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Kegpdiaio 1

Y toaxoAovdiec »ou
axolouvdieg Cauchy

Owdda A’. Epwtroeic xaTtavonong

EZetdote av ol ntapaxdtw npotdoels eivon odndeic ¥ Peudeic (awtiohoyhote mAfpwe Ty
andvtnot 6og).

1. a, = +o0 av kar uévo av ya xdd M > 0 vrndpyovv drepor dpor tns (a,) mou
efvar pueyaAvrepor ané M.

AdBog. Bewpriote tnv axohovdia (a,) pe agk = k o agg—1 = 1 v xéde k € N.
Téte, vy xdde M > 0 undpyouv dreot 6pot tne (a,) Tou elvon peyolitepol and
M. Ilpdrypot, undpyer kg € N wote kg > M, xau tote, v xdde k > ko oylel
ask =k > ko > M. Opwcg, a, /4 +00: av autd (oyue, Yo énpene 6hoL TeEMxd oL bpol
e (an) va eivon peyahitepol and 2, To onoio dev toylel ool dhot ol tepttTol dpol
e (ay) eivou oot pe 1.

H é\\n xatedduvon elvon owoth: av a, — 400 téte (and tov oplopd) yio xdde
M > 0 6hot telxd oL bpot e (ay,) eivar yeyahitepol and M. Apa, yio xdde M > 0
uTdipy oLy dnelpol 6potL e (ay,) mou elvon peyaldtepol and M.

2. H (ay,) dev elvar dvew gpayuévn av kar pévo av vrdpyer vrakodovdia (ak,) tng
(an) dote ap, — +00.

Ywotd. Tnodétovue mpidta 6T undpyet utoxoloudia (ag,) e (a,) dote ag, —
+00. Eotww M > 0. Agol ay, — 400, 6hot tehxd oL bpot ay, elvon yeyahltepol
ané M. Ondte, undpyouy dnetpol dpol tTne (ay,) mou givon yeyahitepol and M. Agpob
o M > 0 firav Tuydyv, 1 (a,) dev elvan dve @poryuévn.

AAAog Tpdmog: av 1 (ay) Aoy dve @eayuévn, Tote xou xdie uroxohoudia tne (ay,)
Yo Aoy dves gporypévn. Téte dpwe, 1 (ayn) dev Ya propoloe va éyel utoxorouva 1
omola vo Telvel 0To +00.

Avtiotpoga, oac unodéoouue Ot N (an) Oev elvon dve @poyuévn. Oa Bpolue
enaywywd ky < - < kp < kpy1 < -0 @ote a, > n. Tote, yia v unaxorouvdia
(ak,) e (an) Yo éxovye ay, — +oo:

Aol 1 (ay,) Sev elvon dved gporypév, unopolue va Peodue ki € N dote ag, > 1.
Ac unodéooupe 6t éxoupe Peel ki < -+ < ky, OTE ag; > j vl xdde j=1,...,m.
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©étovpe M = max{a1,as,...,ar,,,m+ 1}. Aol 1 (ay) Sev eivon dve @paypévn,
uropolue va Bpolue ki1 € N dote ag,,,, > M. And tov opopd tou M éyoupe
Okppy > M+ 10U ag, > G Y XG0 1 = 1,2, kpy. Buvends, kmy1 > k.
Auto ohoxhnpivel 1o enaywyxd Briua.

3. KdOe vraxorovlia puag ovykdivovoas axolovdiag ovykAiver.

Ywotd. YTrodétoupe 6Tt ap — a. 'Eotw (by) = (ak,) wo unoxohovdio tne (a,) xou
¢otw £ > 0. Tndpyel ng € N dote: v xdde n > ng woylel |a, — a| < e. Tére, v
%&de n > ng €yovue ky, > n > ng, dpo |by, — a| = |ak, —a| < e. 'Enetu 6t b, — a.

4. Ay pa axodovlia dev éxer plivouoa vrakolovlia tote éyer wa yvnoing avéovoa
vnaxodovdia.

Ywotd. Ouundeite tov opioud tou onueiov xopueric wog oxoloudios (ay): M (an)
€xeL onueio kopupnig Tov 6po ag AV ar > QG Yio xdde m > k.

Agol 1 (an) dev éyer gdivouoa umaxohoudia, dev pmopel vor €xel dnetpo onueio
X0pLUPNC: TEdyUaTL, ac utodéoouue 6Tl udpyouy ki < kg < --- < k, < -+ ©oTE OL
6pOL Ay s - -, Ak, 5 - - - VO ElVOL OMpelar xopLPAc TNe (an). Téte,

nl"*

Afy 2 Afy =+ 2 Ay, = 00

dnhadn) 1 uraxohovdia (ag, ) eivon @divouoa.

Apa, 1 (an) €xel tenepaopuéva o TARloc onueia xopuphc: Trdpyel dnhodr k1 € N
(to teheutaio onuelo xopughic i 0 k1 = 1 av dev undpyouv ornueia xopuPhc) He TV
WidtnTos av n > ki, undpyet n' > n OCTE an > ap.

Beloxoupe ko > ki dote ar, < ak,, xotémy Beloxovue k3 > kg ©oTe ap, < ag,
xaw 00T xoelhc. YTrdpyouv dnhadh ky < ka < -+ <k, < --- Gote

Ay < Apy < - < Ak, < -0 0

Apa, 1 (an) €xel Tould Lo TOV Piot Yvnoing avgovoo utoxoioudio.

5. Av n (a,) €var ppayuérn kar a,, /4 a téte vadpyovr b # a ka1 vraxolovdia (ay, )
s (an) dote a, — b.

Ywotd. Etny ‘Aoxnon 15 napoxdte anodewvietar 6t av 1 axorovdia (a,) dev ou-
Yxhiver 6tov a totE uTdpyouv € > 0 xou utoxoloua (ak,) ™c (a,) dote: Yy
xéde n € N woylel |ag, —al > €. Apod 1 (ay) eivon pporyuévn, n (ag, ) eivan enlong
ppayuévn. Ané to Vedpnua Bolzano-Weierstrass 1 (ax,, ) éxet umoxohouvdia (ag, )
1 omola ouyxhivel oe xdmotov b € R. ‘Ouwg, |ag, —al > &y xdde n € N, dpa
|b—al = lim, o |ag,, —a| > . Anhodh, b # a.

6. Trdpyer ppayuévn axolovdia mov dev éxer ovykAivovoa vrnakolovdia.

AdBog. Amd 1o Yedpnua Bolzano-Weierstrass, xdie gpayuévn axoroudio éyel ou-
yxAivouoa unaxoloudia.

7. Av n (an) Sev elvar ppayuévn, téte bev éxer ppayuévn vraxolovdia.

AdBos. Bewphiote v axohovdia (a,) pe agk = k xat agp—1 = 1 v xdde k € N. H
(an) Bev elvon pparypévr, buwe 1 vraxohovdia (agzx—_1) elvon otadept| (dpar, Qeaypévn).



8. Eoto (a,) avéovoa akodovdia. Kdde vrakodovdia tng (a,) elvar abéovoa.

Ywotd. Oewphiote wa vraxohovdia (ak,) e (an). Av n € N téte ky, < kpta.
H (a,) ebvor abouoa, dpa: av s,t € N xou s < ¢ t61€ a5 < a; (e€nyfote yuoti).
Modpvovtag s = ky, xou t = k1 ovunepaivoupe 6t ag, < ak,,,,-
9. Av n (a,) efvar avéovoa ka1 yia kdrowe vraxorovdia (ay, ) tns (ay,) éxovue ag, —
a, tote a, — a.

Ywotd. Trnodétouye 6Tl N (ay,) ebvar adZouca xou Tt uTdpyet utaxohovdia (ak, ) TNe
(an) n omola cuyxhiver otov a € R.

Agob ay, — a, n (ak, ) evan pporypévn. Buvende, uvndpyet M € R tétolog dote:
v x&de n € N woyber ap, < M. Oua deifoupe 6t v xée n € N woylel a,, < M.
Téte, 1 (an) elvon ad&ouoa xou &ve QpoyUEVT), doo cUYXAVEL.

Ocwpriote tuydvia n € N. Agod n < k, xou 1 (a,) eivar adZouvoa, €youue
an < ay, <M.

10. Av a, — 0 tdre vndpyer vraxolovdia (ay,) s (an) bote nay, — 0.

Ywotd. Ou Ppolye enayoywd ki < -+ < kyp < kpg1 < -+ OOTE |ag, | < % Tote,
Yoo Ty uraxohoudia (ak, ) e (an) Yo éyouvue nag, — 0 (eEnyRote yiotl).

Agob a, — 0, unopolue va Bpolpe k1 € N dote |a,| < 1. Ac vnodéooupe
o éyovye Peel ki < - < kyy GOTE Jag;| < ]% yioo xdde j = 1,...,m. Oétoupe
e = m > 0. AgoV a, — 0, unopolue vo Beodue ng € N dote |a,| < m
i xdde n > no. Ebixbtepn, unbpyet kmi1 > ki GoTe |ak, | < Grigys. Auto

ONOXANEAOVEL TO ETOYWYLXO BruaL.

Opéda B’

11. Eoww (ay,) pa akolovdia. Acitre én a,, — a av kai uévo av o1 vrakolovdieg
(agk) xair (agx—1) ovykAivour oto a.

Yndbetn. Trodétouye 61 oL unoxohoudiee (agy) xou (azk—1) cUYXAivouy GTOV a.
‘Eotw e > 0. Trndpyet n1 € N pe v Biomta: yio xdde k > nq woylel |agr —al <
e. Eniong, undpyet ne € N pe v bidtnros v xdde k > ng woyle lagk—1 — al < €.
Av déoouvue ng = max{2n1,2ny — 1} té1e Yot x&de n > ng woylel |a, —al < e.
[Mpdryportt, Tapatnehiote 6TL av o n eivar dptiog ToTe n = 2k Yyl xdnowov k > ny eved
av o n elvon teptttoc tétE 1= 2k — 1 yio xdmolov k > g
Aol 1o € > 0 fTav TUYOY, EneTol OTL Gy — @.
To avtiotpogo elvon anhd: €youye det TL av o axohoudia (ay) cuyxAivel oTov
a € R téte xéde unaxorovdia (ak, ) e (an) cuyxiivel oTov a.

12. Eoww (a,) pa axolovdia. Trodérouue dn or vrakodovdies (azg), (ask—1) Kkai
(ask) ovykdivour. Aeiéze éri:

(a¢) lim ag, = lim aggp—1 = lim agy.
k—o0 k—o0 k—o0
(B) H (ay,) ouykdiver.
Trédein. Ac vnodéoouye 6Tl agy — T, agk—1 — Yy xau agp — 2. Hopotnerote 6tu

(i) H (aex) eivon tautdypova uvaxorovdia tne (azy) xon vraxohouvdia tne (ask). ‘Apa,
N (agr) ouyxhivel xou © = lim agp = lim agr = lim ag, = z.
k—o0 k—o0 k—o0
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(i) H (agk—3) elvor tautdypova utoxohoudia tne (azk—1) xou vraxoroudio tne (ask)-
Apa, N (ask—3) ovyxhivel xou y = lim agip—1 = lim agr—3 = lim agy = 2.

k—o0 k—o0 k—o0
‘Eneton 6Tt =y = 2. Aol ot (azg) xou (agr—1) €xovy to Bo dplo, N ‘Aoxnon 11
delyver 6tL m (ay) ouyxhivel.

13. Eoww (a,) pie axolovdie. Trodérouue 6ti as, < aspia < Goni1 < dop—1

yua kdfe n € N ka1 én lim (agn—1 — az,) = 0. Tdte n (a,) ovykAiver o€ kdnowov
n—00

mpaypatiké apidué a mwov ikavomolel TNy aszy, < a < ag,—1 Yia kdle n € N.

Yrédatn. Actyvoupe dadoynd ta e€ic:

(o) H (agy) elvon abZouvoa xou dves gpaypévn and tov at eved 1 (agn—1) etvan gdivouvoo
X %8t PporyUévn and tov ag. Ipdyuatt, and ty vnddeon éxouvpe 6t N (agy) elvon
abouoa xou 1 (agn—1) elvon pdivouvoo. Edudtepa,

az < agp < agp—1 < ag

v x&de n € N.

(B) Yndpyouv a,b € R této10l HGOTE ag, — @ x4 agy—1 — b. Auté elvou dueco ond
10 YeYovde 6Tl M (agy,) elvan abZouvoa xou 1 (azn—1) eivon pdivouoa (yYvwpiloupe bt
x84 povbtovn xan pearypévr oxohoudior cuyxAvet).

(v) a = b: outd npoxintel and v unddeon 6Tt azp—1 — a2, — 0. A@ol ag, — a
XL @2p—1 — b, €youue

b—a= lim ag,—1 — lim ag, = lim (ag,—1 — as,) = 0.
n— o0 n— oo n— oo

() an, — a =b: o7o () eldope 6T

a= lim ay, = lim as,_1 =b.
n—oo n—oo

Ané v ‘Aoxnon 11 éneton 61t 1 (ay,) cuyxhiver xou

lim a, =a=0"0.

n—roo
(€) azn < a < agn—1 v xdde n € N. Auté elvon goavepd agobd 1 (as,) eivon abdlovoa,
N (az2n—1) etvon @divovoo xou o a eivan 0 xowvé Toug bplo. T'vwpilouvue 6Tt

a = sup{az, : n € N} =inf{as,_1 : n € N}.

14. Fotw (a,) pa akodovdia kai éotw (xy) akodovdia opakdy onueiwy g (ay,).
Yrodérovpe oti x1, — x. A€iéte ot1 0 x €fvar opakd onueio g (ay,).

Ymodetn. LOuQuva Ue TOV YopoxTnelouo Tou oploxol ornueiou axoloudiog, apxel va
delfouue 6Tt Yy xdde € > 0 umdpyouv dnelpol 6pot NS (Gy) TOL XAVOTOLVY TNV
la, —z| <e.

‘Eotw e > 0. Agob x), — x, undpyel k € N @ote [z, — 2| < § (v v axplBe,
OhoL tehxd oL bpot tne (zx) €xouv auTh TNy WLOTNTA). DtadeponoloVUe TOV T) Xou
YENOWOTOLOVUE TO YEYOVOS 6TL 0 ), elvon optoxd anueio ¢ (ay,): undpyouv dmelpol
bpoL g (an) mou xavorowly ™V |a, — zx| < §. T dhoug autolc Toug bpoug
BAémouye 6TL

9 3
‘an*z|§|an*xk|+|xk*l’|<§+§:€.



15. Acize éu n axolovlia (a,) bev cuykdiver otov mpayuatikdé epidud a, av kai
Hdvo av vrdpyovr € > 0 ka1 vraxolovdia (ax, ) tns (an) &ote |ag, —al > € ya kdOe
n € N.

Yrédbeaén. Acilte tic wwoduvapies (1) <= (2) < (3) < (4):
(1) H axoroudia (a,) dev cuyxiivel oTov a.
(2) Trdpyer e > 0 GoTE dnewpot 6pot G, TS (an) Vo XAVOTOLOOY TNV |am —al > €.

(3) Trdpyouv e > 0 xou puowol apduol k1 < kg < -+ < ky < --- dote: v xdde
n € N oylel |ag, —al > .

(4) YTrdpyouv e > 0 xou vraxohovdia (ak, ) e (an) Gote: v xdde n € N woydel
|ay, —a| > .

16. Eotw (a,) axodovliia mpaypatidy apifucy ka éotw a € R. Aelére énia, — a
av kai pérvo av kdde vraxolovdia tng (a,) éyer vnakodovdia mov cuykAiver oo a.

Tndébetn. (=) Trodéote npdta 6T @y, — a. Av (ag,) eivar wa uroxohovdia tne
(an) t6t€ ag, — a. Apa, dAes ov utoxohoudies tne (ak, ) cuyxAivouy xi aUTéC oTOV
a.

(<) Me anaywy? oc drono: unodéote 6Tt 1) (ay) dev cuyxhivel otov a. And v
‘Aoxnon 15, vrdpyouv € > 0 xou vraxohoudia (ak,) e (a,) dote: yioa xdde n € N
wylet |ag, — a| > e. Téte, av ndpoupe onotadhrote unaxorovdio tne (ag, ), Grot ol
bpot e Vo elvon e-poxpld and tov a. Anhadi, 1 (ax, ) dev éyel unoxorovdia Tou vo
OLYXAVEL GTOV a.

17. Opilovue pa axolovdia (a,) pe a; > 0 kar

2
1+ay,

Ap41 =1+

Acitre drr o1 vrnaxolovllies (ag) kai (agk—1) €lvar povdtoves kar gpayuéves. Bpetre,
av vrdpyel, to lim ay,.
n— 00

Yrédeln. Acilte npdta 6TL 1 (ay) opileton xohd xa a, > 0 yia xdde n € N. Eniong,
delfte dTL ov a,, — z TthTE T = V/3.
(i) Trodéote 61t 0 < a1 < V3. Aclfte Sradoyd T e€c:

o) ag > /3.

(
(B) T xéde n € N oylel N aypp = 5200
(

24an °

y) T xdde k € N woybouv ot agg—1 < V3 xow agp_1 < A2k+41-
(8) Tw x&de k € N ioylouv oL agg > V3 %ot agpyo < agp.

Xenowornowdvrtac tnv ‘Aoxnon 13 del&te 6t oL (agr—_1) xot (asy) cuyxiivouv. Xonot-
Y
HOTIOLOVTOC TNV AVadpOUIXY) OYEOT) OVIUECH GTOV gy 42 XA TOV ay, Oel€te 6Tt lim agy, =
k—o0

klim agk—1 = V3. Ané v Aoxnon 11 éneton 6t a,, — V3.
— 00

(ii) EZetdote ye Tov (Bio tpémo v mepintwon ag > V3.
(iii) Téhoc, dellte 6T av a1 = V3 t6te gYoupE a, = V3 v x&de n € N.
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18. Bpeite 10 avdtepo kai To KaTihTePo 6p1o twy akodovdicy

_ n+1 1
a, = (-1) <1 + n> ,
b — ™ 1
o= o ()
n2((-1)"+1)+2n+1

Trédetn. (o) Hopotnerote 6t —1 — L < a, < 1+ 1 vy xdde n € N. Ay
Aowndy Yewpriooupe onowadiinote ouykAivovoa utoxorovdia (ax,) ™ (an), TOTE 10
xputhplo mopepfolng delyvel 6t —1 < limag, < 1. ‘Eretw 6t liminfa, > —1 xou
limsupa, < 1.

And v dAAN mhevpd, ag, = —1 — % — —1 %ot agp—1 = 1 + 2n171 — 1.
Anhod, o 1 xaw o —1 eivor oplaxd onpeio tne (a,). Encton 6Tt limsupa, = 1 xou
liminf a, = —1 (egnyhote yioti).

AMog Tpdmog: Aoxwdote vo deléete 6t 1 = limsupa, pe OV YopUXTNEIOUS TOU
lim sup: ndpte Tuy6v & > 0 xou del€te 6L 10 {n: a, > 1 —e} elvou dnetpo (oL neptrtol
bpot efvan peyahitepol and 1) eved to {n @ a,, > 1+¢e} eivon tenepoouévo (yia va oy be
an > 1+ € Yo mpénel va éyoupe n =2k — 1 xau 52— > &, dnhadh) k < 3 (1+ 21)).

(B) Hopatneriote 6, av v € {0,1,...,5} tbte

cos (T ) — o (2 + 57) = con (7).

3 3 3
"Eneton 6t
ber, = 1+6k+1—>1
1 1 1
bkt = 5t G2 T2
bek+2 = *lJr L, 1
2 6k+3 2
1
bors = MG
bk+a = —E-F;%—1
2 6k+5 2
bek+5 14—#%1-
2 6k+6 2

Ané Ta nopandve tpoxirtel 6t imsupb, > 1 (36w bgr, — 1) xou liminf b, < —1
(Buét bgr3 — —1). Eotw tdpa (b, ) Tuyxoloa cuyxiivovoa uraxoroudio tne (by,).
Avth Ya €yel drepous kovols dpous pe Touldylotov wia and Tic €€L unaxolovdiec Tou
neptypddape (e€nyfiote yioti). Anhadr, Yo €xer xowr vraxodovdia (b, ) pe xdno
and g €€L unaxolovdieg mapandve. AvoyxaoTixd,

. . 11

limbg, = limbg, € {—17 505 1} .
Anhodi, 10 oGVoho TV oplaxéy onueiwy g (by) evor 1o K = {-1,—-1 1 1}.
"Eneton 6Tt limsup b,, = 1 xou liminf b, = —1.



4 7 2
(v) Hopatnefiote 6Tt Yo, = % — 400 XU Yop_1 = 27;1_?11 — 2. Me 10

enuyelpnua Tou yenoylomolhoaue Yo To epdtnue (B) — ¥ pe onotovdinote dhho TpdTo
— del&te 6t limsup vy, = 400 xau liminf~,, = 2.

19. Eoto (ay), (bn) ppayuéves akodovdies. Aeibre ot

liminf a,, + liminfb, < liminf(a, + b,)
< limsup(a, + by,) < limsup a,, + lim sup b,,.

Ynébetn. H peoala avicdtnra woydel tpogoavds. Acetyvouue tn 8elid aviodtno (1
OPLO TEPT| OTMOBELXVIETAL UE OVEAOYO TEOTO).

‘Eoto (ak, + bk, ) vraxohoudia tne (a, + by,) pe ag, + bi,, — limsup(a,, + by,).
H (ag,) etvon gporypévn, dpa éyel mepoutépw unaxohovdia (ag, ) 1 omolo cuyxhivel:

a,, — * € R. O x ebvon oplaxd onpeio e (a,), dpa

z = limag, < limsupay,.

Tote,
bry, = (ak,, + bk, ) — ar,, — limsup(a, + b,) — .

O limsup(ay, + by,) — = eivon optoaxd ornueio e (by,), doa
lim sup(ay, + b,) — x limsup b,,.
‘Eneton 6t

lim sup(a, + b,) < 2 + limsup b, < limsup a,, + limsup b,,.

20. Eotww a, >0, n € N,
(a) Aetze onn

a a
lim inf —2*1 < liminf /a,, <limsup a, < limsup Il
a

an n

(B) Av lim 2L = 2, wdte {/a, — .
n

Ynédeén. H peoaio aviobdtnto oy ler tpogavee. Aeiyvouue v 8e€id aviodtnta (1
apLoTEPY amodeEvOETAL UE AVINOYO TEOTO).

o v andden g avicdtntog limsup {/a, < limsup a;tl
Vécouye 6Tt limsup “2 = 2 < +00 (ahhe, dev €youye Tinota va deiouye). Eote
e > 0. Ano Ttov yoapoxtneloud tou limsup, undpyel k € N wdote yio xdde n > k va
Loy EL a;—:l <z +e. Encta 6t yio xdde n > k woylel

UTOPOUKE vV LUTO-

a
U < ap_1(x+6) <an olz+e)? < - <ap(z+e)" "= (x_;_ikg)k(ere)n'

Oétovtac M = ay/(z + €)*, éyouue
an < M(z+¢e)" v xdde n > k.

Xpnowonoolye outh Ty avioétnta w¢ &g Yewpolue unaxohoudio (s/as,) ™

(%/ar) Yo TNV onola
st/as, — limsup {/a,.
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Aoyw g s, > n, v xdde n > k éyoupe s, > k. ‘Apoa,
w/as, < VM (z+e).
Ouwg, VM — 1. Apa,

limsup ¥/a, =lim w/as, <z +e.

To € > 0 frav TLY 6V, dpa

lim sup /a,, < x = limsup Intl .
21. Eotow (a,) gpayuévn akodovdia. Aeibte o
limsup(—ay) = —liminfa, xw liminf(—a,)= —lmsupa,.

Yrddetn. Aciyvouue v mpddtn wootnta. H Seltepn anodeixvieta pe tov (dio tpdmo
1 av Véocouue oTNy TE®TN OTOL Ay THY —ap.

O¢tovye x = limsup(—ay) xou y = liminf a,,. Trdpyer vnaxorovdio (—ag, ) e
(—an) pe —ag, — x. Tote, —x = limay,,, dpa

—x >y = liminf a,.

Ouolwe, undpyet utoxohouvdia (ay,) e (an) ye ax, — y. Tote, —y = lim(—ay,,),
dpa

—y <z = limsup(—ay,),
Onhady y > —x.

‘Eneton 6TL y = —1.

22. Fotw (a,) gpaypuévn axolovdia. Av
X ={zeR:z <a, yu drapovsn € N},

O€téte ot1 sup X = limsup a,.

Yrédern. ©étouvue s = sup X. Oo yENOLLOTOLACOUYE TOV YapaxTnplowd tou limsup ay,:
(o) Eotw e > 0. Agod s =sup X, undpyet © € X oote s —e < z. And tov oplopgd
Tou ouvéhou X, woylelr N avicdnTa T < @y yia dnelpoug n € N. Anhadn, woylel 1
aviodtnTa s — € < a, Y drelpoug n € N. ‘Eyouue hoindv deléet 6t yio xdde € > 0
10 ovvoho {n € N:a, > s — e} elvau dnewpo.

(B) Eoww € > 0. Av n avobétnta s + € < a, {oyve yio dnewpove n € N, téte and
Tov oplopd tou ouvohou X Va elyoue s+ ¢ € X. Autd dev pnopel vo cuufBaivet,
06t s+ > s = supX. 'Eyoupe howndv deiler oti: v xdde € > 0 1o ohvoho
{n € N:a, > s+¢c} civou nenepaocuévo.

Ané T (o) xou (B) ovpmepobvouye étL sup X = s = limsup ay,.

23. Xpnoworowivtas tny avioétnta

1 1

n+1+n+2

T
on — 2’



detéte 6 n axodovdia a, = 1+ % +-- ~+%L dev etvar axolovOia Cauchy. Yvunepdvate
ot a,, — +00.

Yrédeibn. Hopoatnerote 6Tl yia xde n € N,

1 n 1 T 1 < 1 P 1 n 1
n+l n+2 2n ~ 2n 2n  2n 2
Ac¢ uno¥éooupe 611 1 axohovdo a, = 1+ % + -+ % elvow axoloudio Cauchy.

Téte, madpvoviag € = + > 0, umopolpe vo Bpolue ng € N e v ot yior xdide
m,n > ng WOYVEL |am — an| < i.

Idpte n > ng xou m = 2n > n > ng. Toéte, |ag, — an| < i. Avuté dev progel va
Loy VEL, BLoTL

1 1 1 1 1 1

|a2n—an\ = <1+2+"'+n+n+1+"'+2n>—<1+2+"'+n)
— 1 + 1 +...+i>1
n+1 n+2 2n T 2

E&nyfote tdhpa ta e€rig:

() Agob 1 (ay) dev elvon axorovdia Cauchy, n (a,) dev cuyxhivel oe TpaypaTiXd
apLiud.

(B) Agob 7 (an) ebvon adZouoa xar dev cuyxhive, 1 (ay,) dev elvon dves pporyuévn.

(v) Aol 1 (ay) elivon adZovoa xou Sev efva dve QEAYUEVT], AVOYXOC TIXA Gy, — +00.

