
Apeirostikìc Logismìc II (2010�11)

Par�gwgoc kai Olokl rwma � Ask seic

Om�da A'

1. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. DeÐxte ìti up�rqei s ∈ [a, b] ¸ste∫ s

a
f(t)dt =

∫ b

s
f(t)dt.

MporoÔme p�nta na epilègoume èna tètoio s sto anoiktì di�sthma (a, b)?

2. 'Estw f : [0, 1] → R oloklhr¸simh kai jetik  sun�rthsh ¸ste
∫ 1
0 f(x)dx = 1. DeÐxte

ìti gia k�je n ∈ N up�rqei diamèrish {0 = t0 < t1 < · · · < tn = 1} ¸ste
∫ tk+1

tk
f(x)dx = 1

n
gia k�je k = 0, 1, . . . , n− 1.

3. 'Estw f : [0, 1] → R suneq c sun�rthsh. DeÐxte ìti up�rqei s ∈ [0, 1] ¸ste∫ 1

0
f(x)x2dx =

f(s)
3

.

4. Upojètoume ìti h f : [0, 1] → R eÐnai suneq c kai ìti∫ x

0
f(t)dt =

∫ 1

x
f(t)dt

gia k�je x ∈ [0, 1]. DeÐxte ìti f(x) = 0 gia k�je x ∈ [0, 1].

5. 'Estw f, h : [0,+∞) → [0,+∞). Upojètoume ìti h h eÐnai suneq c kai h f eÐnai
paragwgÐsimh. OrÐzoume

F (x) =
∫ f(x)

0
h(t)dt.

DeÐxte ìti F ′(x) = h(f(x)) · f ′(x).

6. 'Estw f : R → R suneq c kai èstw δ > 0. OrÐzoume

g(x) =
∫ x+δ

x−δ
f(t)dt.

DeÐxte ìti h g eÐnai paragwgÐsimh kai breÐte thn g′.

7. 'Estw g, h : R → R paragwgÐsimec sunart seic. OrÐzoume

G(x) =
∫ g(x)

h(x)
t2dt.

DeÐxte ìti h G eÐnai paragwgÐsimh sto R kai breÐte thn G′.

8. 'Estw f : [1,+∞) → R suneq c sun�rthsh. OrÐzoume

F (x) =
∫ x

1
f

(x

t

)
dt.
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BreÐte thn F ′.

9. 'Estw f : [0, a] → R suneq c. DeÐxte ìti, gia k�je x ∈ [0, a],∫ x

0
f(u)(x− u)du =

∫ x

0

(∫ u

0
f(t)dt

)
du.

10. 'Estw a, b ∈ R me a < b kai f : [a, b] → R suneq¸c paragwgÐsimh sun�rthsh. An
P = {a = x0 < x1 < · · · < xn = b} eÐnai diamèrish tou [a, b], deÐxte ìti

n−1∑
k=0

|f(xk+1)− f(xk)| ≤
∫ b

a
|f ′(x)| dx.

11. 'Estw f : [0,+∞) → [0,+∞) gnhsÐwc aÔxousa, suneq¸c paragwgÐsimh sun�rthsh
me f(0) = 0. DeÐxte ìti, gia k�je x > 0,∫ x

0
f(t) dt +

∫ f(x)

0
f−1(t) dt = xf(x).

Om�da B'

12. 'Estw f : [0, 1] → R suneq¸c paragwgÐsimh sun�rthsh me f(0) = 0. DeÐxte ìti gia
k�je x ∈ [0, 1] isqÔei

|f(x)| ≤
(∫ 1

0
|f ′(t)|2dt

)1/2

.

13. 'Estw f : [0,+∞) → R suneq c sun�rthsh me f(x) 6= 0 gia k�je x > 0, h opoÐa
ikanopoieÐ thn

f(x)2 = 2
∫ x

0
f(t)dt

gia k�je x ≥ 0. DeÐxte ìti f(x) = x gia k�je x ≥ 0.

14. 'Estw f : [a, b] → R suneq¸c paragwgÐsimh sun�rthsh. DeÐxte ìti

lim
n→∞

∫ b

a
f(x) cos(nx)dx = 0 kai lim

n→∞

∫ b

a
f(x) sin(nx)dx = 0.

15. Exet�ste wc proc th sÔgklish tic akoloujÐec

an =
∫ π

0
sin(nx)dx kai bn =

∫ π

0
| sin(nx)|dx.

16. 'Estw f : [0,+∞) → R suneq¸c paragwgÐsimh sun�rthsh. DeÐxte ìti up�rqoun
suneqeÐc, aÔxousec kai jetikèc sunart seic g, h : [0,+∞) → R ¸ste f = g − h.
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