
Apeirostikìc Logismìc II (2010-11)

Je¸rhma Taylor � Ask seic

1. 'Estw p(x) = a0 + a1x + · · ·+ anxn polu¸numo bajmoÔ n kai èstw a ∈ R. DeÐxte ìti
up�rqoun b0, b1, · · · , bn ∈ R ¸ste

p(x) = b0 + b1(x− a) + · · ·+ bn(x− a)n gia k�jex ∈ R.

DeÐxte ìti

bk =
p(k)(a)

k!
, k = 0, 1, . . . , n.

2. Gr�yte kajèna apì ta parak�tw polu¸numa sth morf  b0 +b1(x−3)+ · · ·+bn(x−3)n:

p1(x) = x2 − 4x− 9, p2(x) = x4 − 12x3 + 44x2 + 2x + 1, p3(x) = x5.

3. Gia k�je mÐa apì tic parak�tw sunart seic, na brejeÐ to polu¸numo Taylor Tn,f,a pou
upodeiknÔetai.

(T3,f,0) : f(x) = exp(sinx).
(T2n+1,f,0) : f(x) = (1 + x2)−1.

(Tn,f,0) : f(x) = (1 + x)−1.

(T4,f,0) : f(x) = x5 + x3 + x.

(T6,f,0) : f(x) = x5 + x3 + x.

(T5,f,1) : f(x) = x5 + x3 + x.

4. 'Estw n ≥ 1 kai f, g : (a, b) → R sunart seic n forèc paragwgÐsimec sto x0 ∈ (a, b)
¸ste f(x0) = f ′(x0) = · · · = f (n−1)(x0) = 0, g(x0) = g′(x0) = · · · = g(n−1)(x0) = 0 kai
g(n)(x0) 6= 0. DeÐxte ìti

lim
x→x0

f(x)
g(x)

=
f (n)(x0)
g(n)(x0)

.

5. 'Estw n ≥ 2 kai f : (a, b) → R sun�rthsh n forèc paragwgÐsimh sto x0 ∈ (a, b) ¸ste
f(x0) = f ′(x0) = · · · = f (n−1)(x0) = 0 kai f (n)(x0) 6= 0. DeÐxte ìti:

(a) An o n eÐnai �rtioc kai f (n)(x0) > 0, tìte h f èqei topikì el�qisto sto x0.

(b) An o n eÐnai �rtioc kai f (n)(x0) < 0, tìte h f èqei topikì mègisto sto x0.

(g) An o n eÐnai perittìc, tìte h f den èqei topikì mègisto oÔte topikì el�qisto sto x0,
all� to x0 eÐnai shmeÐo kamp c gia thn f .

6. An f(x) = lnx, x > 0, breÐte thn plhsièsterh eujeÐa kai thn plhsièsterh parabol 
sto gr�fhma thc f sto shmeÐo (e, 1).

7. BreÐte to polu¸numo Taylor Tn,f,0 gia th sun�rthsh

f(x) =
∫ x

0
e−t2dt, (x ∈ R).

8. BreÐte to polu¸numo Taylor Tn,f,0 gia th sun�rthsh f : R → R pou orÐzetai wc ex c:
f(0) = 0 kai

f(x) = e−1/x2
, x 6= 0.
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9. Qrhsimopoi¸ntac to an�ptugma Taylor thc sun�rthshc arctanx (−1 ≤ x ≤ 1) up-
ologÐste to �jroisma

∞∑
n=0

(−1)n 1
3n(2n + 1)

.

10. 'Estw f : R → R �peirec forèc paragwgÐsimh sun�rthsh. Upojètoume ìti f ′′′ = f
kai f(0) = 1, f ′(0) = f ′′(0) = 0.
(a) 'Estw R > 0. DeÐxte ìti up�rqei M = M(R) > 0 ¸ste: gia k�je x ∈ [−R,R] kai gia
k�je k = 0, 1, 2, . . .,

|f (k)(x)| ≤ M.

(b) BreÐte to polu¸numo Taylor T3n,f,0 kai, qrhsimopoi¸ntac to (a) kai opoiond pote tÔpo
upoloÐpou, deÐxte ìti

f(x) =
∞∑

k=0

x3k

(3k)!

gia k�je x ∈ R.

11. BreÐte proseggistik  tim , me sf�lma mikrìtero tou 10−6, gia kajènan apì touc
arijmoÔc

sin 1, sin 2, sin
1
2
, e, e2.

12. (a) DeÐxte ìti
π

4
= arctan

1
2

+ arctan
1
3

kai
π

4
= 4 arctan

1
5
− arctan

1
239

.

(b) DeÐxte ìti π = 3.14159 · · · (me �lla lìgia, breÐte proseggistik  tim  gia ton arijmì π
me sf�lma mikrìtero tou 10−6).
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