24. Fotw 0 < p < 1 kar akodovlia (a,) ya tnv onola w0y Ue
lant1 — an| < plan —an—1], n>2.

Acitze 6n n (ay,) efvar akodovdia Cauchy.

Yndébetn. Eotw a = a1 xou b = as. And my |ant1 — apn| < plan, — an—1| éneton
(e&nyhote yiotl) bt yio xdde n > 2 woyde

|ans1 — an| < p"Hag —ar| = [b—a| - gt

Av hownév m,n € N xou m > n, 161€

|am —an| < am = am-1] + 0+ g1 — an
< fo—al (et )
= |b_a|./ﬂ*1.ﬂ
1—p
|b—a|p"!
=< -
_ p-d
p(1 = p)
|b—al

@e’copnors 5’> 0 »ou @/pews ng € N Tc?u avoTolel Ty =y
undpyet yrati p — 0 6tav n — oo. Tote, av m > n > ny,

b—al o b — al
p(l—p) = 7 p(l—p)

u < e. Térowog ng

|am — an] < Spt < e.



10 - TIAKOAOTOIES KAI AKOAOYOIEY CAUCHY

Anhadn, n (ap) ebvor oxohoudior Cauchy.

antan—1
2

25. Opilovue a1 = a, ay = b kat apy1 = , n > 2. E&etdote av n (a,) eivar

axolouvlia Cauchy.
Yrédetn. Hapatnenote ot yioo xdde n > 2 woylel

Ap + Ap—1 Gp — Gp—1

Ap+1 — Ap = —Qp = — 5

2
Srhad
1
|an+1 - an| < §‘an - anfl‘-

Ané v ‘Aoxnon 24, 1 (a,,) eivon axohouvdia Cauchy.

Oudda IV

26. Eotw m € N. Bpeite pia axolovdia (a,,) n orofa va éxer akpifds m Sapopetikés
vnakxoAovlies.

Yrédaitn. Av m = 1, ewpodye ) otodepr axoroudia a,, = 1. Hapatnerote 6t
x&de uroxohoudio e (ay,) eivar otadepr| axorouvdia pe dhouc touc dpouc g iooug
pe 1, dnhodn oupmintel pe ty (ap).

‘Eotw m > 1. Oewpolpe v axorovdio (a,) mou opiletar we e&hc: an, = 0 av
n<mxua, =1avn >m. Iepommphote 6t xdde unoxohoudio e (an) elvon
Telxd otadepr) xou fon pe 1, unopel de va €xel amd xavévay we m — 1 mpitoug 6poug
fooug e 0 (ot e€aptdtar amd To tdooue and Toug m— 1 TpMToug dpouc NS (ay) ExEl
oav bpoug 1 unaxohovdia). Tuvends, To TAHYOC TwV JaPope TV LTIXONOUTHAOY TG
(an) etvon oxpBide m.

27. Eotw (a,) pa akolovdia. Ay sup{a, :n € N} =1 kai a, # 1 ya kd0e n € N,
Téte undpyel yvnolws abéovoa vrakolovdia (ag, ) tns (an) dote ag, — 1.

Ynébaén. ©étovpe A = {a, : n € N}. And tov Baoixd yopaxtnelopd tou supre-
mum, yto xdde € > 0 vndpyer . = 2(e) € A wote 1l —e <z < 1. Agol 1 ¢ A,
€youue TNV loyupdtepn avicdnta 1 —e < < 1.

XeNoWonoldvTae To Topamdve, o Beodue eraywywd ki < -+ < ky, < kpq1 <

COOTE Ay < v < gy, < Ay <t XOU 1—% < ag, < 1. Téte, yio v yvnolng
av&ouoa uraxohouvdia (ak, ) e (an) Yo €youpe ag, — 1.

Egapuélovtag tov yapaxtneiond tou supremum pe € = 1, Beloxouvpe ap, € A
mou cavorotel Ty 0 < ag, < 1.

Ac vnodéoouue 6t €xouue Peel k1 < -0 < ky Gote ap, < -0 < ag, XL
1—% <ag; <lywxdde j=1,...,m. O¢toupe s = max{l — 1z a1, as,..., a4, }.
Agol s < 1 (eEnyhote yiatl), unopolue vo Ppodue ay € A mou wavonotel Ty
s < ag,,,, <1. Téte, kg1 > km, ag,, < ag < ag < 1. Auté
ONOXATPOVEL TO EMAY WYX Briuo.

m—+1
xou 1 —

m m+1 m—+1 m+1

28. Eoto (a,) akodovldia Jetikdy apidudv. Oewpoliie to atvolo A = {a, : n € N}.
Avinf A =0, deibre dur1 n (a,) éxea pOivovoa vrakodovdia mov ouykAiver oo 0.

Yrdéveitn. Ag unodéoouue 6T €youue Bpel puoixoic ki < - -+ < Ky, TOU XOVOTIOLOVY
Ta e€ng:

1
0<ag, <ag, , <- - <ap, xu 0<ag, <—.
m
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O£TOVYE €441 = Mmin {al, U T ﬁﬂ} > 0. Ago¥ inf(A) = inf{a, :n € N} =0
XU Emp1 > 0, undpyel k1 € N wote ag,,,, < Emy1- And tov oployd TOU €41
énetan 6t (e€nyrote yiotl):

1
(@) km < ki, ®) ar,.. < ak,,, (r) @k < mrl
"Etot opiletan enaywywd yio yvnolne goivovoa vraxoloudio (ar,) e (a,) n onolo
ovyxhiver oo 0.

29. Opilovue ua axolovdia ws €&ng:

a2n—1
ap =0, a1 = 3 +agpn, ag, = 5

Bpette 6Aa ta opakd onpeia tng (ay).

Yrdbetn. Av ypdete toug déxa mpdtous dpouc tne axohoudiog (ay) Vo povtédete

OTL
1 1 1
Gon =35 ~gmgr X% Gmn=l-ogmm, =012,

Aouvlevovtog 6nwe oty Aoxnon 18, deiéte 6t liminfa,, = % xat limsup a,, = 1.

30. Eotw (z,,) axodovlia pe tnvibidtnta Tpp1 — 2z, — 0. Av a < b efvar 0o opraxd
onueia g (xy,), beibte én kdle y € [a,b] elvar opaxd onpeio tng (z,).

Yrédbeién. Me anaywyy, oe drono. 'Eotw y € (a,b) o onolog dev eivon optoaxd orpelo
e (zy,). Téte, unopolpe v Bpolue € > 0xaung € Ndotea<y—e<y+e<b
xow Tn, & (y — €,y +¢€) v xdde n > ny.

Aol x4y — xp — 0, undpyel ny € N dote: yioo xdlde n > ng,

|Tp1 — xp| < 2e.

©¢étoupe ng = max{ni,na}t. Aol ol a,b eivar oplaxd onueior e (2,,), Unopolyue va
Bpolue s > m > ny GoTE

Ty <Y—€ xUu y+e<wzs.

H emdoyn tou m > ng elvon duvarth di6tL o a elvon oploxd onuelo e (z,) xou
a < y— ¢, eve N EMAOYN Tou s > m elvon duvaty 8oL o b elvon oplaxd onpeio Tng
(xn) vy +¢e < b.

Mrnopotye thpa vor fpoltpe m < n < § WOTE Ty < Y — € AU Tyl > Y — €. Apxel
VO THPOUPE GOV N TOV UEYAAUTERO QuUOXS — amd Toug m,m+1,...,8 —1 — yia Tov
onolo ., <y — €.

‘Opwg torTe,

Tn41 — Tn > (y+5) - (yfg) :257

70 omolo elvat dtomno, SLoTL 1 > M > ng > Ny (Yo Enpene VoL LOYVEL [Tpt1 — Xp| < 2€).

KatoniZape oe dromo, dpa xdde y € (a,b) elva oplaxd onuelo e (z,). Avtd
arodewviel o {ntovyuevo, ool ol a,b elvon enione optoxd onueio e (xy).

31. (o) Eotw A apifurioiuo vrooitvolo touv R. Aeiére dn vndpye axolovdia (ay,)
dote kdle x € A va eivar opraxd onueio g (ay).
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(B) Aeikre 6n vndpyear akodovdia (x,,) dote kdde x € R va elvar opiaxdé onueio tng

Yrddaén. (o) Av A = {x;: s € N}, unopeite va Yewprioete tnv oxoroudia (a,) nou
oplletan wg e&ne:

b17b17b27b1)b25b37b1ab2ab37b47'"7b17b25"'abna" .

T xéde s € N urndpyer unaxoroudio (ag, ) n omola eivan otodeph xau {on pe x5 (SdTL
dmelpot bpot e (an) etvon {ool pe x5). ‘Apa, yio xdde s € N o x5 efvan opland onueio
me (ap).
(B) dpte sav A 10 Q o710 (o). Aol to Q elvan aprdurowo, utdpyet axohovdia (ay,)
hote x8e ¢ € Q va ebvan oplaxd onuelo g (a,). H (a,) wavoroiel to {nroluevo:
v xdde & € R undpyer axohovdio (¢r) oto Q dote g — =. Agold xdde g elvon
optaxd onueio e (ap), N ‘Aoxnorn 14 deiyvel bt xou o x eivon oplaxd onueio e (ay,).
32. FEoww (a,) pia akodovdia. Opilouue

bp, = sup{|an+r — an| : k € N}.
Aceitre 6t n (an) ovykdiver av ka1 pévo av b, — 0.
Yroédeitn. 'BEotw € > 0 xa éotw ng € N. Aci&te ot ta e€rg elvon Llood0vopa:

(o) T x&de m,n > ng woylet |am, — an| < e.

(B) T x&de m > n > ng woylel |ay, — ay| < e.

(v) T xdde n > ng xou x&de k € N woylet |aptr — an| < e.

(8) T xdde n > ng woydel by, = sup{|antr — an| : k € N} <e.
Xenowonowdvtog v tooduvapio v (o) xo (8) dellte ot 1 (ay) eivan oxohoudio
Cauchy (.0od0vopa, cuyxiivel) av xat wévo av b, — 0.

33. Eotww a,b > 0. Opilovue axorovdia (a,) e a1 = a, az = b kai

4af’n—i—l — Qp
Un+2 = 3 —, 712172,...

Eéetdote av n (ay,) ovykdiver kar av vai, Bpette to 6pid tng.

Trédeién. Iopatneote 6T

4a'n+1 4an+1 Ay — 3an+1 _ Ap4+1 — Ap
Unt2 — Qpp1 = f —Qpy1 = 3 = 3 .

‘Enectou 61t 1
|an+2 - an+1| < §|an+1 - an|'

Ané v ‘Aounon 24, 1 (ay,) elvou axorovdia Cauchy. Tuvende, cuyxhivel.
T va Bpolue to 6plo, mapatneolue 6T

(p — OGp—1  Qp_1 — Gp_2 az—ar b—a
an+1 — Qp = 3 = 32 —= ... = 371,—1 = Sn—l'
Apa,
_ —a b—a b—a
Un = Gn-1t gmg = an2+3n3+3Tz—“‘
n—2 o]
1 3(b—a) 3b—a
= a1+ (b Z —a+( a)zg—k:a—l— 5 =5

k=0 k=0



Kegpdhawo 2

DIELPEC TTEOUYUATINWYV
APLI UV

A’ Oudda. EpwrtAoeig xatavonong

Eotw (ar) wo axoroudio tparypotixdy aptiudy. EZetdote av ol napoxdte tpotdoeig
ebvan ahndeic B Pevdelc (autiohoyfote Thipne TV andvinom cog).
1. Av ap — 0 tdte n axodovlia s, = a1 + - - - + a,, €ivar gpaypévn.

Adog. H axoroudio ap = 1 — 0, duwe n axohoudia s, = 14+ 2 4+ -+ + L ey ebvon
ppaypévn (telvel oto +00).

o0
2. Av n axolovdia s, = a1 + - -+ + a,, eivar ppayuévn téte n oeipd Y ap ovykAivel
k=1

AdBog. Av Yewpfiooupe tnv axohovdia ar = (—1)¥1, téte éyoupe s, = 1 av o n
elvon mepLttde xan s, = 0 av o n elvan dptiog. Anhady, n axoroudio s, = a1 +---+ap

etvan gporyuévn. ‘Ouwce, n oepd Y. (—1)F~1 anoxhiver, di6tL ay 4 0.
k=1

o0
3. Av |ag| — 0, téte n oepd > ar ovykAiver anodUtwg.
k=1

1

o0
AdBos. Oewptiote Ty ar = 1. Tote, |ag| =7 = 0xun Y |ax| = + amoxhivel
k=1

e

o0
o710 +00, dnhadh N D ax dev ouyxhivel amohiTwe.
k=1

oo} o0
4. Av noapd Y |ax| ovykdivel, téte n oeipd Y, ap ovykAiver
k=1 k=1

Ywotd. Anodeilope (on Yewpla) 6L ov o oeLpd cuyxAiver amoldTee tdte cuyrhivel.

5. Avar, > 0 ya kde k € N ka1 av 0 < % < 1 yw xd0¢ k € N, téte n oeipd
&)

> ay ovykAivel.

k=1
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AdBos. Oewptiote v a, = 1. Tote, ap > 0 v x&de k € N xou QZ—:I = kLH <1
o0

v xdde k € N. ‘Opwg, noepd > 1 amoxhivel.
k=1

o0
6. Av a > 0 ya kd0e k € N ka1 av lim a;:l =1, tdte n oepd > ay anoxAivel
oo k=1

1

Adfos. Oewpriote Ty ar = z. Tote, ar > 0 v xde k € N xou klim kil
— 00

ag
li k> =1.0 5y L A

1m = 1. O] oeLpa CUYXALVEL.
kosoo (K+1)? pods, M GELR = R Y

o0

7. Av ap > 0 ya kd9e k € N kai av uZ—:l — 400, TdTe n N oelpd Y, aj arokAivel

Lwots. Av T — oo, undpyer N € N Gote “25 > 1 yia xdde k > N. Aol
7 (ag) €xer Yeuxolc bpoug, oupnepaivoupe 611 0 < ay < antq < -+ < ap < -+,
oo

OnAadh ax /4 0. Luvende, 1 oelpd Y ap omoxhivel.
k=1

&)
8. Av ay — 0, téte n oepd > (—1)*ay cuyrdiver.
k=1
AdBos. Av dewprioovpe Ty ai = (_,i)k7 t6te a, — 0. ‘Opwe, nospd Y. (—=1)*ay =
k=1

amoxAlvel.

NgE

1
k

k=1

o0 &)
9. Av ar, > 0 yie kdOe k € N ka1 av n oeipd Y ay, ovyklivel, téte n gepd Y \/ay
k=1 k=1
ovUyKATveL

Adbog. Oewpfote Ty ar = 75. Téte, ar > 0 yio %8s k € N xau 1 oeipd =

k2

118

k=1

o0

oo}
ouyxhivel. ‘Opog, N oepd Y. \/ar = > 1 omoxhiver.
k=1 k=1

o0 (oo}
10. Av noepd > ar ovykivey, téte n oepd Y. a2 ouykAiver
k=1 k=1

S k
AdBog. Amdb 1o xputfiplo tou Dirichlet, n oepd kX—:I (?/1% ouyxhivel. ‘Ouwng, 1 oelpd
o0 o0 B
> af =3 1 anoxhiver
k=1 k=1
o0
11. Av noepd > a, ovykdiva kat av (ay,) elvar pua vraxolovdia tns (ay,), téte n
k=1

o0
oepd Y ag, oUykAvel
k=1

o0 o0 —
AdBos. XOugwva ye to xpithplo Dirichlet, n oeipd kz;l ap = kzl % OUYXAIVEL.
‘Ouwc, N oelpd >, agk—1 = qu AmOXAIVEL (CUUTIEPLPERETOL GOV TNV CEUOVIXT|
k=1

k=1
oepd — e&nyhote yuotl).
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o0 oo}
12. Av ag > 0 ya kdOe k € N ka1 av n oapd Y ap ovykdive, téte n oapd Y, ai

k=1 k=1
ovyKAlver

o

Yowotd. Aol 1 Y ar ouyxhive, éxoupe ar — 0. Apa, undpyer m € N dote: vy
k=1

®&de k > m, 0 < ap < 1. Tote, v xdde k > m éyouvye 0 < a% < ap. And 70

o0
xpithplo olyxplong, N oeEd Y a% oLYXAIVEL.
k=1

13. Hoepd Y %‘{(%) ouykAiver

k=1
AdBog. Oétoupe a = MGT(%) Téte, ar > 0 xau
4.6--- |
Ak+1 _ [2-4-6 (2k)(2k+2)]k.:2k+2:2_>2>1.
ay [2-4-6---(2k)](k +1)! k+1
Anéb To xputfplo Tou héyou, 1 oepd Y %{(%) amoxAlveL.

k=1

14. H oeapd Y ;| k(1 + k?)P ovykdive av kar pévo av p < —1.

Ywoté. Iapatnpolue 6Tt lim k(;;pﬁ)p = lim (1+k%)p =1>0. Ané 10 o-
k— o0 k— o0

o0
plaxd xpithplo olyxplone, N oepd Y. k(1 + k)P ouyxhiver av xou uévo av 1 oeipd
k=1

(oo}
> m ouyxhivel. Autd oupfaiver av xan uévo av —(2p + 1) > 1, dnhodnh av xou
k=1

pgvo av p < —1.

B’ Opdda
15. Aeibre ri av lim by = b tére > (b — b41) = b1 — b.
k—o0 k=1

Tréoeén. To n-oo16 pepind ddpoloya TG oelpdc LoVTOL YE

Sp= (b1 —ba) + (ba—b3)+ -+ (b, —bpt1) = b1 — bpp1.

o0

Agol klim by, = b, PAénouye bTL li_)m Sp =b1 —b. Buvende, > (b —br41) = b1 —b.
— 00 n—,oo

16. Acitre 6n

o o, o -
(“)k;m:% B X TEE =3 (n) Y LHEo

Trédaén. (o) Oétovye by = 5. Hopatnpodye 6Tu

1 1
b — by = - = .
PO T 91 2k+1 0 (2k—1D)(2k+1)
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‘Eyouvue by =1 xou by — 0. And tnv Aoxnon 15,

oo

1 1 2 1 1
2 or n@ ) 2@ ey 2Py

oo

(B) Tvopiloupe 6t av 0 < z < 1, t61€

oo 0o
> af=a)
k=1 k=

YLVETOC,

Sk 3k 1\ &1 1/3 1/2 3
; 6" 21;1(3) +Z(2) TTo3) 1o §+1_§

(v) Tedpoupe

VEFT-VE (1 1 L
S = (e =t

yenowonowvtag Ty ‘Aoxnon 15 vy my by = ﬁ — 0.

17. Tmoloyiote to dUpoiopa tng oepdg Z m

Yrévetn. Iapatnpodue 6Tt
1 o (k+2-k 1 1
k(k+1)(k+2) 2k(k+1)(k+2) 2k(k+1) 2k+1)(k+2)

Xenowonowdvtag v ‘Aoxnon 15 vy by, = Wlﬂ) — 0, ouprnepaivoupe 6T
s 1
D
Pt k(k k + 2) 4

o0
’ ’ ’ A ’ 3 7 1
18. Eéetdote ya moi€s tipés tov mpaypatikot apruol x ovykAiver n oeipd kzl I~

Ynébaén. Hapatnpovue 6w av |z| < 1 téte ﬁ — 1 # 0, dpa 1 oglpd amoxhivel.
Av z =1, t6t¢ ﬁ =1 o 1 #£0, dpu n oepd omoxhiver. Av z = —1, o k-
0016¢ 6po¢ dev opiletan oty neplntwon nou o k elvon teptttoc, dpa dev €xel vonua
vou eEETAOOVYE TN GUYXAOT TG CELRAC.
Trodétouye howmdy 6t x| > 1. Téte, Unopolue Vo EQUPUOCOUUE TO 0pLoxd
o0

xptthplo GlYXELONG, YENOWOTOLOVTIS TV ) ﬁ (n omolo cuYXAiVEL WC YEWUETEXY
k=1

oelpd Ye AG6Yo ﬁ < 1). 'Exoupe

B 1

(L) +1

(oo}
, , 1 , ,
Suvende, n oelpd kzl TigF OUYXAivel anohbToc.

[1/A+ab) |
Vet |14k

‘—>1.

19. Egapuéote ta kpiejpia Adyov ka pilag otis akéAovles oeipés:
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k

BOWXE 6Lk

k=0

118

@ X Hat @

k=0

(c) Zi&* o) Y 22 @ L Bak () 3 A
k= k=1 k=1

Av ya kdnoie tipés tov x € R kavéva and avtd ta 6Vo kpierpia Sev diver andvTnon,
etetdote tn oUykhion 1} andkhion tng oe€lpds pe dAdo Tpdmo.

Trodeiln. E€etdlovyue pepinég and owtéc:
(o) S kFak: Me 1o xpithiplo tou Aéyou. Av z # 0, éyoupe
k=1
(k+ 1)k+1|x|k+1

1 k
I =(k+1) <1+k> 2| = +o0.

Yuvendg, N oelpd anoxAlvel. H oelpd ouyxiivel uévo av o = 0.
Y70 (Blo cuunépaoua Vo XATaARYoTE oV Yenotdonolovoate o xplthplo tne pllag:

napatnerote 6t A/ kF|x|F = k|z| — +o0 av z # 0.

® > %’: Me 7o xpitiplo Tou Adyou. Av x # 0, éyouue
/(R4 D! e
||k / k! Ck+1

—-0<1.

Yuvenag, N oelpd cuyxAivel anollitwe. H oeipd ouyxhiver yio xdde x € R.

(0%) 30 25+ Me wo xpisripio Tou hovou. Av @ # 0, éxovpe
k=1

2k+1|l"k+1/(k+1)2 k‘2

ke e 7 2

Tuvenme, 1 oepd cuyxhiver amoldtwe av x| < 1/2 xou omoxhiver av |z| > 1/2.
EEET&COUHE 'cr] GOY){)\Lon Ywelotd oTic epntwoelg @ = +1/2. Topatnpdviac 6Tt ol
oelpéc Z e Z 7z OLYXAVoLY, cuuTepaivoupe TEMXd OTL 1) oElEd GUYXAivEL
k=1

o xal povo ov |m\ <1/2.

20. Eéetdote av ovykAivouy 1) amokAivovy o1 geipég

T .
273722 32" 8 "3 "ol

Lol il 11
2 8 32 16 128 64

Yrdbetn. (o) HapatnpeRote 6Tt 10 (2n)-00T6 pepd ddpolopa e oelpdc
LIS R SRR SV AV SV N
2 3 22 32 23 3 20 3

looVToL e

"1 1 -1 &1 3
DI RN LI N R
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Agob 1 oelpd éxel VeTinolg 6poug Xat Sa, < 3 1o xde n, émeton 6TL 1) OELRS SUYXAIVEL
(e&nyhote yuoti).
(B) Mopatnehote 6T to (2n)-001éd pepixd ddpoloua tTne oeLPdC

1+1—|—1+1+1 i-l-i—i-i%-
2 8 4 32 16 128 64
loolTon e
2n—1
ng ng:
k=0

Ao 1 oelpd éxel Yetinolc 6poug xat S, < 2 ylo xdle n, énetat 6Tl M OELpd GUYXALVEL.

21. Na Bpedel 1kav) ka1 avaykaia ovidikn — ya v axolovdia (a,) — dote va
ovykAivel ) oe€ipd
ar—a;+ax—astaz—az+---.

Yrédetn. Hapatnpolue 6Tl S2,, = 0 Yo xde n € N. Enlong,
$1=4ai, S83=4az, S5=40a3, S7 =044,

XL YEVIXD, S2,—1 = ap. Enetow 6Tt n oepd ouyxiiver av xou pévo av a, — 0.
Ipdrypartt, av 1 oetpd cuyxhivel xou oy s elvon o ddpoloud e, T6te s = lim s9, = 0 %
ap, = Sop—1 = s = 0. Avtiotpoga, av a,, — 0 t61€ S92, = 0 — 0 xU S2p—1 = @, = 0,
dpa s, — 0.

o0

22. Eéetdote av ovyklivel 1j arokAiver n) o€ipd Y aj 0TS TAPAKETH TEPITTHOTEIS:

n=1

() ak=vVEk+1-Vk (B)ar=V1+k?—
(v) ar = EHE () qp = (V& - D).

Trédatn. (o) Avar = VE+1—Vk,téte s, =ay+---+ap =vn+1—1— 400,

dpoL 1) oELEd amoXAlveL.

(B) Eyouvue ar = V1+k2 —k = ﬁ Tapatnpolpe 6Tt f"/—’}c = ﬁ —

3> 0. Agol n Y ¢ omoxhivel, 1 oelpd Y ap amoxhivel ané To oplaxd XpiThpLo
k=1 k=1

olYXPLOTG.

(v) Eyovye aj, = \/k+17\/E - k(\/WJrf) Iopoatnpotye 6t kS/Q — % > 0. Agot

n Z k3/2 ouYXAiVEL, 1) OELR Z aj, CLYXAVEL 06 TO 0pLOXO XPLTTELO CUYXELOTC.
=1 =

(3) Xenowonotolpe o xpithplo e pilac: éyouue Fap = Vk —1 — 0 < 1, dpa n
oelpd ouyxAlveL.

23. Eéetdote av ouvykAivour 1 amokAivouy o1 o€ipés

oo 2 o0
& cos® k k!
(\/E - 1), T2 e
k=1 k=1 k=1 k=1

hE
§N‘
S+
s
K
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5,:},‘@1 ! TOEATNEOVUE OTL

118

Trédbeén. (o)

k=1

Gk —k3+k2\/é—>1>0
1/k2 2k3 -1 27

Agot Z 7z OUYXAbveL, 1 oelpd Z aj, oLYXAIVEL antd To opLaxd XELTHELO GUYXELOTG.

k=1 k=1
(B) 3 (Vk —1): 9étouue Oy = VEk —1 > 0. Térte, k = (1 +60;)*. Topatneodue 61,
k=1
vio x&e k > 3,

k
1
<1+k) <e<3<k=(1+6,)"

Apa, O > + vy xdde k > 3. Agol 1 Y + anoxhivel, 1 oepd Y. 6 anoxhivel x

k::l k=1
QUTH.
o0 2k 1 oo 1 o0
(v) >0 %= mopoatneolue 6t |ax| < 4z Agol n Z Tz OLYXAVEL, 1 oed Y ag
k=1 k=1 k=1

ouyxAivel and To xpLTHiplo CLYXELOTS.

d) 2 £+ yenoonolue to xpitiiplo Abyou. Eyouue

1.k k
b1 _ (k+ 1)k _ k _ 1 . 1 <1,
ag E'(k+ 1)k (k4 1)k (1+ 1)’“ e

dpo 1 oelpd cUYXALVEL.

24. Eéetdote wg mpos tn oUykdion tg napaxdtw oepés. ‘Omov epgpavilovtar ot
rapdpetpor p,q,x € R va Bpebolv o1 tipés toug ya Tig omoleg o1 avTioTo(eS Te€IPES
OUYKAivoUy.

