖z − x‖2 gia k�je z ∈ B(x, δ). 'Estw
v ∈ ∂f(x), v 6= 0. Jètontac y = x + t v

‖v‖2
sthn f(y) ≥ f(x) + 〈v, y − x〉, paÐrnoume

t‖v‖2 = 〈v, tv/‖v‖2〉 ≤ f(x + tv/‖v‖2)− f(x) ≤ M‖x + tv/‖v‖2 − x‖2 = Mt,

dhlad  ‖v‖2 ≤ M . AfoÔ to ∂f(x) eÐnai kleistì kai fragmèno, eÐnai sumpagèc.

(b) 'Estw v ∈ ∂f(x). Gia k�je u 6= 0 kai t > 0 èqoume

t〈v, u〉 = 〈v, x + tu− x〉 ≤ f(x + tu)− f(x),

sunep¸c

〈v, u〉 ≤ lim
t→0+

f(x + tu)− f(x)

t
= f ′(x; u).

AntÐstrofa, upojètoume ìti 〈v, u〉 ≤ f ′(x; u) gia k�je u 6= 0. 'Estw y ∈ Rn. JewroÔme thn
kurt  sun�rthsh g : [0, 1] → R me g(t) = f(x + t(y − x)). ParathroÔme ìti

g′(0) = f ′(x; y − x) ≥ 〈v, y − x〉.
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Apì to l mma twn tri¸n qord¸n blèpoume ìti g(1) ≥ g(0) + g′(0)(1− 0), dhlad 

f(y) ≥ f(x) + g′(0) ≥ f(x) + 〈v, y − x〉.

AfoÔ to y  tan tuqìn, èpetai ìti c ∈ ∂f(x).

(g) Apì to Je¸rhma 5.2.11 gnwrÐzoume ìti h f eÐnai diaforÐsimh sto x an kai mìno an up�rqei
monadik  afinik  sun�rthsh α : Rn → R ¸ste α(x) = f(x) kai f(y) ≥ α(y) gia k�je y ∈ C.
Epiplèon, α(x) = f(x) + 〈∇f(x), y − x〉. Sunep¸c, h f eÐnai diaforÐsimh sto x an kai mìno an
to ∇f(x) up�rqei kai eÐnai to monadikì stoiqeÐo tou ∂f(x).

12. 'Estw C mh kenì, kurtì kai sumpagèc uposÔnolo tou Rn. DeÐxte ìti ∂hC(0) = C.

Upìdeixh. 'Eqoume v ∈ ∂hC(0) an kai mìno an, gia k�je y ∈ Rn isqÔei

hC(y) ≥ hC(0) + 〈v, y − 0〉,

dhlad 

(∗) 〈v, y〉 ≤ hC(y).

AfoÔ hC(y) = maxx∈C〈v, y〉, eÐnai fanerì ìti k�je v ∈ C ikanopoieÐ thn (∗). Sunep¸c, C ⊆
∂hC(0).

Ac upojèsoume ìti v /∈ C. Tìte, mporoÔme na diaqwrÐsoume austhr� ta C kai {v}. Up�rqei
y ∈ Rn ¸ste

〈v, y〉 > max
x∈C

〈x, y〉 = hC(y).

Tìte, v /∈ ∂hC(0). Autì shmaÐnei ìti ∂hC(0) ⊆ C.