@S0 @Iy W E ke 0<a<p)
(®) ikli% (€) iﬁ(0<q<p) (o7) Z 20"
k=1 k=1 =

O X0 (G-vtm) T (VEFT-2vEevE-T),

&) 2

Yrdébeatn. (o) Y (1 + %)JC 1 yenotpomololue to xpithplo tne piloc. Eyouvpe ¥ay =
k=1

(1+ %)7’6 — 1 <1, dpa 1 oe1pd ouyrhiver.

(5) kz pFEP: yenowonololpe To xplthplo Tou Adyou. ‘Eyouue
=1

aky1 _ (K+1)P
=
o P P

dpa ) oepd cuyxhiver av 0 < p < 1 xaw amoxhivel av p > 1. T'a p = 1 nalpvoupe
o)

oepd Y k, n onola amoxhivel (k /4 0 6tav k — ool).
k=1
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o0
(v) kzz Tikq: Yewpolye v by, = 1/kP. Agol g < p, éyoupe %: = 71_k_1(p_q) —
1> 0. And 10 oploaxd xpitiplo cUYXELONG, N CELEA UAS CUYXAIVEL av XaL YOVO ov 1)

> k% oLYxAiver, dnhad”f av xou wévo av p > 1 (xou 0 < g < p).

o0

®) > 11%: Vewpolpe v by = 1/k. Eyovpe §& = k]’j\/E = ’“%/E —1>0. Ano 7o
&)

0pLaxd xpLThPLO GUYXELONG, 1) OElpd amoxAivel (diott n Y, % amoxAivel).

k=1

() X prtgrs Yewpolye v by = 1/p*. Aol 0 < g < p, éxouue §* = =75 =

1>0 (36t (p/q)F — 0 ool 0 < p/g < 1). And 10 opLaxd %pLThplo GUYXELONGE,

oElpd pog cuYXAiveL oy xou wévo av Y ﬁ SUYXALVEL, BNAXDY oy xou uévo av p > 1

(xou 0 < ¢ < p).

00 k 00 0
(67) > “(2;,“1): nopatneolpe 6L 0 < ap < 5. Agod n Y. 55 ouyxhiver, 1 Y ap
k=1 k=1 k=1
ouyxAvel and To xpLThplo GUYXELONC.

S 1 1. .
@ k§1 kP (W - \/m) TAPATNPOVYE HTL

o VEFI-VE %
PN T VRVERT VR LR 1+ VE)

’, _ kP , , ag 1 ’ , ,
(“)E(OPOU}J.E myv bk = 3z N0l TORATNEOLIUE OTL b — 5 > 0. Ané6 7o OpRLAXO XELTTNPLO

o0 o0

oOYXPIONG, N Y. ap cUYXAVEL av xo pévo av 1 > W ouyxAbvel. Anlady, ov
k=1 k=1

% —p > 1, to onolo woylel av p < %

(m) > kP (\/k; +1-2Vk+VE - 1): TopoTNEolUE 61t Yo k > 2,
k=1

aw = KWVE+1-VE+VEk—1-Vk)
) 1 - 1
=k <\/E+\/k+1 \/E+\/k1>
_ VE+T-vEk—1
WVE+1+VE)(VE+VE—1)
1
= 2kP

WVE+T+VE-DWVE+ T+ VE)(VE+VE—1)
Anhadn, 1 (ag)k>2 Exel apynuixolc Gpouc. ‘Apa, cLYXAVEL av xou pévo av 1 > (—ay)
k=2

’ 4 7 ’ p / ’ —
ouyxhiver (e&nyhote yutl). Oewpolue v by = ;ﬁT XU TOEATNPOVUE OTL 1k —
o0

1 > 0. Ané 10 oplaxd xpithplo cOYXEIONG, N Y. @ CUYXAIVEL oV Xou UOVO av N

o0
1 7 7 3 ’ ’ 1
kzl 75— Ouyxhivel. Anhadn, av 5 —p > 1, 10 onolo woylet av p < 3.

&)
25. Eoww ou a, > 0 yia kd0e k € N. Aciére éu n oepd kzl TTksa, OUyKAiver



- 21

Trédedn. Hapompriote 611 0 < 77k~ < 2 Y xdde k € N. Auté ebvan gavepd av

ar =0, eved av a > 0 unopeite vo yeddete

ag ag 1

0< < = —.
1+ k2ay k2ay k2

o0
’ Z 1 ’ 2 ’ ’ / ’
Agot 1 oelpd kZ 77 OUYXAIVEL, TO CUUTERAUOUN TPOXUTTEL Untd TO XPLTHPL0 olYXELoTG.
=1

26. Opilovue pa axolovdia (ay) ws €€ng: av o k elvar tetpdywvo puoikol apiipov
Uérovue ap, = % ka1 av o k Sev elvar tetpdywro guoikol aprduot Uétovue ay, = 1%2
o0
Eéetdote av ovykliver n oepd > ay.
k=1
Trédeiln. H oeipd éyel Yetinole 6pouc. Apxel va del&ete dtL 1 oxohoudia Twv peptxv
adpolopdtev eivon v geoyuévn. Topatneriote 6Tl yia xdde m € N €youpe

m2
szzgak = Eak2—|— E ay,
k=1

k=1 k<m?2
k#s2
m ’m2
1 1
< Z 72 + 2
k=1 k=1
=1
< 2y 73 = M < +oo.
k=1

Avn eN, t6te s, < sp2 < M. Andadi), 1 (sp,) ebvon dves @paypévn,.

(oo}

27. Efetdote av ovykAiver 1j anoxAiver ) oepd Y. (—1)F L, drov p € R.
k=1
[ee]
Tnédaén. Av p > 0, téte n oepd > (—1)F L ouyxhiver ané to xpirfiplo Tou Diri-
k=1

chlet. Av p <0, t6te (—1)F L 4 0, dpa 1 oe1pd omoxhiver.
28. Eotww {a} ¢livovoa axolovdia nov ouykdiver ato 0. Opilouvpe

s = Z (—1)k_1ak.

k=1

Aetbre 610 < (—1)"(s — sp) < Gpy1-

o0 o0

Trédeitn. Tpdgoupe (—1)"(s—s,) = (=1)" Y. (=D lap = Y (=1)"TFlq,.
k=n-+1 k=n+1

Iopatneriote 6tL: Yo xdde m € N,

n+2m

S (1) g = (g — @nsz) + ot @z — ngam) 2 0,

k=n-+1

pat
n+2m

1\ (e — T _1\n+k-—1 >
(=1)"(s — sp) mlgrlm]cgl( 1) an > 0.
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Eniong,
n+2m+1
Z (_1)n+k_1ak = ap+41 — (an+2 - an+3) — (an+2m - an+2m+1) < An+1,
k=n-+1
dpat
n+2m-+1
(=1)"(s—sp) = lim Y (=1)"*la, <anpa.
m— 00
k=n-+1

(oo}
29. Eoto (ar) ¢divovoe axolovdia Jetikdy apidudv. Aeitre dn: av n . ay
k=1

ovykAiver téte kap — 0.

o0
Yrdédeitn. Eotw € > 0. Apod n Y. ap ouyxhiver, 1 (sp) ebvar oxohoudia Cauchy.
k=1
Apa, undpyel ng € N tdote: av n > m > ng T6Te
€
g1+ F ap = [Sp — Sm| < 3
Ewlbwdtepa, av n > 2ng, Talpvovtag m = 1 X0 YENOLOTOLOVTIS TNV unddeor OTL 1
(an) elvon pdivouoa, éyoupe

3 nan
3 > Gnot1+ o an 2 (n—noan = —=,

oot n —ng > 5. Anhadi, av n > 2ng éyouvye na, <e. Erneta 6t lim (na,) = 0.
n— 00

o0
30. Eotww 6t ap, > 0 ya kdde k € N. Av n Y ay, ovykAive, deibte du o
k=1

oo oo 0o 2

k> ) 1L 42
1+a 1+a

k=1 P i

ovykAivouy emiong.

o0
Ynédaén. (o) Apod n > ar ouyxhivel, éxoupe ar — 0. Apa, undpyer m € N dore:
k=1
v xdde k> m, 0 < ap < 1. Téte, yia xdde k > m éyovpe 0 < a% < ag. Ané 10
(o)
XELTAELO CUYXELOMG, 1) OEd D aj cuYXAiVeL.
k=1

ak
1+ag

(B) HMapoatnehote 6t 0 < < ayp v xdde k € N. And 7o xpitiplo obyxplong, 1

o0
2, aj ¢
oepd Y yii— ouyxhivel.
k
k=1
2
Ak
1+a?

(v) HopatneRote 61 0 < < a yw xdde k € N.

o0
31. TroBérouue dti a, > 0 ya ke k € N ka1 6n ) oepd Y, aj, ovykAiver. Aeite
k=1

o0
étin oepd Y \Jagart1 ovykAiva. Aetéte dn, av n {ax} eivar pdivovoa, téte 10y Vel
k=1

Kai1 To avtioTpogo.
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Yrédeibn. Hopoatnerote 611 0 < | /araryi < 'MZA vy xde k € N xon epoapudote
T0 %pLThplo GUYXELONG.

Me v unédeon 6t 1 (ax) ebvon pdivovoa, napatneiote 6Tt 0 < apq1 < 4/GKGrt1
yio xdde k € N xou epopuodote to xpithplo odyxplong.

OO
32. TrnoBérouue dtr ar, > 0 ya kdbe k € N ka1 6t np oeipd >, aj, ovyrdiver. Aeire
k=1

(&)
z 7 ap /
du n oepd Yy YIE ovykAiver

k=1

Trooetn. And v avicdtnta Cauchy-Schwarz, yio x&de n € N €éyouue

S

k=1

" 12 , . . 1/2
ak> (Z k2> < VMM,
1 k=1

6Tou

oo oo 1
M1=Zak<+oo Ol Mgzzﬁ<+oo.
k=1 k=1

(o)
33. YmoVérouvue 6t ap, > 0 ya kdle k € N ka1 6t n oeipd > ay, anoxAiver. Aeite

k=1
ot -
> P =
1 (1 + al)(l + (12) cee (1 + ak)
Yrédetn. Av by =1 xou
1
by =
(I4+a1)(1+a) - (1+ag)
vy k € N, de{€te 6T
2 =bp—1— by

(14+a1)(1+az) - (1+ag)
v xdde k € N, dpa

ag
—by—by=1—by,.
;(l—kal)(l—i-ag)---(l—kak) 0

IMopatnedvtag ot
(I+a1)(1+a2) - (1+ap) >a1+ - +a, = +0

Oetéte 6T
n

ai
=1-b, — 1.
’;(1+a1)(1+a2)~~(1+ak)
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I Opdda

34. Eotww (ai) divovoa axolovdia Jetikdy apiudv ue a, — 0. Aeiléte dn: av n

, p
> ay, anokAiver Téte
k=1

me {ak, k‘} = +00.
k=1

Yrédeitn. YTmodétouue 6Tl 1 oelpd Z min {ak, + } ouyxhiver. Agot n (ay) @divel

mpoc 10 0, 1o (B0 oyder yior TV (mm{ak, +}) (e&nyfote yiaxl). Amd to xpurfplo
CUUTOXYWOTC, 1) OELRY

Z2km1n {a/zk Qk} Zmln{Q gk, 1}

k=1
ouyxiivel. Ewduxdtepa, min{?kan,l} — 0, dpa TeAxd €youue min{?kazk,l} =
2k aqn (eEnyhote yiott).

o0
‘Eneton 61t 1 osipd Y. 2Fage cuyxhiver. Xpnowonowdvtac Eavd 1o xpithplo ou-
=1

o0 o0
UTOXVOONS, AUTH TN Popd Yot TN OELpd Y . ag, BAémoupe 6TL Y D ax ouyxAlvel. Auté
k=1 k=1

elvan dtomo and tny unddeon,.

(o)
35. YmoOérouue 6t a, > 0 ya kdle k € N ka1 éui n > ay anoxdiver. Oérouvue

k=1
Sp=a1+ a2+ -+ Qp.
(o]
() Aeire dmn Y. 11— anokhiver
k=1
(B) Aeikre 6ri: yra 1 <m <mn,
a a s
mil o>
Sm+1 Sn Sn
(oo}
ka1 ouurepdvate 6t n Y & anokAivel.
k=1
1 1 o
/. 7 an 3 7 ag /.
(y) Aeire 6n < 5 — 5, xw ovprepdvate dnn kz_:l o ouyKkAiver

[ee]
Trédedn. (o) Eotw étin 3o - ouyxhiver. Tére,
k=1

1
L0 = —1- %
1+ ay, 1+ay 1+ ay,

-1 =1+a;—1.

Yuvende, undpyet m € N dote: 1+ ap, < 3 5 Y xde k‘ > m. Eretan 611 0 < af <

3
2 1+a

yioe xdde k > m. And 1o xpithiplo obyxplong, M Z ay oLYxAlvel, droto.
k=1
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(B) Hopatnehiote 6T 1 (sy,) elvon adouca. Apa, av 1 < m < n éyoupe

Gmal O 5 Omar L O Omir ¥ e
Sma1 Sp Sn S 5
_ SnTSm _ 4 Sm
Sn Sn
o0
Ac urodéooupe 6 k; ZT': ouyxhlivel. And To xpithplo Cauchy, yio e = % > 0,
unopolue va Bpolue ng € N wote: av n > m > ng 16Te
Am+1 4+ an < 1’
Sm+1 Sp 2
OnhadN
S 1 S 1
1-2 > = s -
Sn 2 Sn 2

o0
Tradeponotfiote m > ng o apAcTe T0 1 — 00. Aol M > ap amoxAive, éxoupe

k=1
Sp —> 00. Apa, lim 2= =0, to onolo odnyel oe dromno.
n—oo Sn
, ,
(v) Hopatnerote 6
an, Sn — Sp—1 < Sp — Sp—1 1 1
s2 s2 T 8,5n-1 Sp—1  Sn

o0
Av t, elvon T0 n-0016 Yepind ddpoioua TG %, tote
k=1"F

a;  ag an 1 1 1 1 1 2
bh=5++ "+ —+(—-——— |+ + -— ] < —
S sa

S1 2 S1 S1 S92 Sn—1 Sn

o0
H (t,) elvon dver gporyuévn, dpan > 2% cuyxhivel.
k=1

p)
Sk

36. YroOérouue dri ar, > 0 ya kdde k € N ka1 éui n Y, ar ovykdiver. Oérouue

k=1
oo
Tn = Y. Q.
k=n
(o) Aetlre ém: yia 1 <m <n,

a a r
moy g it
T'm Tn T'm

o0
Kar ouumepdvate T n Y- & anokAiver.
k=1

(B) Aeire 6m \‘/’;‘7 < 2(\/fn — /Tn+1) Ka1 ouurepdvate 6 n kgl \L/lv% ouyKkAiver.

Yrébaén. Apol n Y ar ouyxhivel, éyoupe 1, — 0. Iopatneriote eniong 6w n (ry,)
k=1

; p
elvon pdivouooa.
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Qm, Qp, A, Qp, am + + an
— + +—= > —+ +— 2>
T'm Tn T'm T'm T'm
Tm — Tn41 Tn+1 Tn
= m_ il >1- =
Tm Tm Tm

Ac¢ uno¥éoouue 6T 1 Z 7 ouyxhiver. Amé to xpithipo Cauchy umdpyer ng € N
woTte: v x¢de n > m > ng,

Tn Am 1
l1-—< — 4 +f<f
Tm T 2

Yradeponowdvtag m > ng %ol aQrivovTog To 1 — 00 XataAiETe oe drTomo.

(B) Houpotnpriote 6

T'n — Tn41 an an
VT — /Tnt1 = = 2 :
" s \/ﬁ"‘ Tn+1 \/E‘F Tn+l Qﬁ

Apa, yioe xdde n € N,

Z 2(ViT = VT2 Vi = Vg VT = ag) S 207

‘Eneta 6t 7 Z %k GuyxAiveL.

Tk

o0
37. Eoww (ar) axolovlia mpayuatikdy epifudv. Aeiéte dn av n oapd > ai
k=1

o)
amokAivel téte kai n oelpd Y kay, anokAivel.
k=1

o0
Ynébaln. ©étouvpe by = kay. Toéte, Béhovpe va Selloupe 6t av n oepd Y, %’“
k=1
oo}
amoxAivel TOTE xou 1) oelpd Y by amoxhivel.
=1

o0
Tapatneriote 6T av 1 Y, by cuyxhivel, téte Exel ppaypéva pepixd adpolopoto.
=1

o0

Agob 7 % @divel mpog 1o 0, t0 xpLthplo Dirichlet delyvel 6t n Y % ouyxhivel, To
k=1

onolo elvan dromo.

38. ’Eotw (ar) axolouvdia ﬁen 03 mpaypatikdy apriucy. Aeikre 6 av n oe€pd

> ax ouykAive, téte kai n Z a,’;* ouyKAlvel

k=1 k=1
_k_
Yrdbaén. Tedgovye a; "' = —H— xou dtoxpivoupe dV0 mepITTOOEL:
R
a

k

(o) Av ay > 1/2F+1 141e a,f“ > 1/2. Yuvendc,

k
aft < 2ay
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(B) Av ay, < 1/281 <61

Ye xdde meplntwon,

o0 o0
‘Opee, 7 Y. ax ouyxhiver, oo Y (2ax, +27F) cuydiver. To {ntolpevo éneton and
k=1 k=1

10 xptw’]pLg oUYXELOTG.

39. Eotww (ax) n akodovdia mov opiletar and Tig

1
azr—1 = — Kar agr = —-
k 2k
o0
Etevdote av n oepd S (—1)Ftay ovyrdiven
k=1

Trodeaén. Iopatnpoiue dtu
s — 1— 1 + 1 — i + + l — i
e 2 2 22 noo2n
= [(1+ ! +--+ 1 ! + 1 +-+ L
B 2 n 2 22 2"

1 1
> (1+-+-+=) -1
2 n
Aol 1+ %+ -+ L — 400 btav n — oo, BAénovye 6T1 s3,, — +00. Apas, 1) oELRd
amoxhiver (xou pdhota oto +00 — e&nyfote yioti).

40. TrnoVérovue 6t a, > 0 ya kdOe k € N. Opilovue

1 2k
bk:% Z A -

m=k+1

o) o0
Acitre 6t n Y ap ovykAiver av ka1 puévo av n Yy by ovyrliven
k=1 k=1

oo oo
Yndbetn. Eotw s, xou t, to pepind adpoloyato twv oMV Y, ap %oty by ovti-

k=1 k=1
oToya. Oa cuYXpVOUPE Ta Sap XU t,. ‘Eyouue

1 1 1
tn =b1+ba+--+by, = a2+§(a3+a4)+§(a4+a5+a6)+- : '+5(an+1+' o t+agn).
Acel&te 611 670 t,, eppavilovial HOVo oL ag, . . . , G2y XU OTL O CUVTEAEC TN XadeVoS ay,
670 ty, elvon uxpdtepo 1 loog tou 1. ‘Enetan 61 ¢, < Say, Yo xdde n € N. Yuvenag,

o0 oo
av N Y. ap ouyxhiver téte 1 Y by ouyxAivel
k=1 k=1
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Ané v dAAn mhevpd, Yewprote To yepind dbpoloua Loy, xou Bellte OTL xde ag,
2 < k < n, eugavileton exel ye ouvteheo T o) = L 4+ av o k ebvan dptiog,

2m—1

XL CUVTEAEOTY| O) = #H 4o+ 5= av o k elvon meputtéc. Te xdde mepintwon,
1

or > 5. Apa,

Sp=a1+az+ - +ap, < ap + 2o,

o0 oo
‘Eneton 6T, av ) Y by cuyxAivel 6t 1 Y ap cuyxAiveL.
k=1 k=1

41. Eotw (ag) axokovdia Jetikdy mpayuatikdy apidudy. Ocwpolue tny axolovdia

a1+ 2as + -+ + kay,

b = k(k+1)

o0 o0

Aceibre 6ni: av n Y ap ovyklive, tdte n oeipd Y, by ovykiver ki ta apoiopata
k=1 k=1

v 0Vo oepdy elvar ioa.

YrédeiEn. Av s, =a1 + -+ ap xu t, =by + -+ + by, 167€

n n k

- isasék(kl—kl)

- z:”g(i k41r1>

N ;S“S(i—nL)

_ Sz:a&_ahtzagnii-jtnan
= S, —nb,

Oa deloupe 6Tt

nbn:al+2a2+m+na" — 0.
n+1

Me Bdon to Afpua tou Abel, ypdpouue

n n—1 n—1
Zkak: sk(k—(k+1))+nsn—1:—Zsk—i—nsn—l.
k=1 k=1 k=1
Apa,
1 - n—1 s;+-4+58,-1 nsy, 1
by, = kap = — . - — — —-0=0
1o n—&—ll; h n+1 n—1 +n—i—l n+1 ot ’
o0
6mov s = lims, = > ai (€30 ypnowomnoolue 10 yeyovée 6Tl av s, — § TOTE
k=1

SitSo+-+Sp_1
n—1

— 8). Aol nb, — 0, and y t, = s, — nb, Prénouvye ot t, — S.
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Arad,

o0 o0
S b=
k=1 k=1

o0

42. FEorto (ai) akodovlia Jetikdv apidudy dote Y ap = +0o kat a — 0. Aetbre
k=1

o ar 0 < a < 8 tére vndpyovr guotkol m < n dote

n
a < Zak<ﬁ.
k=m

Trodeln. Agol ar — 0, undpyer m € N wote: av k > m t6te

ap < B — a.

o0
Agol Y ar = 400, undpyel eENdyoToC Puoxds £ > m dhoTe
k=1

am + - +ag > B

(o) Acl&te 6T £ > m.
(B) Av n =/{—1, nopatnefiote G n > m xou

am 4+ ay < B,

am+'--+anZﬁ—a€>5_(ﬁ—a):0‘-

43. Acitre én av 0 < a < f tdte vndpyovr guoikoi m < n dote

1 1 1
a< —+——+-+-<0
m n

Trédeiln. Eqopudote TNV mponyolUevn doxnon yid Ty ar = %






Kegpdiowo 3

OpuoLopoppn cuveyeLlx

Oudda A’

1. Acibre to Jeddpnua puéyrotng kar eAdyiotns Tipns yia pia ouvvexrn) ouvvdptnon
f:[a,b] = R ypnoiponoidvrag to Jeddpnua Bolzano—Weiertstrass.

Yrdébetn. Actyvouue mpdto 6t undpyer M > 0 wote | f(z)| < M v xdde x € [a, b],
pe amoarywyl ot dtomo. Av autd dev woylel, unopolue va Bpolue x, € [a,b] dote
|[f(zn)] >n, n=1,2,.... H (x,) éxer vnaxoroudia (zx,) Gote xp, — xo € [a,b].
Aol n f elvon cuveyhc 610 g, oamd TV apyh TS LeTapopds éxoupe f(zk,) — f(zo),
dpa

()| = [f (o)l

Opwe, |f(xg,)| > kn > n. Apa, |f(zk, )] = +00, T0 onolo elvou dtomo.

E®aue 6t n f elvan @paypévn, dea
M :=sup{f(z): z € [a,b]} < 0.

Téte, unopodye vo Peolye Ty, € [a,b] dote f(x,) = M (yevixd, av s = sup(A) tote
urdpyet axoroudia (an,) oto A dote a, — s). H (2,) €xer vnaxoroudia (x, ) doTte
Tk, — %o € [a,0]. Agol f(z,) — M, éyovpe f(zg,) — M. And tv opyh
HETOPORAC,

flwo) = lim f(a,) = M.

Auté amodewviel ot 1 f nalpvel péyiotn nun (oto xo).

Epyaloyevol 6pola, delyvouue 6tL ) f naipvel ehdylotn Tiun.

2. Eotw X C R. Aépue 6u pua ovwvdptnon f: X — R wcavonoiel ouvdnn Lipschitz
av vndpyxer M > 0 dove: ya kdle z,y € X,

[f(@) = f) < M- |z —yl.

Acibre 6ni av n f :+ X — R xavonoiel ovvOijkn Lipschitz téte elvar opoiduoppa
owvexris. Ioxver to avtiotpopo;
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Trédaén. (o) Eotw ¢ > 0. Emdéyouye § = d(e) = 57 > 0. Av z,y € X xou
|z —y| <0, téte

[f(@) = fy)l < Mz —y| < M =e.
Apa, 1 f elvan ogoldpoppa cuveyrc.
(B) H ouvdptnon f : [0,1] — R pe f(z) = /z elvon cuveyhic oto xhewotd ddotnua
[0,1], dpo eivon opolduopga cuveyhc. ‘Ouwe, N f dev avorolel cuvidfxrn Lipschitz
o0 [0,1]. Ou unhipxe M > 0 dote: vy xdde 0 < z < 1 va oy lel

[V —0| < M|z —0], dpady 1< My
Auté odnyel oe dromo dtav & — 0.

3. Eotww | : [a,b] = R ouvexris, napaywyioun oo (a,b). Aciéte éu n f ikavoroel
ouvdnkn Lipschitz av ka1 uévo av n f' eivar ppaypévn.

Trédeitn. 'Eotw 6t n f ixavoroiel cuvdvxn Lipschitz, dniadn vndpeyer M > 0 wdote
[f(z) = fly)] < M|z — y| v & z,y € [a,b]. Oewpolpe xo € (a,b). Tote,
F(wo) = lim L= 0yc av 2 # 20 070 (a,b), éxovye

T—T0 T—To

< M.
|z — o] z—zo T — 20

Anhodih, n f' etvon gpaypévn.

AvtioTpoga, ac vnodécoupe 6t undpyxer M > 0 dote |f/(§)] < M v xdde
¢ € (a,b). Eotw xz < y o710 [a,b]. And to Jedpnua péone thc undpyel € € (z,y)
Oote

[f(@) = FI =17 O] |z =yl < M- |z —y|.
Anhady, 1 f etvou Lipschitz cuveyrc.

4. Eown € N, n > 2 ka f(z) = 21/", x € [0,1]. Aeiére 6u n owdptnon f dev
ikavorolel ovvOnkn Lipschitz. Eivai opoidpopga ovvexns;

YrdébeiEn. Eyouvpe f'(z) = 1

zvlyoz € (0,1). Agod - —1 <0, éxouue

1
n

li "(x) =

g, ) = oo,

dnhadh m f dev elvon gporyuévn. And v ‘Aoxnon 3, 1 f Bev iavomolel cuvii-
xn Lipschitz. Eivouw 6uwe opolduoppo cuveyhc w¢ ouveyfc ouvdptnon o XAeloTd
TR VI

5. Eéetdote av o1 mapakdtw ouvvaptrioes ikavorooVy auvinkn Lipschitz:

(@) f:[0,1] = R pe f(z) =xsinl av z #0 xar f(0) =0.

(B) g:10,1] = R pe g(x) =a*sin+ av z # 0 ka1 g(0) = 0.

Yrédaén. And v ‘Aoxnon 3 apxel va e€etdoete av xadepio and Tic f xou g €xel
pearyuévn mopdywyo oto (0,1). EXéyEte 6u: 1 f dev éxel pparyuévn mopdywyo 610
(0,1), evd m g éxer ppaypévn noapdywyo oto (0,1).

6. FEotw A, B un kevd vroovvoda tov R ka1 éotw f : A — B karg : B — R
opodpoppa ouwvexels auvaptroes. Aeite étin go f elvar opoibpoppa auvexrg.
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Tndbetn. Eotw e > 0. Agol 1 g elvon opotduoppa cuveyic, utdpyet ¢ = ((e) > 0
dote av u,v € B xau |u —v| < ¢ t61e |g(u) — g(v)] < e.

H f elvou opordpoppa cuveyihc, dpa utdpyel 6 = 6(¢) > 0 dote av z,y € A xou
|z —y| < 6 tote |f(z) — f(y)| < ¢. HopatnpRote du to § eaptdron pbévo amd To &,
apoL o ( e€opTdTon H6VO omd TO €.

Ocwpriote 2,y € A pe [z —y| < d. Téte, o u = f(x) xou v = f(y) avixovy 610
B ot Ju— o] = |f(2) — f()] < C. Age

[(go f)(z) = (g0 f)y)] =lgu) —gv)| <e.

‘Emeton 6t m g o f elvan opolduoppa cuveyhc.

7. Eotw f,g9: I — R ouoibuoppa ovvexels ouvaptroe. Aeite du
() n f+ g evar opoibuoppa ouvvexris oo I.
(B) n f-g dev etvar avaykaotikd opoidpoppa ouvexris oo I, av Suws ot f, g vroteouvy

ka1 ppayuéves tote n f - g elvar opoiduoppa ovvexris oo I.

Yrdébetn. (o) Eotw e > 0. Aol n f elvou opolduopga cuveyfic oto I, undpyel
01 >0 wote av x,y € I xou |z —y| < 01 w61 | f(2) — f(y)| < §. Ouolwe, agol n g
elvan opolduopga cuveyfc oto I, undpyel d2 > 0 dote av z,y € I xou |z —y| < 2
t6te |g(x) — g(y)| < 5.

OpiCoupe § = min{dy, do} > 0. Téte, av a,y € I xou |z — y| < 4, éyoupe

((f+9)@) = (F+9W)l = [(Ffz) = F)+ (9(z) —9(y))
f

|
< |f(@) = f@)l +lg(x) — g(y)]
+

A

= E&.

| ™

€
2
‘Enetan 6t n f + g elvon oyotduopga cuveyhc oo 1.

(B) Av o f, g civon opotbuoppa cuveyeic oto I téte 1 f - g dev elvon avaryxaotixd
opoldpoppa cuveyfic oto It Yewphote T f,g : [0,400) = R pe f(z) = g(z) = =.
Avtéc ebvon opolbuopga cuveyelc oto [0,+00), duwc M (f - g)(x) = 22 dev ebvan
opolbpoppa cuveyhc oto [0, 4+00).

Av 6uwng ot opotduoppa cuveyelc ouvaptioe f,g : I — R unotedolv xou qpory-
uévee, totE M f - g elvou opoldpopgpa cuveyc oto I. Tmdpyouv M, N > 0 wote
|f(z)] < M xu |g(z)] < N yioxdde z € I. Eow ¢ > 0. And v ougotbuopen
ouvéyeta Ty f xou g propolue va Peodue § > 0 dote av z,y € I xau |z —y| < § tote

€ €
M+ N

[f(z) = f(y)l <
Téte, av x,y € I xou |z — y| < 0 €xoupe

If(x)g(x) — fw)ay)| < [f(@)]-[g9(x) — g+ lg)|-|f(z) = f(y)]

g g
M- —° +N._°
< MiN TN N TE©

8. Loww f : R = R ouvexis ouvdptnon pe tnr e€ng idtnta: ya kdde € > 0
vndpyet M = M(e) > 0 dote av || > M tite |f(x)] < . Aeire éu n f eivar
OMOIOLLOPPA TUVEXTIS.
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Ynueiwon: H vnddeor, ioodbvopa, pac Aéel Ot

lim f(z)= lm f(z)=0.

T—r—00 T—+00

Yrdébeitn. 'Eotw e > 0. And tnv unddeon, undpyet M = M(g) > 0 dote av |z| > M
téte | f(x)] < /3. Enione, n f elvou ouveyhic oo xhetot6 Sidotnua [—M, M], ondte
ebvan opoldpopga cuveyfic oto [—M, M]. ‘Apa, undpyet 6 = §(e) > 0 pe § < M, dote
av z,y € [—M, M] xou |z —y| < § w6t |f(x) — f(y)| < &/3.

Oa deioupe ot av 2,y € R xou |z —y| < § téte | f(z) — f(y)] < e. Awxpivouue
Tic e€N¢ MEPLTTAOOELS:

(i) @,y € (—oo, M]: t6te, [f(z) — f(y)| < [f(2)|+|f(y)] <

) x,y € [M,+00): t6te, [ f(z) — f(y)| < [f(2)| + | f(W)] <

(iil) z,y € [-M, M]: téte, and tnv emhoy tou & éxoupe |f(x) — f(y)| < § <e.
)

+ £ <e.

Wi ol

+£ <e.

x < M <y: tote, x € [-M,M] 861 6 < M) xou |z — M| < |z —y| <,
%

doo [f(x) — f(M)| < 5. Enlong, M,y > M doa [f(M)]| < § xou [f(y)] < 3.

YUVETHC,
f(@) = fy)l < |f(x) = M)+ f(M) - fy)l
< [f@) = fFM)[+ [ fFMD]+ [f(y)]
e & €
< §+§+§=€.

(V) < —M < y: buowr ye v nponyoluevn nep(ntno.

To € > 0 fray TUYOY, dpa 1 f elvan opoldUoppa cUVEYTC.

9. FEoww a € R ka1 f : [a,+0) = R owexris ourdptnon ue tnr e&rjs bidtnra:
undpxel o ll)IJ'I_l f(z) ka1 elvar mpaypatikés aprduds. Aetére dtin f efvar oporduopga
OUVeXTS.

Yrdébeitn. Eotw £ := ll}r_’I_l f(x). Bewpolye ) ouvdptnom g : [a,+00) — R pe
g(x) = f(x)—L. Téhre, ET g(x) = 0. Apa, yio xdde € > 0 undpyer M = M(g) > a

x (o)

oote av x > M tote |g(x)] < e. To emyelpnua tne ‘Aoxnone 8 deiyver étL 1 g elvon
opoLbpopPa GLYVEYTC 610 [a, +00). Agol 1 otadeph cuvdptnon h(x) = £ elvou enlong
opolépoppa cuveylc 610 [a, +00), éneton étL n f = g + h elvou opolbpoppa cuveyfc
670 [a, +00).

10. Eoww f : R — R opoiduoppa ovvexris ovvdptnon. Aeibre én vndpyovr A, B >
0 dote |f(x)| < Alx| + B ya kdde z € R.

Yrédeitn. Apob n f : R = R elvar opoldpopgpa cuveyhc, Yo € = 1 umopolue va
Bpolpe 6 > 0 dote: av z,y € R xou |z —y| < § téte | f(x) — f(y)] < 1.

‘Eotw x > 0. Oewpolye 10v eAIYIOTO QUOLXO N = Ny YL TOV OTO Ny > @
(awtbe undpyet, and Ty Apyundeto idTnTo xan and Ty apyn Tou ehayiotou). Téte,

<z < ng

[\
| >

(%) (ne —1)
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STy = ng. ‘Eyouvue |Tr+1 — k| < d v
e k=0,1,...,n—1 xou |x — x,| <. Apa,

Oewpolpe o onuelo: zp = 0, 21 = 3

1) = FOI < @) = fen)l 4+ 1f(w) = fo) <nt1=na+1< 3042

and v (x). Anhadh, yio xdde z > 0.
2
F@) < 2a 24 5O

Aouvkevovtog pe tov (Blo tedmo yio z < 0 delte 6Tt
2
F@)] < Sl + 24 17(0)
Y1 xéde x € R. Enopéve, to {ntolpevo wydel pe A = 2 xau B = |f(0)] + 2.

11. Eow n € N, n > 1. Xpnowonowdrzas tny nponyoluevn Acknon beikte én n
ovvdptnon f(x) = 2", v € R dev elvar opoibuoppa ovvexris.
Yrnébetn. Eotw n > 1. YTrodétouue ot 1 ouvdptnon f(z) = 2", z € R el

opotouopga cuveyrc. Ané v Aoxnor 10 undpyouvv A, B > 0 tote 2" < Ax + B
yioe xde x > 0. Tore,

l,nfl §A+§
T
. , . . ne1 __ . . BY _
v x8de & > 0. Agod n > 1, éyoupe Jim 2"l = oo, Ope, lim (A+ L)

A. Auté odnyel oe dromo.

12. (o) Eotw f: [0,4+00) — R owvexris ouvdptnon. Trolérovue dtt vndpyer a > 0
dote n f va efvar opoiuoppa ouvexris oo [a, +00). Aeléte dti n f etvar opoiduopga
ouvexris oo [0, 400).
(B) Aeitre éni n f(z) = \/x elvar oporduoppa ouveyris oo [0, +00).
Yndédetn. (o) Eyovpe unodéoer 6t undpyelt a > 0 dote 1 f vo elvan opolduoppa
ouveyfc oTo [a,+00). Eniong, n f eivar cuveyhc oto xhewotéd ddotnua [0, al, dpo
elvan opolduopga cuveyhc oto [0,a]. Acidte T n f elvon opoiduoppa cuveyfic 610
[0, +00) yenowonowdvtac Ty teEXV Tne Aoxnong 8 (Sraxpivovtog nepintdoeic).
(B) H f(z) = V& elvor cuveyhc o710 [0, +00). Av z,y € [1,400), To1E
[z -yl _1
_ _ _ [ e B g PV

@) = F)l = Ve = Vil = V< Sl
dnhadh 1 f covoroiel cuvdiun Lipschitz oto [1, +00). Zuvende, 1 f elvon opotéuoppo
ouveyfc 670 [1, +00). Thpa, propeite va egopudoete 1o (o).
13. Eoto f : (a,b) = R opoiduoppa ovvexns ouvdptnon. Aeiéze du vrdpyer
ouvexris ovvdptnon f : [a,b] = R dote f(x) = f(z) yua kdde x € (a,b).
Yrébaén. Eldope (ot Jewpla) 6t av 1 f : (a,b) — R eivan opolbpoppa cuveytic

OUVEETNOT, TOTE UTEEYOLY T

lim f(x)=4¢ xaw lim f(z)=m
z—at b~



36 - OMOIOMOP®H YYNEXEIA

xou ebvon mporyportixol aprdpol. Av enextelvoupe v f oo [a, b] opilovtac f(a) =/,
f0) = mxou f(z) = f(z) vz € (a,b), t6te 0 f : [a,b] = R eivon ouveyhc oto
[a, b].

14. Eéevdote av o1 mapakdtw ouvaptioes €val opol0lLopPa OUVEXEL.

f:R—=>Ruye f(z) =3z +1.

~

i)
(i) f:[2,+00) = Rye f(z) = 1.
(i) f:(0,7] = R pe f(z) = Zsin’x
(iv) f:(0,00) = R pe f(z) =sin L.
(v) f:(0,00) = R ye f(z) =axsin 2.
(vi) f:(0,00) = R ye f(z) = oz
(Vi) f:(1,00) = R pe f(z) = <=0
(vili) f:R =R ye f(z) = =
(ix) f:R—=Ruye f(z) = -
(x) f:[=2,0] = Rye f(z) = 57
(xi) f:R—>Rye f(z) =zsinz.
i)

[0, +00) = R pe f(z) = Cojfl ),

Yrdéoeitn. ‘Oheg oL cuvapthioelg elvan cuveyeic oo nedio oplouol Toug.
(i) f:R—=Rype f(z) =3x+ 1. H f elvar ogoibuoppo ouveyhc: eivon Lipschitz
ouveyric pe otadepd 3. o Ty oxpifBeia,

[f(x) = f(y)| = 3|z =y

v xade z,y € R.
(ii) f : [2,+00) = R pe f(x) = L. H f eivon opolbpoppa ouveyfc: ebvan Lipschitz
GUVEYHC, POV

] =

@)= <

670 [2,400).
(ili) f: (0,7] = R pe f(z) = Lsin®2. H f opiletor 070 nuavoxtd didotnua (0, 7]
xou

Smx-sinle-O:O.

li =1

Yuvenwg, N f elvon ogoldpoppa cuveyhc.
(iv) f: (0,00) = R pe f(z) =sini. H f dev elvau opoidpoppa cuveyrc, diott dev
UTEPYEL TO
o1

lim sin —.

z—0t T
(v) f:(0,00) = R ye f(z) = xsin 2. Enextelvouye v f o€ ouveyh ouvdptnorn oto
[0, +00), VétovTac

1
f(0)= lim f(z)= lim zsin— =0.

z—0t z—0t x
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Do xdde > 0 €youpe

1 1 1
f'(z) =sin— — — cos —.
r x
Av x> 1 t6te
1 1 1
If/(z)] < sin‘—&— cos —| < 2.
r| o« x

Yovene, n f eivon Lipschitz cuveyic, dpo xou opolduopga cuveyfc, oto [1,4+00).
Aol eivon o ouveyhc oo [0, +00), eivan opoldpoppa cuveyrc (and v ‘Aoxnon
12(a)).

(vi) f:(0,00) = R pe f(z) = 2L Emextelvoupe v f o€ ouveyH ouvdpTnom oTo
[0, +00), YétovTag

sinx
0)= 1 =1l =1.
Aqgob
sinx
li = 1 =
AP = B = =0

n f elvou opoldpoppa cuveyhc and tnv ‘Aoxnon 9.

(vii) f: (1,00) = R pe f(x) = Cosa(aizg) Enextelvouye v f oe cuveyh cuvdptnon
o710 [1,400), Yétovtac

L _ g cos(@®)
£ = tim () = tim ) o)
Agol
) . cos(z?)
1 :1 =
AP = g = =0

n f elvan ogolduoppa cuveync amd v ‘Aoxnon 9.

(viii) f: R — Rype f(z) = 25%-1-4' Agot :I:EI:Itloc ﬁ =0, n f wavornoiel tnv unddeon

e ‘Aoxnong 8. Xuvende, 1 f elvon opolduoppa cuveymc.

(ix) f: R = Ruye f(z) = Ty Ao Erf f(x) =1, n f ebvon opordpoppa cuveyhc

oto [0,+00), and v ‘Aoxnon 9. Agol li)m flx) = =1, n f elvou opobuopya
x —0o0

ouveyfc oo (—o0, 0], ndh anéd v ‘Aoxnon 9. Eneton 6t eivon opoibpoppa cuveyic

oo R (ypnowonoiote v texvixt e ‘Aoxnorng 8).

(x) f:]-2,0] = R pe f(z) = 7. Kdde ouvveyric ouvdptnon oplopévn oe xheloto

oo tnua etvan opolduoppo cuveyne, doa 1 f elvon ouolduoppa cuVEYHC.

(xi) f:R—> Rpe f(z) =xsinz. H f Sev eivan opordpoppa cuveyhc. Iapatnpolye

ot f'(x) = x cos z+sin x Sev eivon @porypévn xou bt todpver ueydhes Tés ota onueio

e popphc 2nm 6mou n peydhog guoxds. Opllovpe x, = 2nm xou Yy, = 2nT + %

Téte, yp — Ty = % — 0, AN

sin(l/n)+sin(1/n)

fn)—f(2) = (2nm+(1/n)) sin(1/n) = 27 1/n — 21140 =27 # 0

otav n — 00. And 1oV YapaxTNEIOUS TNG OUOLOUOPPNG GUVEYELNS UECE axoAoUTheY
gnetan 6Tl 1 f Bev elvon opolduoppa cuveyrg.
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. . _ cos(z?) o1 _ / /
(xii) f:[0,+00) = Ruye f(z) = =577 Agol IETOOf(x) =0, n f elvou opoLdpoppa

ouveyfc oo [0,400), and tnv Acxnon 9.
Oudda B'. Epwthioceig xatavonong

E&etdote av o tapoxdtw tpotdoel etvon akndeic 1 Peudeic (awtiohoyfiote TAfpwe Ty
andvInot cog).

15. H ouvvdptnon f(z) = 2 + 2 efvar oporduopga ovvexns oo (0,1).

Adfog. Av pa ouvdptnon f 1 (0,1) — R eivon opoibpoppa cuveyhc, TOTE UTEEYOUY
T lim+ f(@) xou lim f(x) (xou ebvon mporypatixol apipot). Twa tnv f(z) = 2? + L
z—0 Tz—1-

éyoupe f(x) — +oo 6tav z — 0.

16. H ouwvdptnon f(z) = 5 efvar opoidpoppa ovvexris oo (0,1).

AdBos. Av wa ouvdptnon f: (0,1) — R eivou opotduoppa cuveyhc, TOTE LTEPYOLY
1

o lir(r)1+ f(z) »ou linlﬂ f(z) (o ebvon mporypartixol aprdyuot). Tty f(z) = =5
r— z—1-

éyouvpe f(z) — —o0 btav x — 17.

17. Av n owvdptnon f bev elvar gpayuévn oo (0, 1), téte n f dev elvar opoiduopgpa
ovrexris oo (0,1).

Ywotd. 'Botw 6n n ouvdpmon f : (0,1) — R elvou opobuopgpa cuveyfic. Térte,
UTdPY oLV To 1im+ f(z) xou lim f(x) (xou elvon mparypatixol aprdpol). Eneton (deite
z—0 Tz—1-

v ‘Aoxnon 13) ét undpyel cuveyric cuvdpTnon f:00,1] = R dote f(z) = f(x)
v xdde x € (0,1). H f eivon ppaypévn (we ouveyfc cuvdptnomn oplouévn oe xheloté
ddotna). Zuvernde, 1 f elvan enlone pparyuévn (e Teploplolde Pporyévne cuvVHETY-
omne).

18. Av n(x,) etvar akodovdie Cauchy ka1 n f elvar opoidpoppa ovvexris oto R, tdte
n (f(z,)) elvar axodovdia Cauchy.

Ywoté. Anodelydnxe otn Yewpla.

19. Av n f etvar opordpoppa ovvexris oo (0,1), tétre o lim f(L) vndpyer

1

n—oo” M

Ywoté. H axohouvdia (%)n>2 ebvan oxohoudior Cauchy oto (0,1). Agol n f elvau
opoL6pop@a. ouveytc, N axohoudio (f (L
pevo epotnua). Tuvenoe, n (f(L)) ovyadivel.

n

)) etvan axohoudia Cauchy (omé to mponyol-

20. Ocwpolue s f(x) =z ka1 g(x) =sinx. O1 f ka1 g elvar opordpoppa ouvexels
oto R, duws n fg dev elvar opoibuopga ouvvexris oo R.

Ywotd. O f xou g €yxouv peayuévn mopdywyo, dpo etvon Lipschitz cuveyeic (e
otadepd 1, e&nyhote yiatl). Buvende, elvan opotduoppo cuveyeic oto R. Opwe, 1
(fg)(z) = xsinz dev elvon opolduopga cuveyhic oo R: delte v Aoxnon 14(xi).

21. H owdptnon f : R = R pe f(x) =z av x > 0 ka1 f(z) =2z av 2 < 0, eivar
opodpopga ovvexrs oto R.
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Ywotd. H f eyer gpoyuévn mopdywyo (lon pe 1) oto (0, +00), dpo elvan opoiéuop-
pa ouveyhic oo [0,+00). Ouolwe, N f €xer gpoypévn napdywyo (lom pe 2) oto
(—00,0), dpo efvar opolduopga cuveyic oto (—oo,0]. Xenowonowdvtoag 1 pédodo
e ‘Aoxnong 8, unopeite va delete 6TL 1 f elvon ogoldpoppa cuveyric oto R.

Ynueiwon: Mnogeite va ehéyEete ancudelac ot

|f(z) = f(y)] < 2]z —y|

v xdde z,y € R, Suxplvoviac g nepuntddoec (o) z,y > 0, B) z,y < 0, (v)
z <0 <y. Agob n f eivaw ouvdptnor Lipschitz pe otodepd 2, oupnepaivoupe 6t
elvon ouoldpoppa GUVEYTHC.

22. Kdle ppayuévn kar ovvexns ovvdptnon f : R — R elvar opoidpoppa ouvvexris.

AdBos. H ouvdptnon f: R — R pe f(x) = cos(z?) elvor pporypévn xon cuveyhc, Opee
dev elvan opolduoppa cuveyne. Lo tig axorovdieg z, = Vmn+ 7 xou ¥, = /7N
EYOVUE Ty — Ypn — 0, 0N | f(2) — f(yn)| =2 = 2 # 0 6ty n — 0.

Owdda I'”

23. Acikre éu n ovvdpTnon f: (0,1) U (1,2) - R e f(z) =0 av x € (0,1) kar
f(z) =1arz e (1,2) elvar ovvexris aAdd Sev elvar opoibuoppa ovvexris.

Yndébeitn. H ouvdptnon f : (0,1) U (1,2) — Ryue f(zr) = 0av x € (0,1) xou
f(z) =1avz e (1,2) eivar ouveyhc: €otw xg € (0,1) xou éotw € > 0. Emléyoupe
0 = d(zg) > 0 (dev e&aptdron and to € > 0) dote (zg — J, 20 +9) C (0,1). Avz €
(0,1)U(1,2) xou |z —xg| < 6, téte 2 € (0,1). Apa, |f(z) — f(z0)] =10—0] =0 < e.
Anhadn, 1 f eivon ouveyhc oo xp.

Me tov (8o tpdno unopeite vo deilete ot n f elvon ocuveyrc oe xdde xo € (1,2).
Apa, n f eivan cuveyhc oto (0,1) U (1,2).

‘Opwg, 1 f dev elvan opotbpopga ouveytic. Oewpriote Tig axohovdies z, = 1—
o Yy, =1+ n%rl ‘Exouvye z,, € (0,1), yn € (1,2) %ot yp, — x5 = %H — 0. Opuwg,
flyn) — f(zn) =1—-0=1+ 0. A6 Tov YopaxTNELoUs TNS OPOLOUOPPNC CUVEYELIS
HECEL axONOLTLDY ETETAUL TO CUUTEPAUCHLOL.

1

Ynueiwon: To o mopdderypo deiyvel otL av oL tepopopol fla xou f|p Wwog cuvdp-
mnone f oe 800 unocUvola A xau B tou nediou oplopol g etvor ogoldpop@a cuveyElS
oLVaPTAGELS, BeV €metar avayxaoTxd OtL 1 f elvar opolopoppa cuveyrc oto AU B
(e&nyhote yioti).

24. Eoto f : [a,b] = R ouvexris ouvdptnon ka éotw € > 0. Aeiéte 6t propotje
va ywploouue o [a,b] o€ nenepaouéva to mAndog dadoyikd vrodaotripatae tov 16iov
HTiKOUS €To1 doTe: av Ta x,y avijkouy ato b vrodidotnua, tote | f(x) — f(y)| < e.

Trédbeén. Eotww e > 0. H f ebvar cuveyhc oto xhewot6d ddotnua [a, b, dpo eivou
opotdpoppa cuveyxfic. Tmdpyer & > 0 dote av z,y € [a,b] o |z —y| < § téte
|f(z) — f(y)] < e. EmMéyouye guoixé aprdud n dote =2 < § xau yopilouye o [a, b]
oToL BLadOY XS UTOBLUC THUATA

(b—a) b—a

,a+ (E+1) , k=0,1,....,n—1.
n n

[Tk, Th1] = |a+ k
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Av 1o z,y avixouy oto Blo vrodldotnua [T, Tr11], T0TE |z — Y| < Tpp1 — xf =
e <0 pa, |f(2) = )] <&

25. Eoww f: R — R gurexris, gppayuérn kar povétorn ovvdptnon. Aeibre én n f
€lvar ouo10LopPa TuveXTS.

Yréden. Xwplc neploptopd e yevixdtntag unodétovye 6t 1 f elvon adZovoa. Aot

n f:R = R eivoaw gporypévn xou ad€ovoa cuvdptnot, undpyouy To

lim f(x)=¢=sup{f(z): x € R}

T—r—+00
preeis
xggloo f(x) =m=1inf{f(x): x € R}.

Aol n f elvan cuveyng xau EIJP f(x) = £ € R, n’Aoxnon 9 Beiyver 6Tt n f

ebvan opoldpoppa cuveyhc oto [0, +00). To Bio axpPie enyeipnua delyver 6t n f
elvan opotduopgo cuveyfic oto (—oo,0]. Téhog, unopeite va deiete TV opotbuopen
ouvéyeto 6o R pe v teyvieh e ‘Aounonc 8 (Slaxpivovtog Teptntdoels).

26. Eoww f: R = R oguveyns kar nepiodikn ovvdptnon. Andadn, vrdpyer T > 0
dote f(x+T) = f(x) yia kdle x € R. Aeilére dui n f elvar opoiduoppa ovvexris.

Yrédaén. H f eivon ouveyric ato [0, 2T, dea eivar opotdpoppa cuveyhc oto [0, 277.
‘Eotw e > 0. Trdpyet 0 < § = d(e) < T wote av z,y € [0,2T] xou |z —y| < § 161
(@) — ()] < %

Acite 6t av z,y € R xou |z — y| < 0 t6te |f(z) — f(y)| < & propeite va
unotéoete 6tz < y. Trdpyerm € Z dote mI <z < (m+1)T. Téte, y <z+d <
(m+1)T+T =mT +2T. Hoapotnerote 61 & — mT,y —mT € [0,2T] xou 6t

[f(z) = fy)l = [f(z = mT) = f{y = mT)|
and v nepodixdtnTa g f. Agod
|z =mT) = (y —mT)| = |z —y| <9,
éyouvpe |f(z —mT) — f(y — mT)| < € xou éneton 10 {nrovyevo.

27. Eoww X C R gpayuévo avvoro kar f : X — R opoiduoppa ovvexng ovvdptnon.
Aceitre du n f elvar gpayuévn: vndpyer M > 0 dote |f(z)| < M yua xdde x € X.

Ynébaén. Tndpyel xhewotéd ddotnua [a,b] dote X C [a,b]. Twe =1 undpyet § > 0
oote av z,y € X xau [z —y| < 6§ tote | f(x) — f(y)] < 1. Emdéyouye Sopépion

P:{a:t()<t1<"'<tn:b}
oV [a,b] OoTE trpr —tk < 0 Y xdde k=0,1,...,n — 1. Oétoupe
Xk = [te,tgr1) N X yoaxdde k=0,1,...,n—1.

Av oplooupe F = {k : X}, # 0}, éxoupe

X = ka.

keF
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Do xdde k € F emiéyoupe tuydv o € Xj xou 9€touye
a = max{|f(zx)|: k € F}.

Mopotneriote 61t av ¢ € X téte vndpyel k € F dote x € Xi. Toéte, | — x| <
tey1 — te < 0, dpat

|f(@)| < |f(z) = flae)| + [ flzp)] <1+

Anhadh, |f(z)]| < M =14 a vy xdde z € X.

28. Eoww A un kevé vnoovrodo tov R. Opilovue f: R — R ue
f(z) =inf{|lz —a|: a € A}

(f(z) etvar n «andotaony tov x and to A). Aeiére du

(@) [f(x) = f(W)| < |z — y| ya xde 2,y € R.

(B) n f etvar opoiduoppa ouvexng.

Yrdébetn. (o) Eotw x,y € R. T xdde a € A éxovpe f(x) < |z —al xou |z —a| <

|z —y| + |y — a| and Ty tprywvind avicdtno. ‘Apa,

f@) <z —yl+1ly —al.
Aqgob
fl) =]z -y <|y—a|l yaxdde acA,

oupnepaivoupe ot

f(@) = |z —yl <inf{ly —al : a € A} = f(y).

Anhady,

f@) = fy) < |z —yl.
Me tov B0 tpémo Seiyvoupe 6t f(y) — f(x) < |y —z| = |z — y|. 'Enctu 6T
[f(@) = fy)l < |z =yl
(B) And o (o) m f eivon Lipschitz cuveyfic pe otadepd 1, dpa eivar opolduopga
ouveEYHC.






Kegpdhawo 4

OroxArpwua Riemann

Oudda A’. Epwtrioelg xatavoénong

Eotww f : [a,b] - R. EZetdote av ol mapoxdtw mpotdoeic eivon aindeic B Peudelc
(outiohoyfiote TAMpwE TV andvTnon cug).

1. Av n f efvar Riemann olokAnpdoiun, téte n f elvar ppayuévn.

Ywotd. A Tov oplopd Tou ohoxinpmpatoc Riemann: eZetdlovpe avn f @ [a,b] = R
elvon ohoxhnpdoiun pévo av 1 f eivon @poryuévn.

2. Av n f elvar Riemann olokAnpdoiun, téte tajpver péyion Tiur.

AdYog. H ouvdptnon f:[0,1] > R pe f(0) =0xou f(z) =1—2 av 0 <z <1 dev
Tadpvel uéyloTn T, elvon 6une ohoxAnewaor: yia xdde 0 < b < 1, 7 f elvan ouveyrc
oto [b,1], dpa eivon ohoxhnpwowun oto [b, 1]. Ané tnv Aoxnon 9 (Bréne mopordtw)
7 f elvon ohoxnpddown oto [0, 1].

3. Av n f elvar ppayuérn, tdte eivar Riemann olokAnpdoiun.

Adfog. H f : [0,1] 5 Rpe f(z) =1loavze € Quxau f(z) = -1 avz ¢ Q e
pooryUévn, oahld Bev efvan ohoxnedoun: Y xdde Swpépion P tou [0,1] éyouue
U(f,P)=1xu L(f,P) =—1, dpa

/abf(x)dac =-1<1 —/Olf(x)dx.

4. Av n|f] etvar Riemann oAokAnpdoiun, téte n f eivar Riemann oAokAnpdoiun.
AdOog. T ) ouvdptnon f tou mponyoluevou epwthuatos éyovpe |f(z)] = 1 v
x&de x € [0, 1]. Apa, n | f| ebvon ohoxhnpddoun, evéy 1 f dev elvar ohoxhnpdotun.

5. Av n f elvar Riemann olokAnpdoyun, téte vndpyer ¢ € [a,b] dote f(c)(b—a) =
fab f(x)dx.

AdBos. H f:[0,2] > Ruype f(z)=1avz e [0,1] xu f(z) = -1 avz € (1,2] eivou
ONOXNNEWOLUT Xol f02 f(x)dz = 0 (e&nyfote ywatl). ‘Ouwe, dev undpyel ¢ € [0, 2]
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oote 2f(c) = f02 f(z)dx. Ou elyope f(c) =0, evdd n f dev undevileton noudevd oo
[0,2].

6. Av n f evar ppaypévn xkar av L(f, P) = U(f, P) ya kdOe dauépron P tou [a,b],
tote n f eivar oralepn).

Ywoté. Eotw bt n f dev ebvar otadepr. Téte, undpyouy y, z € [a,b] dote f(y) <
f(2). Oewphote tn dopépion @ = {a, b} tou [a,b] (Tou Teptéyel ubvo o dxpa a xou
b tou o tiuarog [a,b]). Tote,

U(f,Q) = L(f,Q) = (Mo — mo)(b—a)
mo = inf{f(z): z € [a,b]} < f(y) < f(2) < sup{f(z): 2 € [a,b]} = M.

Apo, Mg —mg > 0 onéte U(f,Q)— L(f, Q) > 0. Autd eivou dronto: and tny unddeon
éyouvpe L(f, P) = U(f, P) yw xdde Swopépion P tou [a, b].

Apa, 1 f eivan otadepr: undpyel ¢ € R dote f(z) = ¢ o xdde = € [a, b], xu t0
ohoxhfpwpa e f 610 [a,b] wobta pe ¢(b — a).

7. Av n f etvar ppaypévn ka1 av vrdpyer dauépion P dote L(f, P) = U(f, P), tdre
n f etvar Riemann odokAnpdoiun.

Ywotd. Mnopolye péhiota va Bet€oupe 6t 1 f elvon otadepr. Eotw P = {a = z¢ <
x1 < -+ < 2y = b} Swpépion tov [a,b] dote U(f, P) = L(f, P). Auté onuaiver 6t

n—1
Z(Mk —my)(zr41 — ) = U(f, P) — L(f, P) =0,
k=0

xa, apol my < My vy xdde k=0,1,...,n — 1, cuunepaivouue 6t

my, = inf{f(z) : ¢ € [zg, Try1]} = sup{f(z) : ¢ € [vk, Ty1]} = My

v xdde k=0,1,...,n— 1. Anhod?h, n f(x) = mk = My yio x&de © € [Tk, Tp]-
IMopotnpriote topa 6t x1 € [To, 1], G f(x1) = mo = My. Opwc, 1 €
[x1, 2], doo f(z1) = m1 = My. Anhad¥, mg = My = my = M.
Yuveyilovtoc e Tov (B0 tpdTo (Yior To ENGUEVL UTOBLIG THIOTOL), CUUTEPUVOUYE
6Tl umdpyel o € R wote

a=mog=My=mi =M = =mp=My=-=my 1 =M, 1.
‘Eneton 6n f(z) = a yio xdde = € [a,b]. Anhadih, n f elvou otadepn.

8. Av n f eivar Riemann odokAnpdoun kar av f(x) = 0 ya kdOe x € [a,b] N Q,
ToTE

b
/ f(z)dx = 0.
a
Ywotd. Oewphiote tuyoloa dwpépion P = {a =20 <21 < -+ <z, = b} toU [a,b].

Ye xdde vroddotnua [Tk, Tr+1] UTdpyeL pntdc oprdude qx. And tny unddeon éxoupe
flgr) =0, dpo my, <0 < My. Eneton 6t

|
—

n—1 n

L(f,P) = my(zppr —ax) S0 <Y My(wpir — ax) = U(f, P).
k=0 0

~
Il
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Apa, sup L(f, P) < 0 xou i%f U(f,P)>0. H f elvor ohoxhnpdoiun, dpo
P

b b
/ f(x)dx =sup L(f,P) <0 xou / f@)dx =infU(f, P) > 0.
a P a P

Anhody,
b
/ f(x)dx = 0.

Ouéda B’

9. Eoto f:]0,1] — R gpayuévn ovvdptnon pe tny ibidtnta: ya kde 0 < b < 1
n f elvar odokAnpdoun oo didotnua [b,1]. Aelére du n f eivar odokAnpdoun oo
[0,1].

Yrébetn. H f eiva gpaypévn, doo undpyer A > 0 dote |f(z)] < A vy x&de
z € [0,1]. Ou deiloupe T 1 f elvor OANOXAPOOIUN YENOULOTIOLDVTAS TO XPLTHPLO TOL
Riemann. 'Eotw € > 0. EmAéyouue 0 < b < 1 apxetd xpd OO TE Vo IXAVOTIOLE(TOL 1|

€
2Ab < —.
b<2

Ané v unddeon, 1 f ebvan ohoxhnpmotun oo ddotnpa [b, 1], dpo urdpyet dopépton
Q Tou [b,1] pe v WLbTNTAL

U(va)_L(va) <

N ™

Ocwpolye ) dapépon P = {0} U Q Tou [0, 1]. Tore,

Uf.P) = L(f. P) = b(Mo — mo) + U(£.Q) = L(£.Q) < b(Mo — mo) + 5,
61OV

My =sup{f(z): 0<z<b} <A xou mo=inf{f(z):0<z<b}>—-A
Ané ¢ teheutaieg aviootnteg madpvoupe My —mp < 24, dea

U(f,P) — L(f, P) <2Ab+% <%+%=€.

Ané 1o xputfpo tou Riemann, 7 f eivar ohoxdnpmoun oto [0, 1].

1

10. Anodeitre 6u n owvdptnon f : [=1,1] — R pe f(x) = sin; av x # 0 ka1

f(0) = 2 elvar odokAnpddorun.

Yrdbaén. Actyvouue mpdta 6t 1 f elvon ohoxineddoyun oto [0,1]. Hoapatneote 6t
N f ebvon gporypévn oo [0, 1] xou, yie x8de 0 < b < 1, 1 f(z) = sin 1 ebvon ouveyric
oo [b, 1], dpo ohoxhnpioiun oto [b,1]. Anéd tnv Aounon 9, n f elvon ohoxinpdowun
oo [0,1].

Ouolwc detyvouye 6t 1 f elvon ohoxdnpdown oto [—1,0]. Apa, n f elvar oho-
x\npwoun oto [—1,1].
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11. Eotww g : [a,b] = R gpayuévn ouvvdptnon. Trobérovue du n g eivar ouvexris
Tavtov, extds and éva onpeio xg € (a,b). Aeiére dri n g elvar ohokAnpdoiun.

Yroden. AxpBoc dnwe otny meonyoluevr ‘Acxnon, delilte 6t 1 f elvon ohoxAnpw-
o oto [a,xg] xou oT0 [0, b].

Ynueiwon. To Bo axpPBode emyelpnuo delyvel 6TL av wia paypévn cuvdptnon f :
[a,b] = R éyeL nenepaocyéva 1o tARdoc onuela acuvéyelac oto [a,b], téte n f eivan
ONOXATPOCIUY).

12. Xpnoworoidrtas to kpreiplo tov Riemann anodetéte 6t o1 mapaxdtw ouvaptr-
O€1§ €ivar OAOKANPWDOLES:

() f:]0,1] = R pe f(z) = z.

B) f:[0,7/2] = R pe f(x) =sinz.

Yrddeitn. (o) f:]0,1] = Rye f(z) = z. H f elvon adEouoa. Oewpriote T dlouéplon
P, tou [0,1] og n (oo unodiac thyorto prixoug 1/n. AelZte dt

f(1) - f(0)

U(fs Pu) = L(f, Po) = === =~ = 0.

1
n
Ané 1o xpuitfplo tou Riemann, n f eivor ohoxhnpmoiun oo [0, 1].

B) f:[0,7/2] = Rpe f(z) =sinz. H f eivor adovoa. Oewphiote tn dopépion P,
tou [0, /2] oe n (oo uTodlas ThuaTa phxous T/(2n). Acléte 6t
m(f(m/2) = f(0) _ =

Ané 1o xputfplo tou Riemann, 7 f eivor ohoxdnpmoiun oo [0, 7/2].

13. Eéetdote av o1 mapakdto ovvaptioes efvar odokAnpdoiues oo [0, 2] kar vrodo-
yiote to odokAnpwua tovs (av vrdpyer):

(@) f(z) =2+ [z].
B) f(z) =1 avz = ¢ yua kdnowr k € N, ka1 f(z) =0 aAids.

Yrdédeitn. (o) f(z) =z + [z]. H f elvor adZouoa o0 [0, 2], dpa elvon ohoxAnpdouy).

Mrogeite va ypdtete
2 2 2
/ f(x)dx:/ xdx—i—/ [x]dz.
0 0 0

To npdto ohoxhfipwua elvon (oo pe 2 xou o dettepo (oo pe 1 (eEnyrote yiotl).

B) flz) = 1ava =+ v xdmowov k € N, xou f(z) = 0 odude. H f ebvau
ohoxhnpiown oto [0,2]. Aceilte dioboyxd to e&hg:

(1) H f elvon pporypévn.

(ii) Av 0 < b < 2, 161 1 f éyeL nenepacuéva to thidoc onuela aouvéyelac oto
[b, 2] (etvon axpBde Tooa doot elvon oL guotxol k yia Toug onoloug 1/k > b).

(iil) Av 0 < b <2, t6te 1 f ebvon ohoxhnpdor oo [b, 2] (and v onuelwon petd
v ‘Aoxnon 3).

(iv) H f eivor ohoxhnpaoiun oo [0,2] (and tnv Aoxnon 9).
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14. Eotwo f : [a,b] — R ovvexris ouvdptnon pe f(x) > 0 ya kdOe x € [a,b]. Aeiére
ot

/abf(x)dx =0

av kai uovo av f(x) =0 ya kdOe € [a, b].

Trédeiln. 'Eotw 6 f; f(z)dr = 0. Trnodétouue 6Tt n f Bev elvan TawtoTNd Un-
devixf|. Tote, undpyer zo € [a,b] dote f(xg) > 0. Abdyw ocuvéyewe, n f nopvel
Yetinée Tyéc ot wa (dpXeTd tixpt) TEPLOYT TOL T, UTOPOUKUE AOLTOY Vo UTOVECOUUE
otta <o <b (6T kg # a xu xg #£ b).

Emuléyoupe € = f(20)/2 > 0 xon e@oppdLoupe Tov 0pLopd TNG CUVEYELNS: UTOpOU-
e va Peotye 6 > 0 (xou av ypetdleton vor To hixpivouye) Hote a < xo—0 < £o+9 < b
%o, yio xdde x € [xg — 0, zo + ],

f(zo)
2

1F@) = Flao)| < :

fx) >

Aol n f elvou pn apvnTid) navtol oo [a, b], éxouue

/abf(x)dx = /:05 f(a:)dx+/;0+5 f(a:)da;+/b f(z)da

0—0 zo+9

xo §
> 0+/ ’ f(a:)dac+0226-f(§0) = 0f(w0) > 0.
10—5

KartahiZope oe dromo, dpo f(z) = 0 yio xdde z € [a,b]. O avtiotpogog woyuplonsdis
Loy UEL TEOPAVEG.

15. Eoto f,g: [a,b] = R owvexels ovvaptioes dote

/abf(m)d:c _ /abg(x)d:c.

Aeitre dn vndpyer xg € [a, b] dote f(xg) = g(xo).

Trnodbeiln. Oewpidvtag ™y h = f — g Brénovpe 6L apxel vo Bel€ouue to e€hc: av
h: [a,b] = R cuveyfic ouvdptnomn xou fj h(z)dz = 0, téte undpyet xo € [a,b] doTe
h(a?o) =0.

Ac vrodéooupe 61 h(z) # 0 vy xdde x € [a,b]. Tore, elte h(z) > 0 Tavtod oto
[a,b] A h(z) < 0 navtod o710 [a,b] (av 1 h énapve xan opvnTinée xan Vetinée Tuée
oto [a,b] téte, and o Vedpnuo evdidueone T, Yo unhpye onueio oto onolo Yo
undevilotay).

‘Eoto howndy 6t h(z) > 0 yo xdde x € [a,b]. H h naipver eNdyiotn Jetinh wun
610 [a,b]: undpyet y € [a,b] dote h(x) > h(y) > 0 v x&de x € [a,b]. Tore,

/bh(m)dx > h(y)(b—a) > 0,

10 onofo elvan drono. Oyolwe xataliyouue ot dtono av utodécoupe 6t h(x) < 0 yio
x&de x € [a, b].
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16. Eowow f : [a,b] = R ouvexris ouvvdptnon pe tnv iidtnta: yia kdde ouvvexr
ovvdpTnon g : |a,b] — R oxve

b
[ f@garts o

Acttre 6n f(z) =0 ya kdOe x € [a,b].

Ynébaén. Anbd v unddeon, yio xdde ouveyh ouvdetnon g : [a,b] — R woylet
f; f(@)g(z)dx = 0. H f ebvar ouveytic, umopolpe hotmdy vo e@opudooue tny unddeon
oy g = f. Tote, ff f2(z)dz = 0. H f? elvon ouveyfic xou un opvntxh. Ané v
‘Aoxnon 14 cuunepaivoupe 6t f2(z) = 0 v %89 = € [a, b], dpa f(z) = 0 yia xdde
x € [a,b).

17. FEoww f : [a,b] = R ovvexris ourdptnon ue tny ibidtnta: yia kdle ouvvexi
ouvdptnon g : [a,b] = R rov wkavoroiel Tny g(a) = g(b) = 0, wxlea

b
[ H@gtwyiz =0,

Aceitre du f(x) = 0 ya kdOe z € [a, b].

Yrédeitn. YTrodétouye 6Tl 1 f Sev elvon tawtotind undevixy|. Tote, ywplc neploplonsd
e YEVIXOTNTUS, Unopolyue vo unodécoupe 6Tl utdpyel zo € (a,b) wote f(xg) > 0.
‘Onwe oty Aoxnon 6, prnopolue vo Ppodpe § > 0 bote a < 29— 0 < o+ < b xan
f(x) > f(xo)/2 > 0y xdde x € [xg — J, z0 + I].

Oplloupe pa cuveyh ocuvdptnon ¢ : [a,b] — R w¢ e&hc: Yétovpe g(x) = 0 ota
[a,zg — 8] %ou [zg + 6,b], opllovpe g(xo) = f(x0), xou emextelvouye ypouuixd ota
[z — d, zo] xou [0, o +6]. Agol g(a) = g(b) = 0, and v unddeon npénet va Loy vel
J F(@)g(w)dz = 0. Oy,

b xo+9
0= / f(@)g(x)de = / f(2)g(z)dx

0—0

xou 1) f g ebvoun un opvnTind oto [29—3, xo+0]. And v Aoxnon 14, éyouvue f(z)g(z) =
0 Y1 %8¢ x € [wg — &, 0 + J]. Edixdepa, 0 = f(x0)g(z0) = f2(x0), T0 onolo eivou
droro.

18. Eotw f,g : [a,b] = R odoxAnpdoipes ovvaptiioes. Aetére tny arvwodenra
Cauchy-Schwarz:

bf(:c)g(x)da: Qg bf2(a:)dm : bg2(:1c)dx .
/ / /

Yréden. Oewpenote tn ouvdptnon P : R — R mou oplleton and v

b
PO = [ (tf(@) + g(a)*da.
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H P oplleton xohd: ool ot f, g etvor ohoxhnpdotuee, 0 tf + g (doo xon n (tf + g)?)
elvan ohoxhnpdowun oo [a, b yio xée ¢ € R. Iapatneriote éti 1 P elvon mohudvuyo
deutépou Podpon:

b b b
P(t) =t* (/ fQ(x)dx> +2t (/ f(x)g(x)dx) + (/ gg(:c)dx> .

Agol P(t) > 0 v xdde t € R, 1 Soxpivouoa elvan un apvntin:

b 2 b b
s < / f(:c)g(z)dx) 4 ( / f2(gc)dz> - ( / g2(:c)d1:> <0.

19. Eoto f:0,1] = R odoxAnpdoiun ovvdptnon. Aeitze du

( /0 1 f(x)dx)2 < /0 P a)de.

Ioyver to 1610 av avtikataotioovue o [0,1] pe Tuydv didotnua [a,b);

YrédeiEn. Egapudote tnv avioétnta Cauchy-Schwarz yia v f xou 0 otodepn
ouvdptnon g = 1:

(/Olf(a:) : 1d:c>2 < (/Ole(x)da:> (/01 12d;c> :/01f2(m)dx.

H Bl aviodtntor oy der av avixoatacsthooupe To [0, 1] ye onowodhnote didotnua [a, b
ToL ExEL UAxoc xpdTepo 1) (oo tou 1 (av duwe Tdpete oav [a,b] o [0,2] xa cav f
™ atodepn ouvdptnon f(xz) = 1, té6te N aviodtnTa nadpvel TN wopyt 4 < 2, dromo).

20. Eotww f:[0,+00) = R ouvexrisc ouvdptnon. Acitze 6

Trédeiln. Eow ¢ > 0. H f elvon ouveync oto 0, dpa undpyet 6 > 0 wote: av
0<t<dbte |f(t)— f(0)] <e. Eotww z € (0,6). Téte, yio xdde t € [0, x] éxoupe
0<t<uz<d,dpal|f(t)— f(0)] <e. Mropodue hoimdv vo ypddouue

;/wa(t)dti/owf(o)dt‘

HINCR f(O))dt‘

0

[ a5

IN

1 x
e NECENOIT
1 x

ex
7/ edt=— =e¢.
xr 0 xr

IN

"Erecton 6Tt
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21. Eotww f:[0,1] = R odokAnpdoun ovvdptnon. Aeiére éni 1 axolovdia
1, (k
=22 (3)

ouykAivel aTo fol f(z)dx.

Trédern. Oewpolye Ty axohoudio dlopepioewy P = {0 <L < 2 <. <1} xou
m={Ll2z 1}. Aot to mhdtoc tng diopéplong P™ civa

nin

v emhoyr onueiov =
[P =L — 0, ané tov opiopéd tou Riemann éyoupe

an = ikif (i) -y (f,P<">,E<”>) N /abf(x)dx.

22. Aeire 6u
g YIHV24 VR 2
n— o0 n\/ﬁ T3

Yrédetn. Egapuélovtag 10 cuunépaopa tne mponyoluevne ‘Aoxnong yio v olo-
xhnpwotun cuvdptnon f(z) = /x oto [0, 1], nadpvouue

n 1
VI+V2+ +\/ﬁ:12\/z_>/ Jrdr = 2.
nkzl n 0

nyn 3

23. Eoto [ :[0,1] = R owvexris ovvdptnon. Optlovue pa axolovdia (a,,) Oétovtag
ay, = fol f(z™)dx. Aeiére 6t an, — f(0).
Ynédaén. H f elvor ovveyhc, dpa undpyer M > 0 adote [f(y)] < M vy xdde

y €[0,1]. Ectww 0 <e < 1. And ) ouvéyewn tne f o710 0, undpyet 0 < § < 1 dote:

av 0 <y <6 tote
€

F) ~ F0)] < §

EmAéyouue ng € N ye my ddtnra: yia xdde n > ng toylel

6 n
- .
( 4M+1) <0

Téte, yia xdde n > ng unopolue va ypddouye (napotnerote dttav 0 < z < 1—

tote [f(a") = f(0)] <£/2)

£
4M+1

|an - f(0)|

/7ﬁﬁnﬂﬂﬁ—ﬂmwx+/ (F(&") — £(0))de
0 1

—_&
AM+1

IN

1— a5 1
/ |f(1?")—f(0)|d17+/ ([f(=™)] +[£(0)]) d=x
0

1= grie1
< ()
- 4M +1 2 4M+1
< E&.

-2M
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Apa, an, — f(0).

24. Acitre 6ui n axodovdia v, =1+ 5+ 5+ -+ L — fln Ldz ovykhiver

n

Trédaén. H f(z) = L etva @divouoa o0 [1, +00), dpa

1 ktlq 1
7§/ —dr < =
k"‘l k X k

yioe xde k € N. 'Eneton 6t

1 ’I’L+11
n — Yy, = —— — —d. <()7
T T /n 2=

dnhadh 1 () ebvon @divovoa. Erniong,
"1 21 21 "ol 1 1
/,dx:/ fdx+/ fda:+~-~+/ —dr <1+ -4+ ——,
1 T 1z 9 T ne1 T 2 n—1

1 1 1 "1 1
Yn=14+5+-+ +=—= ] —dr>->0
2 n—1 n 1 n

yioe xdde n € N. Agod 1 () elvon @divousa xar xdtew @poryuévn omd to 0, cuyxhivel.
25. Eotww f:[0,1] = R Lipschitz ovvexris ovvdptnon dote

[f (@) = f(y)] < Mz —y|

yia kdOe x,y € [0,1]. Aetére du
1 n
1 k M
do — — Pyl <M
e ()<

yia kd9e n € N.
Yrédeibn. Hopoatnerote 6T

‘/olf(””)dw_ :Lgf (i) ’ < Zn:/k/n \f(2) — f(k/n)|da.

k=1 (k=1)/n

k-1

S10 didotnuo [E= ,%] €y ouue

) = sl <1 (£ =),

k/n k/n 1/n
[ RN CRIE (5-e)aemnt [T yay= 2

k—1)/n (k—1)/n \ T 2n

Apa,

n

! I, [k M M
[rom-is ()]s me -

k=1
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Oudda I'
26. Eotw f : [a,b] = R yrnoiong atéovoa ka1 ovvexris ouvvdptnon. Aeiére éni

/ f(@)ds = bf(5) — af(a) - /f f()) L (@)da.

Yrédatn. Kade Swopépion P={a =29 <21 < ... < < Tpg1 < --- < T, = b}
oL [a, b] opilel ye Quolohoyixd TpdTo wat dropépton Tou [f(a), f(B)]: v

Q@ ={f(a) = flzo) < flx1) <--- < flan) < flzrgr) <--- < flan) = F(0)}-

H f eivou ab€ouoa, dpa

L(f,P) = :z_éf(xk)(xk-&-l — Tp).
H £~ eivou eniong avfouou, dpo
U(f.Q) = :Z_; FHF @rrn) (f (@) — Z Th1(f(@r1) — f(2n).
Tpoodétoviac, Tt_cxipvoups
() L P)+U(Q) = ;Lz_:(l)(xk+1f($k+1) —z.f(zr)) = bf(b) — af(a).

Ou f xon f1 ebvon ouveyelc, dpa ohoxdnpmotuec. Anéd v (x) nadpvouue
L f(®) .
b0 —af@ = L P UG 2 LR [ 5 e
xa, ool N P ftay Tuyoloa, tolpvovTag supremum o¢ npoc P €youue
f(®)
b) —af(a / f(z dm—i—/ Y (x)dz.
f(a)

Me avédroyo tedémo dellte ot yia Tic dapepioelc P xon Q Loy Vel

() U(f,P)+ L(f~.Q) = bf(b) — af(a).

Tote,

f(b)
U, P) + /f o, T @2 UG LG7Q) = b )~ ef ),
xou modpvovtag infimum wg npog P €youye

b f(b)
/ f(@)dz + / F (@)de > bf(b) — af(a).
a f(a)
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b f(b)
/ f(z)dz + / F Y @)z = bf(b) — af(a).
a f(a)

27. FEotww f:[0,4+00) = [0,4+00) yvnoing avéovoa, ovvexris kai eni ovvdptnon pe
f(0) = 0. Acitre 6n1, yia kdOe a,b > 0,

ab < /Oaf(x)dz+/0bf1(z)dx

pe wdtnta av ka1 uévo av f(a) = b.

Yndébetn. Yrodétoupe npdta 6t f(a) > b. Avb = f(y) t6te y < a (Bén 0 f
elvon adZouoa) xou and v mpomnyolpevn ‘Aoxnon (o ypewaotelte v unddeon 6T
f(0) = 0) €youpe

y b
yb:yf(y)=/0 f(x)dx+/0 Y (x)d.
I var det&oupe 6T
a b
~1
abg/o f(:c)d:v+/0 f(x)dx

opxel vo eréyEoupe (eEnyhote yiotl) ot
a
ba—9) < [ fa)da,
y
‘Opwe, 1 f ebvon yvnolwe adZovoa xaw cuveyic oo [y, al, dpa
[ 1@ia = fw)a =) = ba - )
y

pe wodtnta pévo av a =y, dnhadh av f(a) = b.

EZetdote v nepintwon f(a) < b ye tov Bo tpémo.

28. Eotww f : [a,b] — R ouveyiis ovwvdptnon ue v €€ ididtnta: vrdpyer M > 0
ote

sl < v [ I

ya kde x € [a,b]. Aetére én f(x) =0 ya kdde x € [a,b].

Yndébetn. H f elvou ouveyhc, dpa undpyet A > 0 dote |f(t)| < A v xdde ¢ € [a, b].
Auté Belyvel 6Tt

()] gM/z|f(t)|dt§M/IAdt:MA(a:—a)

yio xdde x € [a, b]. Ewodyovtag auth tny extiunon ndh oty unddeon, naipvoupe

M?A

(z —a)?

(@) < M/xlf(t)Idt < MQA/x(t—a)dt:
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v xé9e x € [a, b], xou emorywyLxd,

M"A

n!

()] <

(x —a)"

v x&e x € [a,b] xou ya kdfe n € N. "Ouwc,

. M™A
lim

n—oo nl

(x—a)" =0,
Gpa f(x) = 0 v x&de x € [a, b].

29. FEoww a € R. Aeitre éu dev vrdpyer etikrj ovvexris ovvdptnon f :[0,1] = R
hOoTE

1
/0 flz)dx =1, /01 zf(r)der =a xou /01 22 f(x)dx = a®.

Yrdédeitn. 'Eotw 6t undpyet detnt| cuveyhc ouvdptnon f : [0, 1] — R nou cavonotet
I

1 1
/0 flz)dr =1, /0 zf(r)dr =a xou /01 22 f(x)dx = a®.

Tote,

/01 22 f(x)dx — 2a/01 zf (x)dr + a* /01 f(x)dx

= a>—2a-a+a*-1=0.

1
/ (x — a)*f(x)da
0

Aol 1 (z — a)? f(z) elvon pn apwvntnd xou ouveyhc, ond v ‘Aoxnon 14 Brérovue
ot (z —a)?f(z) = 0 v xdde x € [0,1]. Opwe 1 f elvor movtod Yetnd, doo z = a
v x&de x € [0,1]. Autd eivan dromo.

30. Eotww f : [a,b] = R ouvexis, un epvnukrj ouvvdptnon. Oérovue M =
max{f(z) : x € [a,b]}. Aeiére or1 n akodovdia

o = ( / b[f(w)]”dx>

ovykAtver, kai lim, oo v = M.

1/n

Yréoeitn. 'BEotw € > 0. Hapatnerote ot

b 1/n b 1/n
o = ( / [f(:c)]”dx> < ( / M”daz> = M(p—a)'/"

wow M(b—a)'/™ — M étav n — oo, dpa undpeyer ny € N hote
Yo < M +e viaxdde n>ng.

Aol n f elvon ouveyhc oo [a,b], Toipvel ) péyiotn Twh e undpyet zo € [a, b]
oote f(ro) = M. Agol n f elvar cuveyfic oo xg, UTdpyeL xdmowo didotnua J C [a, b]
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pe wixog 0 > 0 xou 29 € J, wote f(x) > M — 5 yia xdde = € J. Eniong, agol
st/mn 1, undpyet ny € N dote: yio xdde n > ng,

(/ab[f(ﬂﬁ)}ndx) " > (/J[f(ac)]"dx) . > (M — g) SUn < M — e

Téte, v xdde n > ng = max{ni, na} éyovue
b 1/n
o — M| = ( / [f(w)]”dx> - M| <.
a
Anhodd, v, — M.

Ynueiwon. Xenowonowdvtag to limsup vy, xou liminf«y, uropolue va amhovcteld-
couue (xdmec) To emyelpnua. And Ty aviodtnte , < M (b — a)'/™ — nou deifape
nopoméves — o omd v M (b — a)t/™ — M ocuurepaivouye 6t limsupy, < M. Ané
™y avieétnTa v, > (M — ) /™ — mou delfape mapamdve — xou and Ty 61" — 1
oupmepaivoupe 6Tt liminfy, > M — £ vy Tuxév € > 0, ouvenwg, liminfy, > M.
‘Enetan 6t limsup vy, = liminf~,, = M, dpa v, — 1.

31. Eow f : [a,b] = R odoxAnpdoiun cvvdptnon. Xkonds avtig tng doknong
etvar va Oeibovpe ot n f éxe moAdd onueia ouvvéyeag.

(o) Yrdpyer Siapépion P o [a, b] doze U(f, P)— L(f, P) < b—a (e€nyfote yati).
Aeitre dn vndpxour a < by o7to [a,b] dote by —ay < 1 ka1

sup{f(z) a1 <z < b} —inf{f(z) :a1 <z <b} <1.

(B) Ermaywyixd opiote kipwtiopéva daotipata [an,by] C (an—1,bn—1) e prxos
HikpdTepo and 1/n dote

sup{f(z) : an < & < bp} — inf{f(z) s an < o < by} < %

(y) H woun avtdr twv kifwtiouévoy dwotnudtor tepiéyel akpiPos éva onpielo.
Acibte éni n f elvar ovvexris o€ avtd.

(8) Tdpa deikre 6t n f éxer drepa onueia ouvéyeas oo [a,b] (bev ypeadletar nepio-
odtepn dovded!).

Yrdébetn. (o) Aol n f elvoan ohoxdnpdoulr, unopolyue vo Bpodue dopépion Py =
{a=2z9 <21 < - <y =b} 00 [a,b] dote U(f, P1)—L(f, P1) < b—a. Iepvirvtog
av yeetaotel oe exhéntuvorn tne P; unopolue va unodécouye 6Tl to mhdtog tne Py
elvon pixpotepo amd 1. Agod

n—1 n—1
Z(Mk —myp)(Tpp1 — ) <b—a= Z($k+1 — Tk),
k=0 k=0
undpyet k € {0,1,...,n—1} dote Mp—my < 1. Av Oécoupe a1 = x xou by = Tg41,

BAénouvpe 6Tl ag < by, ag, by € [a,b], by — a1 < 1 xou

sup{f(z) 1 a1 <@ < b1} —inf{f(z) 1 a1 Sw < b1} = My —my, < 1.
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(B) Me vov {dio tpémo dei&te bt umdpyet [ag, ba] C (a1, b1) ye uixog wixpdtepo omd
1/2 dote

wﬂﬂ@:@ﬁxﬁ@}—mﬂﬂm:@§x§@}<é

T va tetdyete tov eyxheopd [az, ba] C (a1,b1) Eexwviote and éva unodidoTnua
[¢,d] tou [a1,b1] pe a1 < c < d < by (n f elvow ohoxhnpddoun xou oo [¢, d]). Beeite
daépion Py tou [c,d] ye U(f, Po) — L(f, P2) < %5° xou mhdrog wuxpétepo amd 1/2
xou oLVEY(OTE OTWEC TTEL.

Enoywywd pnopeite va Beeite [an, by] C (an—1,bp—1) GoTe by — ay < 1/n xou

D () an < & < by} —FLF(2) a0 <7 <o) <

(v) H topn 10V aBoTopévey Se sty [an, by] teptéyel axpi3de éva onueio .
Ou detlouue 6Tt 1 f elvan ouveyhc oto zo: €otw € > 0. Emréyoupe n € N ye
v e, Agod zo € [anyi1,bny1], éxovue 2o € (an,by). YTrdpyer § > 0 dote

n

(xo — 6,20 +6) C (an,bn). Tote, yia xdde x € (xg — d, 20 + J) €xovue

If(z) = f(zo)| <sup{f(x):an, <ax<b,}—inf{f(z):a, <z<b,}< % <eEe.

Avut6 Belyvel ) ouvéyela g f oo 2.

(8) Ac unodéooupe étL 1 f éxel memepoouéva to TARYoC onuela cuvéyelos oo [a, bl.
Téte, undpyet didotnua (¢, d] C [a,b] oto onolo 1 f Bev éyel xavéva onueio cuvéyetag
(e€nynhote yotl). Autd etvon dromo and 1o tponyoluevo BhAua: 1 f eivor ohoxhnpmotun
670 [, d], Gpa éxel TouNdyLoTOV éva onueio cuvéyelg o aUTO.

Tt v axp{Bela, To emiyelpnua mou yenowonoiooue delyvel xdt WoyvedTERO:
av 1 f ebvan ohoxhnpdowun t6Te €xel TouhdyloTov éva onuelo cuvéyelag oe kdle
vrodidotnua tou [a, b]. Me dhha Aoy, o alvoro Twv onueiny cuvéyetac tne f elvon
Tukvd 1o [a,b).

32. Eotww f : [a,b] = R odoxAnpdoiun (¢t avaykaotikd ouvexrg) ouvdptnon e
f(z) > 0 ya kdOe = € [a,b]. Aeitre b

/ab f(z)dz > 0.

Ynébaén. Anéd tnv mponyoluevn ‘Aoxnon, agol 1 f eivar ohoxknpdown 6o [a,b],
undpyel o € [a,b] oto omolo 1 f elvon ouveyhc. Aol f(xg) > 0, undpyel ddoTnua
J C [a,b] pe phroc 6 > 0 dote: v xdde x € J woyder f(x) > f(zg)/2. Zuveylote
omwe otny ‘Aoxnor 14.



Kegpdhawo 5

ITopdywyocg xou
OAoxANpwpo

Ouddo A’
1. Eoww f : [a,b] = R odoxAnpdoun ovvdptnon. Acire du vrdpyer s € [a, b

[ sa= [ o

MropoUue ndvta va emidéyoupie éva tétowo s oto avoikté hdotnua (a,b);

Yndébetn. Oewpriote tn ouvdptnon g : [a,b] — R pe

llsf@ﬁﬁ—ll{ﬂﬂdtzulsf@ﬁ#—-(Abf@ﬁﬁ—xlsf@yﬁ>

_2vaﬁlvm@

Agol n f elvar ohoxhnpwowur, 1 g elvan cuveyrc. Hapatnenote ot

g(s)

b b
sa) =~ [swit o) = [ s

2
Agob g(a)g(b) = — (f; f(t)dt) < 0, undpyet s € [a,b] wote g(s) = 0. T xéde

TETOL0 S WoYVEL 1)
s b
/ ft)dt = / f(t)de.

MrnopoUue v emhéEoupe €va T€Tol0 § 6T0 avoixtod ddotnua (a,b) av f; fdt #0
(e&nyfote ywtl). Av Suwe ndpete Ty f(x) = = oto [—1,1], té1E Tot POV OMpEinL
s € [-1,1] yw to onola g(s) = 0 elvaw T s = +1 (oe awtd T0 TEPADELYPA, TO
ohoxhfpwpo e f oto [—1, 1] wwolton pe undév).

2. Eoto [ :]0,1] — R odoxAnpdoiun ka1 Jetixrj ouvdptnon dote fol f(z)dx = 1.
Aeitze 6t ya kde n € N vndpye dupépion {0 = tp < t; < -+ < t, = 1} dote
[ f(z)de = L yia kdde k=0,1,...,n— 1.

tr
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Ynébaén. Oewpriote ) ouvdptnon F : [0,1] — R uye F(t) = fot f(z)dz. Agol 7
f ebvar ohoxdnpddoyun xan Vetn), n F ebvan ouveyhc xon ab&ovoa oo [0,1]. Agob
fol f(x)dz =1, éyxovpe F(0) =0 xou F(1) = 1.

‘Eotww n € N. Ané 1o Yedpnua evdidueone tne, v xdde k = 1,...,n —1
undipyet ty, € [0,1] dote F(ty) = £. Oérouvye to = 0 xou t, = 1: 1618 F(tg) =0=2
xon F(ty,) = 1= 2. Topoatnphote 6Tl tg < tpy1 i xéde k =0,1,...,n—1. Av ya
xdmowo k elyape g > trt1, 161 Yo molpvape

k 23 tr41 123 te41 k+1
b= [Cswie= [T s [ pwez [T fae =S
n 0 0 tri1 0 n
t0 onolo elvan drono. Apa, 0 =1t) <t < -+ <tp, =1 xau
tet1 tht1 tk k1 k 1
fxdx:/ f(z)dx — flx)dz = _r_ =
J e R e R T

v xqde k=0,1,...,n— 1.
3. FEotww f:[0,1] = R cuvexris ourdptnon. Aetére én vrdpyer s € [0,1] dote

1 . f(s)
/Of(m):cdx— T

Yrédein. Loppwva ye to Yedenpa péone tuhic tou Oloxinewtxod Aoylopol, ov
n f:]0,1] — R elvaw ouveyhc xou n pn apvntei ouvdetnon ¢ : [0,1] — R elvo
ohoxhnpwotun, undpyet s € [0,1] dote

[ st = 1) [ otwae

Egapuéote to mopandve yio v g(x) = 22,

4. Trobérovue drin f:[0,1] = R elvar ouvexnis kar éur

/0 " rtyat = /z oy

yue kd0e x € [0,1]. Aeiére du f(x) =0 ya kdbe x € [0, 1].

Yréoeitn. And v vnddeon éneton Htu

2/0'76 F#)dt = /01 Ft)dt

v xdde x € [0,1]. Anhadi, n ouvdptnon F : [0,1] — R pe F(z) = [ f(t)dt eivon
otadeph. Agol n f eivon ouveyhic, n F elvon mopaywyiown xa F'(z) = f(z) yw
xéde x € [0,1]. Aol n F elvan otadepr], éxovpe F' = 0. Apa, f(x) = 0 vy x&de
z € 10,1].

5. Fotw f,h:]0,+00) = [0,400). Trobérouue drr n h elvar ovvexnis ka1 n f eivar
rapaywyioun. Opilovue

Fle) = /0 "
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Acetre éu F'(x) = h(f(x)) - f'(x).

TrédeEn. Aqgol n h etvon ouveyfc, n ouvdptnon G(y) = [; h(t)dt etvon maparywylown
070 [0, +00) xou G’ (y) = h(y). Hapatnphiote 1L F () = G(f(z)) = (Gof)(x). Apo
n f elvou napaywylown, epoppoloviac tov xavéva e aAvoidog malpvouue

Fl(x) = G'(f(2) - ['(2) = h(f () - [ (2).
6. Eotw f: R — R owvexris ka1 éotw § > 0. Opilovue
s@) = [ s
Aceitze dni n g eivar tapaywylonun ka fpette Ty ¢’
Trédeitn. I'pdpouye
x4+ ) x—0
sw)= [ swie= [ g [ o= (@) - Haa),
z—0 0 0
6ToU

45 r—34
Hi(z) = /0 FOdt e Ha(z) = /0 F(t)dt.

To emuyeipnua tne ntponyoluevne ‘Aoxnone delyvel 6t ov Hy, Hy elvon mapaywyiowee,
Hi(z) = f(x+9) xou Hy(z) = f(x —0) (av 0 > 24+ 0 /0 >z — §, t0 cuunépooya

eZoxohoudel va woyler: Yuundeite ) ovpfoon [, f = — f; f). Enetu 6t ¢'(z) =
flx+9)— flx—9).

7. Eoww g,h : R = R napaywyioes ovvaptrjoes. Opilovue
g(x)
G(z) = / t2dt.
h(z)
Aceibre éu n G elvar napaywyioun oto R ka1 Ppeire tnr G'.
Trédeitn. I'pdpouye

g(x) g(x) h(z)
G(m):/ t2dt:/ t2dt—/ t2dt.
h(x) 0 0

Ago0 ot g, h etvon maparyeylowee xouw 1 f(t) = t2 elven cuveyhic, n G elvor taporywylown
oto R (Belte Tic mponyolpevee d0o Aoxhoew) xau G’ (z) = ¢*(z)g' (z) — h%(z)h'(z).

8. Eotw f: [1,4+00) = R ouvexns ovvdptnon. Opilovue

Bpetre tny F'.

Trédeitn. Octoupe u = 7. Tote, dt = —5du xou

F(x):/;_g;*"i? du:/lxm(pig)du:x/lxiig)du.




60 - ITAPATOrOx KAI OAOKAHPOMA

Apa,

F(z) = /j o(u) du_Hccp(x) _ /j (1) . (P(x).

u? 2 u2 x

9. Eotw f :[0,a] — R owvexris. Aeire én, ya xdde x € [0, al,

/OI flw)(z —u)du = /090 </Ouf(t)dt) du.

Yrdédetn. OewpRoTe TIC GUVIPTHCELS

= /Omf(u)(ac—u)duzx/omf(u)du—/omf(u)udu
G(z) = /096 (/Ou f(t)dt) du:/OzR(u)du
:/Ouf(t)dt

Aol n f ebvan cuveyhc oo [0, al, To TewTo Yeuehddes Vedpnuo Tou ATELP0C TIXOD
Aoyiopot delyvel 6Tt ol F, G xau R elvan noporywylowes. Enlong,

/f )du + z f(z 1:—/ Flu
G'(z) = R(z) = / " pyd = / o
(G— F)() = Gx /f duf/f

‘Eneton 61t G — F ebvau otadept| oto [0, a]. Hopatnpwvrae 6t F(0) = G(0) = 0,
ouunepaivoupe 61t G = F 610 [0,a]. Anhadi,

/Ox Flu)(@ — u)du = /0 (/Ou f(t)dt) du

10. Eotww a,b € R pe a < b kar f : [a,b] = R ovvexds mapaywyioun ovvdptnon.
AvP={a=x0<x1 <-- <z, = b} elvar rapépion zov [a, b], deikre 61

n—1 b
Z |f(zry1) — flzr)] < / |f/(x)| dz.
k=0 a

pideis

6mou

nal

Apa,

v xdde x € [0, al.

Yrddaén. T xdde k =0,...,n—1, 7 f elvor cuveyde tapaywyiown oo [Tk, Tpt1]-
Ané o Beltepo Yepehiddec Yedpnua tou Anepootxod Aoylopol (Yo ) cuveyy

ouvdptnon f') éyouue
) — flan)| = / Py da| < / @) de.
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"Aoat
- n—1 n—1 gy b
S farn) - flan) <3 / (@) dz = / ()] de.
k=0 k=0"Tk a

11. Eotw f : [0,400) — [0, +00) yrnoiwg avéovoa, owvexds napaywyioun ovvdp-
tnon pe f(0) = 0. Aetére ér, ya kdde x > 0,

© f(z)
/ f(t) dt+/ Nt dt = xf (z).
0 0
Yrébeiln. Oewpolye Tic cuvapthoec L, R : [0, +00) — [0, 00) e

@ f(=@)
L(x):/o f(t)dt—i—/o fH)dt xw R(z) =xf(z).

Ov L, R eivan napaywylowee (e€nyhote yatl) xaw L(0) = 0 = R(0). TapatnproTe
ot

L'(z) = f(x) + fTH(f(2) - f'(2) = f(z) + 2f'(x) = R'(x)

v x&de z > 0. ‘Eneton 6t L(x) = R(z) vy xéde 2 > 0.

Opddo B’

12. Eoww [ :[0,1] = R oweyds rnapaywyioiun cvvdptnon ue f(0) = 0. Aeiére
dn ya kdOe x € [0,1] wxde

|f(z)] < (/01 |f’(t)|2dt>

Yrédein. H f’ ebvan cuveytc, dpa elvar ohoxhnpdowr. Xenowonowdvtog ty f(0) =
0, to deltepo Yewpnua tou Ameipootixol Aoylopol xou v avicdtnta Cauchy-
Schwarz, vy x&de x € [0, 1] ypdpouue

|f(z) = f(0)] = /wa’(t)dt’ </Ow|f’(t)|-1dt
([ ([ o) ([ o)
(/ 1|f’(t)|2dt> "

13. FEoto f : [0,400) = R owvexris owvdptnon pe f(z) # 0 ya kdde © > 0, n
omola 1kavomnolel Tny

1/2

/()]

IN

IN

flz)? =2 /O f(t)dt

yia kd0e x > 0. Aeiéze 6u f(x) = x yia kdOe x > 0.
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Yrédatn. Av uvnodéoovpe 6T 1 f elvon mopaywylown, téte napaywyilovtag ta d0o
HEAN NG

(+) f(2)? =2 / * f(t)de

nafpvouue
2f () f'(x) = 2f(x)
yioo xdde z > 0, xau yenowonowdviac ty unddeon 6t f(x) # 0 vy xédde © > 0
ouunepaivoupe 6Tt f'(z) = 1 v xdde z > 0. And v (%) Brémoupe (Yétovtog
x =0) 6u f(0) =0, dpa
f@ =10+ [ £ [ d=a
0 0

yioo xdde & > 0. Méver va dei€oupe 6 1) f eivon maporywyiown. Ané v (%) xou tnv
f(x) # 0 éyovye: yia xdde x> 0 wyler [y f(t)dt > 0 xa

F() = gla) = V2 /jf(t)dt § f(x) = h(z) = 2 /Orf(t)dt-

Agol 1 f eivan cuveyhc xou dev undeviletan oo (0, +00), o Yedprnua evdidueone
e Selyver 6t elte f = g oo [0,4+00) | f = h 6710 [0, +00). H delbtepn nepintwon
amoxheleton, apol M h modpver opvnTixée Twée oto (0,400) xou [ f(t)dt > 0 v
xade x > 0. ‘Apa,

yioe xdide > 0. Agod 1 f elvon cuveync, énetan 6t g (Snhadn, 1 f) elvon mopary -
yiown.

14. Eoto f : [a,b] — R owveyds napaywyioun ovvdptnon. Aeiéte én
b b

lim f(z)cos(nx)de =0 xou lim f(z)sin(nx)dz = 0.

n—oo a n—oo a

Ynédaln. Agol n f' elvon ouveyhic, unopolue Vo EQUpUOCOUUE ONOXAAPWOT XoTd
wépn:

Cfwyeostayie = [ g (0D g,
/ [ (5

i — f(a)sin(na b
_ f(®)sin(nb) — f(a)sin( )_% / F'(2) sin(nz)dz.

n

H f' elvau ouveyhic oto [a,b], dpa undpyer M > 0 dote |f/(z)] < M v xéde
x € |a,b]. Encton 611

f(b) sin(nd) — f(a)sin(na)

n

< [f@)| + /()]

- n

—0
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nou

/ f )sin(nax)dx| <

xS TO N — 00. LUVETNC,

/\f \dx<( 9 g

b b
lim f(z)cos(nx)dz =0, xou byota, lim / f(z)sin(nz)dz = 0.
n—oo a

n— oo a

15. Eéetdote ws mpog tn oUykAion tis akodovlieg
Gy, = / sin(nx)dr xou by, = / | sin(nz)|dx.
0 0
Trédetn. I'pdpouyue

™ ™ _ Q / —
an = / sin(nz)dr = / (cos(nm)) dx = cos0 = cos(nm) COS(HTI').

Apa, |an| < 2/n yia xdde n € N. ‘Enetou 61t a, — 0 xadde 10 n — oco. Tty (by,)
XAVOUUE TNV AVTIXATAC TIoN ¥ = Na:

™ 1 nim
by, = / |sin(nz)|dz = 7/ |siny| dy.
0 nJo

(k+1)m T
/ |mmwz/|mmw
km 0

yioo xdde k € Z (xdvte v avuxatdotoon y = kr + u). Apa,

1 k+1

?i/ |siny|dy = — EZ/P | siny| dy
0
1 . .

= IS M snglan = [ Jsingldy
"i=o’0 0

= / siny dy = cos(0) — cos(m) = 2
0

Iopatnenote 6T

bn

yio x&de n € N. 'Eneton 611 b, — 2.

16. Eotw f : [0,400) = R ouvexds tapaywyioqun ovvdptnon. Aeiére 6t vndpyouvy
ovvexels, avéovoes kai Oetikés ovvaptrioes g, h : [0, +00) — R dote f =g — h.
Trédbeén. Ouo ypnowonoiooupe to e€ic: av g,h : [0,+00) — R elvor cuveyeic

ouvapthoelc Tote oL max{g, h} xou min{g, h} eivar cuveyeic. Autd éneton amd Tic

max{g,h} = gthlg=hl xou  min{g,h} =

g+h—|g—h|
. gro— 9= ™

2

H f:[0,400) — R givon cuveyde napoywyiown, dpo oL cuVIpTHOELS

g:=max{f’,0}  xaw  h:=—min{f’ 0}
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elvan ouveyelc xou un opvntixéc oto [0, +00). Eniong,
g —h =max{f’,0} + min{f’,0} = f".

Oplloupe

Agob ol g, h elvon cuveyelc xou un apvnuxée, ot G, Hy elvon napaywylowes, ad&ovoeg
xou G1(0) = H1(0) = 0. And tov 1610 0plopol toug xot and 1o deltepo Yepehiddeg
Yedpnuo Tov Anelpootnod Aoyiopol Brénoupe bt

Gi(z) — Hi(z) = /Or(g(t) —h(t))dt = /Oz ft)ydt = f(z) - f(0)
yia xéde > 0. Opilouye
Ga)=1+[f(0)[+Gi(x)  xw  H(z)=1+][f(0)] - £(0) + Hi().
Tére, ou G, H ebvon maporyeyloyiee, atfovose, detinée o
G(z) — H(z) = Gi(z) — Hi(z) + f(0) = f(z)

v xdde z > 0. Anhad, 1 f ypdpeton cav Sopopd 500 GUVEXDY, AVEOUCKY XoL
Yetinddv ouvaptioewy oto [0, 4+00).



Kegdhawo 6

Teyvixeg OAoxArpwong

Oudda A’

1. Yroloyiote ta axddovia odoxkAnpapaza:

2z 22% +x +1 322+ 32 +1
————dz, ——dx, x
x?+2x 42 (x 4+ 3)(z —1)2 a3+ 222 +2x+1

Yndébetn. (o) Tpdepoupe

/ 2x d / 2x p
N U N R
2?42z + 2 (z+1)2+1
0L YENOWOTOLOUPE TNV avTixaTdotoon ¥y = « + 1.
(B) Avdhuom oe amhd xhdopara. Zntdue a,b,c € R dote

202 +z +1 a b e

(z +3)(z —1)2 7x+3+x—1+(1:—1)2'

Exéyéteonna=1,b=1xuc=1.

(v) Mopotneoltpe 6t 2® + 222 + 22 + 1 = (z + 1) (2% + 2 + 1) %o xdvoupe avéuon
o€ amAd XAdoHUATAL.

2. Troloyiote ta akélovla odokAnpduata:
/ dx / dz / dx / dz
zi+17 Vi + Yz avrZ—1 VIiter
Trédaén. (o) Hupatnpodye 6t at4+1 = (224+1)%2 222 = (22 +v22+1) (2% —v/22+1)

XL XAVOUUE AVAAUGCT] OE A XAACUOTOL.

(B) Me tnv avuxatdotoon u = /& TEOXITTEL TO OAOXA PG

6u® 6u3
et [

10 ornolo urohoy{letan edxoha (umopeite va xdvete T véa avtixatdotaon y = u + 1).
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(v) Me v avuxatdotaon v = Va2 — 1 éyouue df = ;‘2‘_1‘_“1, ondTe TPOXVTTEL TO
ohoX AU
du
—— =arctan(vz? — 1) +c.
u® +1
x 2
’ _ z _ e w1 ’
(8) Me v avtixatdotoon u = /1 + e* éyouye du = s/ dv = “55 dx, ondre
/ A 2du 7 7 ’. 7 7

TPoxUTTEL TO OAOXAAPLUA | 55, To onolo umohoy(leton elxoha e avdAuoT) oE amAd

xhdoyaTa.

3. Troloyiote ta akérlovla odokAnpduata:

d
/cosgxda:, /costsin?’zdx, /taandx,/ x , /\/tanxdx.

costz

Yrdébetn. (o) Tpdpoupe

/cos3xdx = /COS2J)COS$d$ = /(1 — sin? z)(sin z)'dx

xou Vétouye u = sinx.

(B) Tpdpoupe
/0052 zsin® zde = /0052 z(1 — cos® x)(—1)(cos z)dx

%o VETOVUE U = COS .

(v) Tedpoupe
9 1
tan® x dx = 5 —1) der =tanz —x +c.
cos? x
(8) Tpdpoupe

/ L / (tanz) L, _ tans / . 1\ p
r = anx T = — anx T
costx cos? x cos? x cos? x

tan 2sinx tan 2(1 — cos? z)
5~ — [ tanz———dzx 5~ dx
cos? cos® cos? x

tanx 1 1
= -2 / dr + 2 / dx.
cos? x costx cos? x
"Eneton 6Tt

1 tanx 1 tanx
3 dxr = + 2 dr = +tanzx + c.
costz cos? x cos? x cos? x

(e) Me v avuixatdotoon u = /tan x taipvouue

1 1 1 uwt+1
du = dr = tan?z 4+ 1) dx = dx,
2v/tan z cos? x 2V/tanz ( ) 2u

ondte YewpolUe To

2u?
—d
/u4—|—1 Y
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T0 onolo unoroyiletar ye avdhuon oe anAd ¥AdoUoTa.

4. Xpnowonowdvtas odokAripwon katd uépn, deikte ot ya kdbe n € N,

/ dx _ 1 x n 2n —1 / dz
(22 + 1)+ 2 (22 + 1) 2n (2 4+ 1)

Yrooeitn. I'edepoupe

dx 1 x 22
I, = —_ = ! dr = 2 [
/(:E2+1)n /('T) (IQ +1)n x (12 + 1)n + n/ (x2+1)n+1 z
T 224+1-1
i ey
T 1 1
= —+2 ——dx — 2 —d
(zZ+1)" + n/ (zZ+ 1)n x n/ (22 + 1)+ .

xT

"Ercton 6Tt
1 T 2n —1

on (2 4+ 1)" + 2n

ITL+1 = Iy.

5. Troloyiote ta akélovla odokAnpduata:
x? 1
————d —d 1 d
e L e e R R
/gr:cosncdgc7 /e””sinxdx, /xsiandw
1 r+4
log(z + /) dx /7dx, /—dm
/ 8z + va) V1 — 22 (z2 +1)(z—1)

/ x d / cos® d / dx
—dx T —_
1+sinz ' sinz (22 + 22 +2)2

Yndbetn. (o) Avdhuor oe anhd xAdopato.

(B) Avédhuon oe amhd xhdopoTo.
(v) Ohoxhhpwon xatd pépn:

1 oy 7x210g$ 1 7z210gx x2
/xlogzdxfi/(x)log:rdxf 5 5 rdr = 5 —Z+c.

(8) Oloxhpwon xatd péen:

/xcosxdx = /x(sinm)’dac =zsinz — /sinxdw =xsinz 4 cosz + c.
(€) Ohoxhfipwon xatd pépn:
I= /e“’sinxdx = /(e“")'sinxdw =e”sinx — /e“’cosxdz

= exsinx—/(ez)’cosxdx:eIsinx—ewcosx—l—/em(cosw)’dx

= e”’(sinx—cosx)—/e””sinxd;v:ez(sinm—cosx)—l.



68 - TEXNIKEY OAOKAHPQTHY

"Ereton 6TL

2

1—cos(2z)
2

ol
, e*(sinx — cosx

/em sinz dx = e*(sinz — cosz) +ec.

(o7) Xpnowonowbvtac tTny toutdtnta sin z =

/J;sin2mdm = /gdx_/xcosfz) dx.

I 0 8e0TEPO OAOXAAPWUA, XENOWOTONOTE TNV AVTIXATACTAON U = 22 X ONOXAT-
pwon xatd uéen 6w oto (3).

nodpvoupe

(€) Me ohoxhfipwon xotd uéen nafpvoupe

/log(x—f—\/E) dx = /(x)’log(x—?—\/f) dx = xlog(m—h/f)—/ " +x\/5 (1 + 23/5) dz.

Katémy, epapudote Ty avTixatdotaon u = /.

udu

Z _ — .2 . ’ dx __ ’ 7
(n) Me v avuxatdotacn u = v 1 — 22 Prénovye 6T &F = OTOTE XUTAAYYOUUE

w2—1
o710 )
/u2 1 du

70 onolo unohoyileton Ye avdiuon oe anhd xAdopaToL.

(9) Avdhuon oe amhd xhdopara.

(1) ©étovpe y = tan 5. Eréy&re ot da = ﬁd(y xou sinx = 13_12’/2. Avarybpacte
€TOL GTO OAOXAHPOUAL
/2 t ! 2 d 4/ t L d
arctany——5——— = arctany———
SRR e
1 !
= 4 [ arctany | —— | d
/ ! ( L+ y) ’
t
_ _, fctany

1
1+y /(1+y2)(1+y) w

To tehevtaio ohoxhipwuo utohoyiletar ue avdAuom o amhd xAdouAT.

(%) Tpdpoupe
cos® 1—sin’z | ,
5—dr = [ ————(sinz)'dx

sin” x sin” x

X0l XEVOUPE TNV avTixaTdo oo u = sina.

(N) Avtxotdotaon y =z + 1.

6. Trmoloyiote ta oloxAnpduata

/sin(log x)dr , / ! log(1 — ) dz.

T\/ X

Yrédaén. (o) Av Véoovue u = logx, téte dr = e“du xou xUTHA|YOUPE GTO ONOXNT-

pwpa
/ e sinu du,



- 69

T0 onolo unoroyiletar Ye ohoxhpworn xotd péen

(B) Tedgoupe
log(1 — z) do —2/ (%)llog(l 2)dz

| A
_ 210g1—x /
fl—x

To teheutaio ohoxApwua UTONOYILETAL PE THY AVTIXATACTUON U = /T

7. Ymodoyiote ta odoxkAnpduata
rarctanzx ze”
—d — dx.
/(1—|—x2)2 v /(1+x)2 !
Yrdébetn. (o) Tpdgouye
rarctanx 1 1 !
m der = —5 m arctan z dx
_ larctanz 1 / 1 d
T 2142 T2) Qra22®™

INo o teheutaio ohoxApwpo YeNoUOTOWUPE ToV avaywYxo Toro g Aoxnong 4

T

/ Te d
" dr =
(1+x)2 1+
xe® 1 -
T2 /1+x(xe ) dx
ze” 1
— 1 *d.
1+z+/l+x( +x)et do
ze”

1+

(B) Tedepouye
() e

+e* +c.

e
1+e2e 7 cos?
VALY OUOGTE GTOV UTOAOYLOUS TOU

() Me v avuxatdotaon u = e

8. Troloyiote ta olokAnpduata
g log(t
/ og(tanx) .

Trodei&n.

ONOUATPOUATOC PNTAS CUVERTNONG
(B) Me v avtixotdoTtoorn 4 = tan & oavayOUACTE GTOV UTOAOYLOUS TOU

/logudu:ulogu—u+c.

9. Troloyiote ta ohoxkAnpduata
i T tan®x
0 _x cos®x
1

cos? x

5
/xlog(\/1+x2) dr / ztan® z dz.
0 0
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Trédeitn. Troloyiote mp®dTo ToL AOPLOTA OAOXATIEWOUATOL

(o) Tpdepouye

x
/ 5 dm:wtanx—/tanxdx:xtanx—i—log(cos:c)—l—c.
cos? x

(B) Tpdpoupe

tan® z (1 — cos®z)sinx
e
cos? cosb z

XaLXdVOUHE my avuxardoraon U = COST.

(v) Me v avtatdotaon u = V1 + 22 avoySuaote 6Tov UTONOYLOWS TOu

/u log u du,

70 onolo unohoyiletan Ue OhOXAAPWOT XaTd UépEn.

ztan’zder = [ z 1 der — [ xdzx.
cos? x

To mpdhto ohoxhfpwua uohoyicTnxe oo (o).

(8) Tpdepoupe

10. Yroloyiote ta akérovda eupadd:

(o) Tou ywplov mov Ppioketar 0To TPETO TETAPTNIIPIO KAl Ppdroetal and TiS Ypapikés
rapaotdoes twy owaptioewr f(x) = \/z, g(x) = x — 2 ka1 and tov x-déova.

(B) Tov ywpiou mov gpdooetal and Tg ypagikés napaotdoes Twy ovvaptrioewy f(x) =
cosz ka1 g(x) = sinz oto ddoTnua 5, 2F].
Yrdébeitn. (o) To euPaddyv eivon ioo pe
2 4
/ \/Eda:—i-/ (Vo —x +2)dz.
0 2

E&nyHote vyl xou utoloyiote To.

(B) To euPaddyv eivan (oo ye

57 /4
/ (sina — cosx) dz.
/4

E&nyfote vyl xou utohoyiote To.

Owpdda B’
11. Yroloyiote ta olokAnpduata

/l—i—sinxdx / 1 de / x d / 1 e
1—cosz ' sinz ' (14+22)2 7 zv/1 — 22

1
/md:ﬂ, /xarctanxdm, /\/%de, /\/xQ—ldm.
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2

Tn0’5a§n (o) @étouvue y = tan 5. Eréy&te 6u do = ﬁdy, cosT = % e

Avayébuoacte €101 6TO OhOXAPOUA
1+y)?
/ 72 y)2 dy,
y*(1+9?)
T0 onolo unoloyiletal ye avdAuon oe anAd XAGoUOTA.

() Tedpoupe X ,
/ Lo / _sinz
sinz 1—cos?zx

XoL XGVOVTUS TNV oVTIXATACTUOT U = COoST avayduoote 6o [
unohoy(letan e avdhuon oe amAd xAdoyoTa.

sinx =

1+2

u2 7 du, To omolo

() Me v avtixotdotoon u = 22 + 1 avay6uacTe 0T0V UTONOYIORS TOU

du 1 L
bl
2] w2 2u

(8) Me v avtixatdotoon & = sinu avoryOUAGTE GTOY UTOROYIOUS TOU
1
- du,
sinu

(€) Xenowonotolpe Tov avoywyxd tono e ‘Aoxnone 4.

10 onolo vrohoyiotnxe oto (B).
(o1) Me ohoxhipwon xotd pépn naipvouue
/ ¢ d x? ¢ 1 / x? d x? + x n 1 ¢ n
xarctanzdr = — arctanz — = [ ——— dx = — arctanz — — + — arctanx + c.
2 2) 22+1 2 2 2

I Ty teheutada lodTnTa TopatneRoTe OTL

2 1- 1
L _dr= il dx —
x2+1 a1
(0) Me v avtxatdotoon u = 2?2 + 1 avoyOpUcTeE GTOV UTONOYIOUS TOU

/2\7_\F+c

(T]) @s"toups 22 — 1 = (x — t)%2. Ioodivopa, v = = £l Tére, do = Ldt xou

2t
— 1 = 57—, OMOTE AVAYOUUCTE GTOV UTOAOYIOUO TOU

2t )
_(t2 _ 1)2
— 7 dt.
/ 43

2t2

12. Yroloyiote to odokAnpwpa

T xsinz
T dr
o l+cos‘zx
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Trédeitn. Me tnv avTixotdo ooy ¥ = T — & TUlpVOUUE
T rsinz T (m—y)siny /’T siny
I= ———— dzx = Ty = ——dy—1
/0 1+costz " /0 1+ cos?y y=T o 1+ cos?y yoh

Onhady
/7r rsinx p 71'/’T siny p
———dr =~ ——dy.
o 1+cos?zx 2 Jo 14cos?y Y

To teheutaio ohoxhpwpo utohoyileton e TNV AVTLXATAC TACT U = COS Y.

13. Troloyiote to oAokAnjpwua

s .
2 sinx
———dx
o SInx—+cosx

TYrodeitn. H avuxatdotoon y = 5 — x diver (e€nyfote yioti)

/72r sinx d /0 cosy d /”/2 cosx d
—dor = — _— = — dax.
o sinz+cosz x/2 COSY +siny Y o sinz+cosw

Agol

us . jus s .
2 sinx 2 cosx 2 sinx + cosx
———dx + ——dr = ——dx =
o ST+ cosz o ST+ cosz o SInx -+ cosx

ouyunepaivoupe 6T

N3

x
z sinx ™
——dr = —.

o sinz +cosz 4

14. Yroloyiote to oAoxAnpwua

™

1
/ log(1 + tanx) dx.
0
Tréoeitn. H aviixatdotaon y = 5 — x divel

w/4 m/4
I= / log(1 + tanx) dx = / log(1 + tan(m/4 —y)) dy.
0 0

Iopatnehote 6Tt

s 1 —tany
tan (7 - y) = —,
4 1+tany
dpa,
14t (7r ) 2
an|— —y) =——"—.
4 4 1+tany
Yuvenwe,

/4 /4 9
1= log(l+t dr = 1 — | d
/0 og(1 + tanz) dx /0 Og(l—i—tany) 0y

/4
= / (log2 —log(1 + tany)) dy
0

~ m(log2)
= 1 I
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7(log 2)
[=——=
8

15. Aeibre dnr to yevikeupuévo odokAnpwpa

/ zPdx
0

Oev elvar memepaouévo ya kavéva p € R.

Trodeln. Awoxplvouye tpelc mepintwoeig: av p > —1 tdte

oo M MrHL 1
/ 2Pdr = lim 2Pdr = lim —— = +00.
1 M—+o0 Jq M—+oco p+1

Av p < —1 to1e

1 1 1 — gptt
/ 2Pdr = lim 2Pdr = lim — = +o0.
0 5—0+ Js o—0t p+1

Téloc, av p = —1 tb1e

oo M

1

/ 2Pdr = lim —dr= lim logM = +o0.
1 M —+o00 1 x M —+o00

Z 7 s ’ s / o ’
Ye xdde meplntwor, énetan OTL TO YEVIXELUEVO ONOXATIPWUL fo xPdx aneplleton.

16. Troloyiote ta akédovla yevikevpéva oAokAnpdpata:

[e%s} 2 1 dCC 1
re " dx / _ / log x dx .
/0 1 V1 —2a? 0

Yrédeén. (o) T xdde M > 0 éyoupe

2

M _
M . 1 _ g2 1—e M
ze ¥ dr=—=e = —
0 2 0 2
"Ereton 6Tt
o M -M
.2 . 2 . 1—e 1
re ¥ dr = lim ze ¥ dr= lim —m— = —.
0 M —o0 0 M—o00 2 2

(B) T x&de s € (0,1) éxoupe

= arcsin s — arcsin 0 = arcsin s.
0

= arcsinx

/ S dx
0 Vv 1-— x2
"Erecton 6TL

. . . ™
= lim arcsins = arcsinl = 3

/1 dx i / dx

- — lim -

0 V1 —a’j2 s—17 Jo ival —];2 s—1—
Adbyo ovppetploc,

.

/1 dx B
—1 \/1—.’172 B
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(v) T xdde 6 € (0,1) éyoupe

1

= —1—4logd +6.

1
/ logxdr =zlogx —x
5 s

"Ereton 6Tt

1 1
Alogzdazzgl—i}&/{s logxdx:(sl_ig1+(—610g6+6—1):—1.

17. Aeire o, ya kdle n € N,

oo
/ e *x"dx = n!
0

Trédeitn. Me emaywyh: v n = 0 éyoupe

oo
/ e Ydr=—e "
0

Avn e N, téte, v xdde M > 0 éyoupe

M M
/ e Tadr = / (—e ™) a"dr = —e 72"
0 0

Agrvovtoc o M — oo Brémouye 6TL

oo

=1

0

M M
+ n/ e T L.
0

0

oo oo
I, = / e “2"dx = n/ e " Ve =nl,_;.
0 0

Av hownév vrnodéoovue 6T I,y = (n— 1), té6te I, =n - (n — 1) =nl.
18. Bpeire ta dpia

2

3
x 1 x
lim 9336716/ et2dt7 lim —/ e’ sint dt.
0 0

T—~+00 z—0+ T4

Trédetn. (o) Me tv avrixatdotaon y = x® BAénoupe 6L apxel va unoloyicouye To

y
lim ye_yQ/ e’ dt.
0

y—r—+o0

Egoguolouye tov xavdva tou L’ Hospital:

!
(foy 6t2dt> eV’ 1

(€ fy) 28 — e Jy? 2y 2

| =

otav y — +00. ‘Apa,
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(o) Me tnv avtixatdotaon y = 2% Phénouye 6Tt apxel va utohoyioouue to

2

1 v
lim —/ et sint dt.
0

y—0T ¥y

Egapuélovye tov xavéva tou L’ Hospital:

(fg e sintdt)/ _ eYsiny
(y?) 2y
otov y — 07 Apa,
1

1im 1
z—0t T 0

etsintdt =

1
2






Kegpdhawo 7

Oeswenua Taylor

1. Eotwp(z) = ag+ a1z + -+ apz™ molvdruuo Pauod n ka éotw a € R. Aeibre
6t vndpyowvv bg, b1, - , by, € R dote

p(x) =bo+bi(x—a)+ - +by(x—a)" ya kidex € R.

Aetre on

Yrédeitn. Me enayoyh. Ta n = 1 pyrnopolue va ypddoupe p(z) = ag + a1z =
ag + aja + a1 (z — a) = p(a) + a1 (z — a) xou vo Yéooupe by = p(a), by = a;.
Tt to enaywyind Phua tapatneriote 6t p(z) — pla) = (a1 + - - + apz™) — (a1a +
<+ apa™) = (x — a)pi(x), émou p1 modudvupo Baduol n — 1. To p; ypdgeton
ot pop@h by + ba(z —a) + -+ + by (z — a)" ! (amd v enaywyweh unddeon) ondte
p(x) =pla) + (z — a)pi(x) =bo + bi(z — a) + - - + bn(x — a)", pe by = p(a).
HMopayeyiloviac Brémoupe 6t p)(z) = S0, s(s — 1)+ (s — k + D)bs(z — a)* ¥,
onéte p¥)(a) = [k(k —1)--- 1]by = klby.

2. Ipdyre kaléva and ta mapaxdtw molvdvuua otn popen by + bi(x —3) + -+ +
b (z —3)™:

pi(z) =2% —4x -9, po(x) = 2t — 122 4+ 442? + 22 + 1, p3(z) = 2°.

3. Ia kdUe pia ané g mapaxdrw ovvaptrioes, va Ppedel to modvavvuo Taylor T, f.q
Tou urodeikyveTal.

(T5,1,0) f(x) = exp(sinx)
(Ton+1,7.0) flz)=(1+a*)~"
(T.10) flx)=Q0+2)"
(Tug0) + flz)=2"+2"+a
(To,p.0) = fla)=2"+2°+u
(Ts,41) f@y=2>+23+x
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4. FEow n > 1 ka1 f,g : (a,b) — R ouwvaptioeag n popés mnapaywyioes oo

: (a,
xg € (a,b) dote f(xg) = f’(x ) = = f(n— 1)(x0) =0, g(zg) = ¢'(xg) = --- =
g™ D (x0) = 0 ka1 g™ (z0) #0 Ael§te én

o @) £ @)

aszo g(z) g (zg)

Trédatn. Mopomnphote 61Ty pa, (1) = L0 (2 —0)" w0t T g 1y (1) = L2850 (2
n / « o Rnpag(@) Rn,g.2q (%) ,
x0)". Enlong, $ILHQ}O oy = xlimo ey = 0. Tuverag,
£ >(m ) 1 Bnfeg (@) "
P AC) C TS _ f™(=0)

T—x0 LE) xi{gg f(";gxo) + Ro,frag(®) g(n)(xo)

(x—z0)™

5. Eotwn > 2 ka1 f : (a,b) = R ovvdptnon n gopés mapaywyioun oo xy € (a,d)
aate f(xo) = fl(wo) = = fO™D(2g) = 0 ka1 £ () # 0. Aeitre 6u:

(a) Av o n etvar dpriog kar f) (xq) > 0, tre n f éyer Tomkd eAdyioto oo X

(B) Av o n etvar dptiog kar (™) (xq) < 0, Téte n f éxer TomKd péyoto aTo To.

(v) Av o n elvai mepitTds, tote n [ bev éxer Tomikd uéyioto olte Tomikd eAdyioTo 0To

Zo, aAAd To X €lvar onueio kaurnis yia Tty f.

(n)
Yrédeén. Hoapatnetiote 6t Ty, ¢, () = fTW(x — 20)", CUVETG,

lim f(.’L') = lim T’ﬂ,f’wo (33) + Rn,fﬂro (LU) — f(n) (:L‘o)

=m0 (T — Tp)" @m0 (x — )" n!

(@) Av f0)(z) > 0, t61€ 1) f %0VT 5T0 T €XEL TO (Blo TPGOMUO pe TNV (T — o)™ Xou
apol o n elvon dptiog oupmepaivouue 6Tl f(z) > 0 xovtd oto xo. Aol f(xg) =0, 1
f éxer Tomxd ehdyoto 610 .
(B) Av f(™)(z4) < 0, téte N f x0VTd 670 T( €YEL avtideto Tpdonuo amd Ty (z — o)
%o ooV o n glvan dptiog cuunepaivoupe 6Tt f(x) < 0 xovtd 610 2. Aol f(xg) =0,
N f €xel Tomxd Yéyioto 610 X.

(Y) YTrodétoupe 6t f(™(z0) > 0. Aouleloviac 6mwe ota (o) xu (B), xou yenot-
gomoldvToe TNy undileon 6T o n elvon meplttdg, BAénoupe OTL undpyel 6 > 0 hoTe
f(z) < 0 ot0 (zg —0) o f(xz) > 0 610 (20,20 + ). Apa, 1 f dev €xel Tomxd
HEYLOTO OUTE TOTUXO ENSYIOTO OTO Xg.

To B0 axpPic woyvet v my f”. Tapatnpote npdta étL n > 3 (elvon nepittodc
xou peyahitepoc 1 {oog tou 2). Oewpdvtac Ty g = £ Brénouvue bt g2 (29) > 0
X0 OAEC OL TPONYOVUEVES Tapdywyol e g undevilovton oto zg. Apa, 1 g = f éxel
BLapopeTINd TPOONUO GE TEPLOYES oploTEPd xou BeELd Tou T, To onolo onuoivel Tt To
xo elvow onpelo xopmic vy f.

6. Av f(x) = Inz, x > 0, Bpefte tnv mAnoiéotepn evlela ka1 tny TAnoiéotepn
rapefBodny oo ypdenua tng f oto onueio (e, 1).

Yrédeiln. Zmtdye o 11 g c(x) xou To 5 c(x). Aol f(e) =1, f'(e) = Lyon f"(e) =
—e%, ouunepaivoupe 6t T feo(x) = 14+ 252 = £ xou To g o(x) = £ — jz(;v —e)2
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7. Bpeire o molvavupo Taylor Ty, 5o ya tn ovvdptnon
f(z) = / e dt, (x €R).
0
Trédeiln. And to avdmtuyya tne exdetixic ocuvdptnong, yia xdde z € R €youue

s I (1)K
e =27( 1),t +gn(1)

k!
k=0
6Tou
et
920 < 5 )
Apa,

IMopatneolue ot

/Ozgn@)dt‘ < <n+1>|

x z? n+4-<
/ prirg| < € P
o =+ 1)!(2n+3)

O¢touye

n 1 k x n -1 kx2k+1
P2n+l(x) - Z ( k") / t?dt = Z (k;'(;k;{-l)

k=0 0 k=0

eacz |m|2n+3

f(x) = Pay =
z) — Popia(w) z2”+2/0 gn(t) dt’ = |z[27+2(n + 1)!(2n + 3)

m2n+2 - 0

otav z — 0. Ané tov yopaxtnpiopd tou tohvwvopou Taylor Ty ¢ éneton Ot

n (_l)kx2k+1
Tont1,1,0(®) = Tonga,1,0(%) = Pony1(2) = Z Wk
k=0

8. Bpette to noAvddvuuo Taylor Ty, 5o ya tn ovvdptnon f : R — R mov opiletar wg
ekng: £(0) =0 kar
f(x):e_l/IQ, x #0.
2 —1/z?

Yndben. (o) Hopoatnehote bt f/'(z) = e

> nou

F(0) = lim Le %" = 1im Y=o,

z—0 y—Foo ey2
(B) H devtepn mopdywyos e f, odhd xou xdde tapdywyoc tne f elvon tne popethc

1

) (z) = P, <x> 671/302, x#0
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6mou Py, mohudvupo. Ael€te to Ye enay oy,

(v) Aci&te 6n limy,, 1o P(y)e " = 0 v x&de mohudvupo P(y) xa, ané to B),
ovunepdvate 6t fF)(0) = 0 yio xdde k = 0,1,2,. ... Tpdyuort,

1 1
£ (0) = lim £ Py () eV = T yP(y)e”
T

z—0 1 y—r+oo

xou 1) ouvdptnom y — yPi(y) elvon mohuddvupo.
£(0)
3

‘Eneton 6t T 10(x) = > p_p zk =0 yio xdde z € R.

9. Xpnowuonowdrtas to avdrtuypa Taylor tng ovvdptnong arctanz (—1 <z < 1)
vrodoyiote to d0pooua

oo " 1
2 3n(2n+ 1)

n w2ntl

o1 av —1 S x S 1. EUVETE(L’)C,

Trédaén. Tvwplloupe 6t arctanz = > oo (1)

1 1 1
arctan — = -1 71‘77.
V3 2 (1) 3ny/32n+1

n=0
"Ereton 6Tt
= 1 1 /3
71 n______~ = t —_—_ = —.
7;:0( ) 3 @n T 1) V3 arctan 7 G

10. FEoww f : R = R drepes gopés mapaywyionun ovvdptnon. Yrobérouue dn
§ = f xat £(0) = 1, £(0) = f7(0) = 0.
() Eotw R > 0. Aeiére 6n vndpyer M = M(R) > 0 dote: ya ki x € [-R, R|
ka1 yia kd0e k =0,1,2,.. .,

|/ ®(@)] < M.

(B) Bpetre to moAvvupo Taylor Tsy, fo kai, xpnoyuorowsrtas to (a) kai omowovdimote
Um0 UToAoiTov, O€ilte ot

ya kdle x € R.

Ynédaén. (o) And v vnddeon 6t f” = f Brénovye 6T, v xdde k=0,1,2..., 7
%) elvan wdmoto and e f, £/, f. O tpeic autéc ouvapThoeic elvon TapaywYiowec,
dpa ouveyeic. Luvende, av otadeponotfioovye R > 0 téte xadepia and we f, f/, f”
elvon gporyuévn oto [—R, R|. Anhady, vndpyxer M = M(R) > 0 oote |f(z)] < M,
[f'(2)] < M xou|f"(x)] < M ywxdde x € [-R, R]. 'Ercton 61, yioxdde x € [—R, R]
xou v xdde k=0,1,2,.. .,

f P ()] < M.

(B) Eyoupe fGR(0) =1, fFB*+1(0) = 0 xou fEF2(0) = 0 yio xdde k = 0,1,2,.. ..
Apa,

f90 o 1
T3n7f70($) = Z ol = Z @xi’)k.

s=0 : k=0
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‘Eotow ¢ € R. tadeponowotpe R > |z| xau Yewpolye v otodepd M = M(R) ond
0 (a). Ioydel

f(3n+1)(€) x3n+1

(3n+1)!

Yo xdmoto € petall twv 0 xow . Aol [¢] < |z < R, éyoupe |fETD(E)] < M.
Apa,

|R3n.f0(z)| =

M
|R3n,t0(7)] < m\m|gn+l~

Me 7o xpitipto tou Adyou Brérnouye otL 1 axoloudio Tou dedlol uéhoug cUYXAiVEL 6TO
0. Apa, Rsp. 5o(x) = 0 étav n — oo. ‘Emeton 6t

ng

(3k)!"

f(x) = lim Tap 0(2) = Z

n
k=0

To x € R ftav tuy 6y, ondte éyoupe to {nrodyevo.

11. Bpetre mpooeyyotikyy tutj, pe opdlua puxpdrepo tov 1075, ya kadévay ard
Tous aptdpovs
sinl, sin2, sin—-, e, e?.

2
12. (o) Aeire 6m
T ¢ 1+ ¢ 1
— = arctan — + arctan —
4 = arctan o+ arctan o
Kai
1

T 1
— = 4arctan — — arctan —.
4 5 239

(B) Aetére du m = 3.14159- -+ (e dAa Adya, Bpetre mpooeyyiotikly Tur} ya tov
apdud m pe opdAua pkpdtepo tov 107°).






Kegpdhawo 8

Kuptec xou xolieg
CUVAPTNOELS

Owpdda A’

1. Eow f, fn : I = R. Trolérovue éu xdle f,, elvar xuptrj ovvdptnon kar éu
fn(x) = f(z) yia kdOe x € 1. Aetre 6t n f eivar kvpti.

Yrdébetn. 'Ectww z,y € I xouéotw t € [0,1]. And v vnddeon éyoupe fr(x) — f(2),
fn(y) = fly) xau fr,((L —t)x +ty) = f((1 —t)z + ty) bétav 10 n — oo. And v
HUPTOTNTA TWV fr, €YOVUE

fn((l - t)x + ty) < (1 - t)fn(x) + tfn(y)

yio xdde n € N. Apa,

fll=tx+ty) = lim fr,(1—-t)x+ty) < nl;n;o((l — ) fu(z) + tfnly))

n—oo

= (1=1) lim fo(z)+t lim fo(y) = (1—)f(x) +tf(y).
Agob taz,y € I xou t € [0,1] frav Tuydvta, n f elvon xvpth.

2. Eotww {f, : n € N} akolovdia kuptdv ovvaptioewy fp, : I — R. Opilovue
f:I— R pe f(z) =sup{fu(x) : n € N}. Av n f eivar nenepaopéyrn mavrod oo I,
Tote 1 f elvar kypTn.

Yrdébetn. 'Ecotw z,y € I xouéotww t € [0,1]. And tov opiopd tne f xou Ty xuptdTNTaL
TV fp, i xdde n € N éyouue

fu((L =tz +ty) < (1 =) fulz) + tfaly) < (1 =) f(2) + £ (y).

O oapdude (1 —t)f(x) + tf(y) ebvon dve @pdypoa tou cuvérou {f,((1 — t)z + ty) :
n € N}, dou
(L =t)z +ty) < (1 —t)f(z) +tf(y).

Agod ta z,y € I xau t € [0,1] rav tuydvta, n f elvan xupth.

3. Eoww f,g: R = R kyptés ovvaptrioes. Yrolérouue akdua 6t n g eivar avéovoa.
Aeibre duin go f efvar kupth.
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Ynébaén. 'Eotw z,y € R xou éotw ¢ € [0,1]. Aol n f elvon xvpth, éxouye
F(A =t +ty) < (1 =1)f(x) +1f(y)-

H g elvar ab€ovoa, dpa

(o N =t)z +ty) = g(f((1 =)z +ty)) < g((1 =) f(x) +1f(y))-
Agol 1 g ebvon xupTY, €xouue
g((A =) f(2) +1f(y)) < (L =1)g(f(z)) +19(f(y)) = (L = )(g o f)(z) + (g0 f)(y).

Yuvdudlovtag Tic dVo teheutaies aviooTnTeS TalEVOUUE

(go (L =Dz +1ty) < (1 —t)(go f)(z)+tgo f)(y)

Aol to z,y € R xau t € [0,1] Arav Tuybvta, 1 g o f elvan xupth.
4. Eoto f: I — R kypti ovvdptnon. Aeiéte éu
f(@1+0) = f21) < f(22 +0) — fla2)

yia kd0e x1 < o € I ka1 § > 0 yia to omoio x1 + 6,22+ 6 € 1.

Yrddeln. Aloxplvoule TEELC TEPLTTWOELG:

(o) 1 + 6 < z2: Egapuélovtac 1o Mupo Twv Tpudv Yopddy yia to 21 < 1+ < X2
xou 1 + 0 < X9 < T2 + 9, nalpvoupe

f(z1+90) — f(z1) < f(z2) — f(z1+9) < f(z2 +9) — f(z2)
1) - To— 1 — 0 - 1) '
Yuvenoe, f(z1 +6) — f(21) < f(x2 +6) — f(z2).
(B) x2 < z1 + 0: Egapuélovtac To Mupo Twv TeLdy Yopeddy yia to £ < T3 < 1+ 0
xaw o < T + 6 < xg + 6, nolpvouye

flz1+90) = f(z1) < f(xy +0) — f(a2) < fxa +0) — f(z2)
) - 1+ — 29 - 1)
Suverde, f(a +6) — f(x1) < f(xa+ ) — f(22).

(v) 2 = 21 + 0: To {ntoluevo éncton dueca and 10 ANAUUN TRV TELOY Y0edOY Yo T
1 <xog=x1+06<x2+96.

5. Eotw f : [a,b] — R kyptr) ovvdptnon. Aeitte e éva napdderyua i n f dev eivar
avaykaotikd ovvdptnon Lipschitz o€ oAékAnpo to [a, b, axdua ka1 av vrodéoouvue dti
n [ evar gpayuévn. Emiong, deiéte dn n [ dev eivar avaykaotikd ovvexns oo |a, bl.
Ynédaén. (o) H f:[0,1] = Rye f(z) = 1—+/z elvon xupTh xon @paypévn cuvdptnon.
Aev elvan 6uwe Lipschitz cuveyfc oto [0, 1]. Hoapatnehote bt

|f(z) — 1(0)] - — +oo  xadde 0 x — 0T

w—0 V&

(B) ExéyEre 6 f : [-1,1] — R pe f(z) = 22 dtav =1 < 2 < 1 xou f(—1) =
(1) = 2 elvon xvpth ouvdptnon. ‘Opwc, dev elvon cuveyhc ota dxpo tou [—1,1].
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6. Eoto f: (a,b) = R kvptrj owvdptnon ka1 € € (a,b). Aetére dn:

(o) av n f éyer ohiké péyioro oo € téte n f elvar otalepr.

(B) av n f éxer ohikd eddxroto oo € Tdte ) f etvar plivovoa oo (a, ) ka1 avéovoa
oo (€,0).

(v) av n f éxer tomkd eAdyioto oo & Téte éxel ohikd eddyioto oo &.

(d) av n f elvar yvnoing kupth, Téte éxel To moAV éva onueio oAikol elayiotou.
Yrdbetn. (o) YTrodétoupe 6T 1 f €xel ohxd péyioto oto . Toéte, f(x) < f(§)

yioe xdde x € (a,b). Emdéyoupe tuydvia 1,22 € (a,b) ye z1 < € < x2. Yndpyel
t€(0,1) dote & = (1 —t)xy +tae. H f elvon xvpty, dpa

FO) < (M =t)f(z1) +tf(w2) < (1 —1)f(E) +1f(§) = f(E)-

Avoyxacuxd, f(z1) = f(z2) = f(§) (e&nyhote ywl). ‘Eneton 61t f(z) = f(§) vt
x&e x € (a,b) (dnradi, 1 f elvon otadepr).

(B) YTrolétoupe étL 1 f éxer ohxd ehdyioto oo §. Eow a < x < y < §. YTndpyet
t€(0,1) dotey=(1—t)z+t& H f eivon xupth xou f(§) < f(y), dpa

fly) <@ =) f(z) +1f(§) < (A —1)f(z) +1f(y),

Gpa (1 —1)f(y) < (1 —1¢)f(x). Apob 0 < 1—1t < 1, cuprepaivoupe ot f(y) < f(x).
Auté Belyvel bt f ebvan pdivouoa oo (a,&). Me tov (Blo tpémo eréyyouue bt 1 f
elvon adZovoa oo (&, b).
(v) Trodétoupe 6t 1 f €xel Tomixd eNdyoto oto €. Trdpyer § > 0 dote (§—20,&+
20) C (a,b) xou f(z) > f(&) yia xdde © € (€ — 26,& + 20).

Ac vrnodéooupe 6t v xdmowo y € (€,b) wylter f(y) < f(§). Avayxaotd,
gyoue y > £+25. Trdpyert € (0,1) dote {+6 = (1—t){+ty. Anbd v xuptéTNnTaL
e f madpvouue

&) S f(E+6) <1 =1)f(&) +tf(y) < (&)

70 omnolo elvan dtomo.

Av unobéoovpe 6Tl v xdmowo y € (a,&) wylel f(y) < f(£), xotodhyoupe o
dtomo ye tov Bo Tpomo. Apa, 1 f €xel ohxd eNdyloTo oT0 £.
(8) Trodétoupe 6T 1 f elvon yvnolowe xvpth. Eotw 6t n f €xel ohxd ehdyioto m
ot x < y. Torte,

(25Y) < [0 _mim

= =m
2 2 2

ané v yvhota xvptotnta e f. Katodhlope oe dromo, dpa 1 f €xel to oA éva
onueio olxol elayiotou.

7. Eotwo f : R — R xypt} ouvdptnon. Av n f elvai dvo gpayuévn, téte elvar
otadepn.

Ynébetn. 'Eotw éu n f dev elvan otadepr. Trdpyouv & # y oto R ye f(z) < f(y).
Avaxpivoupe 800 mepltTOoELC:

(o) 2 < y: EBotw z > y. Tore,

fly) = fx) _
y—x T z-y

f(z) = fy)

)
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drhadH
— f(z
1) 2 A = ) + Ty,
IMopatnerote ot w > 0, dpat lir+n A(z) = 4o0. 'Eneton 6t n f dev elvou
Z—>+00
dvey QEoryUEVT).
(B) y < x: Eotw z < y. Tére,
) =) _ @) - fy)
y—z —  x—y
N
flz) = fy)

f(2) =2 B(2) := f(y) -

f(=)—f(y)
z—y

Ty (y —2).

IMopatnenote 6T

Qv QEOYUEVT).

< 0, dpor lim B(z) = +o0. Eneton 6T 1 f dev ebvou
z——00

8. Aeibre én kdle kuptp ovvdptnon opiouévn oe ppayuévo didotnua €var kdtw
ppaypévn).

Yroédeitn. 'Eotww I éva gpayuévo ddotnua xon €ote f 1 I — R xupth cuvdetnon.
Oewpolpe tuydvta a < b 610 ecwtepxd tou 1. Opilovue g : I — R pe

T("L’ — a).
H g eitvou ypouuix xou ouunintel pe tnyv f oo a xou b. Ael€te Sadoyixd to e€¥g:

(i) H g ebvar xdtw ppoyuévn oto I: undpyer m € R dote g(xz) > m yio xdide
x el

(ii) Avz eI xux <ahxz>b tote f(z) > g(z) > m.
(i) H f rodpver ehdytotn T m’ oo [a, b].

(iv) H f eivon xdtw gpaypévn oto I: v xdde x € I woyder 1 f(x) > min{m,m'}.

9. Eotww f: (0,400) = R koin, avéovoa, dve gpayuévn kar napaywyioun ovvdp-
non. Aeiéte éu
lim zf'(z) =0.

r—+00

Yrdédeitn. H f eivon adZovoa xon dve peaypévn, dpa udpyel To 11)1}_1 flz)y=CeR.

. T
Jm (s -5 (3)) =0
Mo xdde > 0 epapudlovpe to Jedpnua yéone Twic oto [2/2,x]: urdpyel &, €
(x/2,2) dote

"Encton 6Tt

T
f@ =1 (35) =15
Aol n f eivon xolkn, 1 f/ elvou @divouvoa (xou un apvntnd, yiatl n f elvon adZovow).
Apa,
f'(&) = f'(x) 2 0.
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Ané Tic mponyolpeves oyéoelc BAénoupe 6Tl

0<af @) <2(f@)-f(3)) 0.
Apa, IBTOO xf'(x) = 0.
Owdda B’

10. Ae€tére ériav n f : (0,4+00) = R efvar kupth kat T1,. .., Ty Y1y - -+, Ym > 0,

tdtTe

Acitre dun f(z) = (1+2P)Y/P etvar kuptrj oo (0, +00) brav p > 1, kar ouutepdvare
fol 7]

(a4 4@l + (o))< 3@+ )
i=1

Yroédeiln. Oétovpe S = 1 + -+ + Ty, XU @apuélovye TNV ovicoTnTA Tou Jensen
w¢ e€hg: agol N f elvon xupTh xon

ity Ty T Y
S Sz, T Y 5L,

TafpvouuEe

YLt Ym Yt ym N~ T (Y
g2 T Idm) g2 TIm) < e 22
f<$1+"'+$m> f( S >_Z‘S’f<xl>
IToMamhaoidlovtog T 0o péhn autic e aviodtntag eni S toalpvouue to {ntobyevo.
Eotwp > 1. Téte, n f(z) = (1+2P)MP eivor xupth 670 (0, +00): 0wt Tpoxinte
13
P

av Tapaywyioovue dbo gopéc. ‘Eyoupe f'(z) = 2P~ 1(1 + zP) o

(@) = (p=1)a? 2 (14a”)r = (p—1)2* 2 (1+27)» 2 = (p—1)2P "2 (1+a?)r 2 > 0.
IMopatnpolye dt

((I1+"'+xm)p+(y1+"‘+ym)p)1/p(:171+...+xm)f(y1+"'+ym>.

Eqgoguolovtac tny avio6Ttnta Tou TpidTou epnThuatog BAénoune 6Tl 1 TeAeutaia TTo-
cOTNTOL PPACCETAL ATd

m . m 1/p m
Saif (L) =Y (145) " = Yt
i=1 ¢ ;

=1 ? =1

11. Aeire 6 n ovvdptnon —sinz eivar kupt oto [0, 7). Xpnowonoidrtag to
Oetéte t1 n péyrotn TEPIUETPOS N-YWYoU TOU €yypdpetar oto povadiaio kKUKAO eival
2nsin(w/n).
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Yrdbeitn. ‘Eyoupe (—sinz)” =sinx > 0 oo [0, 7], dpan f(x) = — sinx eivar xuptH
oo [0, ]

‘Ectww T éva n-ywvo nou eyypd@etol oTo govadialo x0xho. Av @1, ..., ¢, clvan
oL EMXEVTPES YWVIEC TOU AVTIOTOLYOUY OTIC TAEVEESC TOU Xou {1, ..., £y elvon Tar urixn

TWV TAEUPAY TOU, TOTE
.G v
giZQSIHE v xddei=1,...,n.

Apa, 1 nepipetpoc P touv T 1ooltan e
P
P=2 E —=.
2 sin

‘Oupwe, Yoy ¢ =2m, dpa Y v, % =m. H g(z) = —sinz eivon xupth o710 [0, 7] %o

/2 €[0,7] yiuxdde i =1,...,n. And v avicdtnta Tou Jensen,
(1 1 6n ~1 ¢
_ it T T L R Zgin 2%
Sm(n2+ +n2 - ;nSHIQ’
dnhod,
— z”: sin — < sin 2—
; - 2
=1
Apa,
P= Qisin@ < 2nsinI
i=1 2 n
12. Eotw a1, aa,...,q, Jetikol apifpol. Acitte éni

(1 + 041)(1 -+ a2) S (1 + an) > (1 + (alaz L Oén)l/n)" .

Yndébeitn. Oétovue x; =Ina; (i =1,...,n). T va dei€oupe v
(1+a1)(1+az) - (1+an) > (14 (@ras--an) )"
apxel va deloupe 6Tt
(1+e™55) <@ et +em) (L em),

/ .
7, 16odlvaya,
zit--+Tn

1 n
(1477 ) <2 S 1+ en),
n(l+e _n;n( + ")

H tehevtolo avicdtnra npoxdntel amd v avicdtnta tou Jensen, av detouue Htu
2, _ 7 i 4 4 / — e

1 ouvdpTnon g(z) = In(1 + €®) ebvou xvpth. Ilapatneriote ot ¢'(z) = 55 xu

g9’ (x) = renz = 0. ‘Ereton to {nrotyevo.

Owpdda I
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13. Eoww f: I — R Oerikrj koidn ovvdptnon. Aeiéze érin 1/ f eivar kuptr).
Ynébetn. Eotw z,y € I xou éotw t € (0,1). Ofhoupe vo det€oupe bt

-t 1 A =0f) +tf(x) 1 >0,

f@) " fly) fO =Dz +ty) f(@)f(y) f((A=t)z+ty) —

1 omola Loy Vel av xou uévo av

A= (A=t +ty) - (A=) f(y) +1f(2)) = f(2)f(y)-

Agol 1 f elvan xolAy), éxouue

A > (A=t)f(x) +tf)((1=t)fly) +tf(x))
= (A=t + ) f(@)f )+t = [ (y) + f*(2)]
> [(1=t)2+ 21 f () f(y) + (1 —t) - 2f () f(y)
= f(@)f(y),

émou, o710 mpoteheutaio Bua, yenowwonomoaue Ty a? + b* > 2ab.
AMog tpdmog: ‘Eyouue % = exp (ln %) Agot 1 exp elvon xupth xou adEovoa, apxel

va Set&ouye 6TL M ln% ebvon xupth (Aoxnon 4). Opwc, ln% = —In f, ondte opxel va
oetCouyue ot N In f etvan xoikn. Aol n f elvon xolhn xou 1 In elvan xoihn xou adZovoa,
emyelpnuo 6uoto ue autd tng ‘Aounong 4 delyvel 6t 1 In f ebvon xolin.

14. Eoto f:0,27] = R kyptr) ovvdptnon. Aeiére du ya kdde k > 1,

1 2
— f(z) cos kxdx > 0.
™ Jo
Tréoeién. ‘Eyovue
1 2m 1 2km
=) f(@)coskxdx = E/ f(%)cosydy
1 2m7r+27r
= - / cos ydy
k
m=0
e ( nE )
= % cosy dy.

T xdde m = 0,...,k — 1, n ouvdpmon gm(y) = f (L527) ebvon xupth oo [0, 2]

(e&nyfote yoti). Apxel howmdv vo detloupe ot av ¢ : [0,27] — R elvon por xupth
cuvdpTnon ToTE f027r g(x) coszdx > 0 (to {ntoduevo, vy k = 1). Tpdpoupe

27 /2 T
/ g(x)coszdr = / g(x) cosz dx +/ g(x) cosz dx
0 0 /2

3m/2 27
+/ g(z) cosxdx—i—/ g(x) cosx dx.
™ 37/2
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Kdvovtag tig adhoyég yetontic y =7 —x, 2 =2 — T, w = 27 — 2 BAénovye 6Tl

T /2
/ g(x)cosxdr = —/ g(m —y)cosydy
/2 0
37/2 /2
/ g(x)cosxdr = —/ g(z+m)coszdz
™ 0
27 /2
/ g(x)cosxdr = / g(2m — w) cosw dw,
37/2 0

dpa
27 w/2
/ g(z) cosxdx = / [g(x) — g(m —x) — g(m + x) + g(27 — x)] cos z dz.
0 0

Avo<z<n/2tbtrex<m—ax<m+4+x<2r—z H g evu xupty, dpa

g(m —a) —g(z) _ g2m —z) —g(7 + )
(m—x)—2z ~— (2r—2)—(n+z)

Opwe, (T—z)—x=m—22= 27 —z) — (7 +z). Apq,
g(@) —g(r —x) — g(7 + ) + g(27 — ) = 0.

Aol cosx > 0 oto [0, 7/2], énctan 6L fOQWg(Jc) coszdx > 0.

15. Eowow f : (a,b) = R ouvexris ouvdptnon. Aetére du n [ elvar kuptrj av kai
uovo av

h
@) < %[hf(x+t)dt

yia kdOe Sidotnua [x — h,z + h] C (a,b).
Yndédeitn. Trodétovue npdta 6L 1 f ebvan xupth. ‘Eotw x € (a,b) xou h > 0 yu t0
onofo [z — h,x + h] C (a,b). T x&de t € [0, h] éyoupe

fle+t)+ flz 1)

fla) < 5

and v xvptotnta e f. IHoapatneiote ot

h h h
/_hf(aH—t)dt /Of(x+t)dt+/0 Flo—1)dt
h

= [ s+ fa-v)ar

0

h
/0 2f(x)dt

v

AradH,

h
(*) f(z) < %[hf(x+t) dt.
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Avtiotpoga, ac vnodécoupe bt 1 cuveyhc ouvdptnon f : (a,b) = R wavonoel v
(*) v x&de ddotnua [xr — h,z + h] C (a,b). Eow [x,y] C (a,b). H f naipver
péyotn Th oto [z,y] (Moyw ouvéyeag). Ac unodéoouye 6t auTh 1 péyioTn T
dev mdveton oe xdmoto and 1o x K y. Anhadt, undpyel ¢ € (z,y) dote f(z) < f(e)
v xdde z € [z, y] xou max{f(x), f(y)} < f(c). Xwpic nepopiopd tne yevixdtntoc
uro¥étoupe 6t h = ¢ —x < y — c. Tote, n péyot Th e f oto [c — hyc+ h]
nofpveton oto onuelo ¢ xa f(c — h) = f(x) < f(c). Agob n f elvon ouveyric oo
[c = h, ¢+ h], cuprepaivouye bt

/h fle+t)dt <2h- f(c).
—h

Téte, n unddeon () odnyel oe drono: €youpe

h
O <5 [ ferod<i

"Eyoupe Aoty deilel 1o e€hc:

Toxvpiouds. Av n ouveyhc ouvdptnon f : (a,b) — R wavornowel ty

(%) v xdde ddotnua [z — h,x + h] C (a,d), té61e Yo xdde didoTnua

[z,y] C (a,b) npéyiot Twh tne f oo [z, y] nolpvetou o xdnolo and ta

Sxpor Tou [z, y].
Xernotponowdvtoe to napandve Yo detéovue 6tL 1 f elvan xvpth. Eotw z < y oto
(a,b). Bewpolye ™ ypouwxh cuvdptnon £ : (a,b) — R nou cuunintel ye my f ota
x %o y. Anhody,

Iopatnerote 6Tt
1 h
0(z) = ﬁ/_he(z+t)chs

v xéde z € (a,b) xou [z — h, z+h] C (a,b). Apa,  cuvdptnon g := f — £ avornotel
™mv
h

g(z) < %/_hg(z—kt)dt

v x&de z € (a,b) xou [z — h,z 4+ h] C (a,b). And tov wyvplouwd, 1 g naipvel
HEYLO TN TN TS oo [, y] ot xdmoto and 1 z,y. Opwe, g(z) = f(z) —£(z) = 0 %o,
opowa, g(y) = 0. Apa, f(2) < U(z) v xdde z € [z,y]. Iooddvapa, ya x&de t € [0,1]
€Y OLNE

£ =02+ 1) < 1)+ LO =IOy - = 10— 050 +100).
Agol 1t z,y € (a,b) xu t € [0, 1] Arav tuydvia, n f eivon xupTh.

16. FEoto f : (a,b) = R kvpt ouvdptnon kai ¢ € (a,b). Acitre 6u n f eivar
napaywyionun oo ¢ av kar pévo av

fo Fet )+ fle—h) = 2f(0)

h—0t h

=0.
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Yrnédaén. Av v f eivon mapaywylown oto ¢, téte

o) = tim KN IOy Je=WSE) _ y, Se=h) = f0)
dpa
p LCTW S0 =2f@) _ . feth) = @) L fe=h) = 1) _,
h—0+ h h—0+ h—0+ h
Avtiotpoga, unoldétovue 6Tt
" o ferh) iR =20 _
h—0+ h

Agot 1 f elvan xupth, undpyouv oL Theupixéc TapdywYOoL

fg»(c) _ hli)rél+ f(C + hi)l B f(C) o f/,(c) _ hlij& f(C _ ﬁ)h_ f(C) .

Agapmvtog xatd uéhn molpvoupe

FL(0) — f(e) = tm LEFW TN Z2/(0)

h—0t h

Ané v (), t0 tedevtaio bplo eivan ico pe 0. Apa, f!(c) = f(c). Buvende, n f
elvon mapaywylown oo c.

17. FEoww f : [0,4+00) kuptr, un aepvnuxn ouvvdptnon pe f(0) = 0. Opilovue
F:[0,400) = R pe F(0) =0 xa1

Ac€ire énu n F elvar kupth).

Yréveitn. 'Eotw x > 0. Kdvovtag tny odhoyn yetaintic ¢t = xs BAénovye 6Tl

:i/oxf(t)dtz/olf(xs)ds

‘Eotw z,y > 0 xou t € [0,1]. And v xvptdtnra tne f éyoupe

FUA =)z +ty]s) < (1 —1)f(zs) +1f(ys)

v xéde s € [0,1]. ‘Apa,

F(l-tx+ty) = /f([(l—t)x—i—ty]s)ds

< (1-1? (xs)ds+t s
/f /fy

= (1-t)F(x)+tF(y).
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Enione, yenotponowdvtae tg f(0) = 0 xou F(0) = 0 Brénoupe 6t yio xdde x> 0
xan v x&e ¢ € [0, 1],

1
F((1-1)0+tz) = /f([(l—t)O—ktx]s)ds
< l—t/f ds—i—t/fxs
= 1—t +tF

Ané ta mopandve éneton 6t 1 Felvon xupTh.



