
6 Oi Trigwnometrikèc sunart seic kai oi an-
tÐstrofèc touc

6.1 Trigwnometrikèc sunart seic
Ja jewr soume gnwstèc tic trigwnometrikèc sunart seic, ìpwc autèc orÐzon-
tai me th bo jeia tou trigwnometrikoÔ kÔklou kai tic basikèc algebrikèc touc
idiìthtec.

UpenjumÐzoume tic analutikèc touc idiìthtec:

1. Oi sin kai cos eÐnai suneqeÐc sto 0.
Apìdeixh H anisìthta | sin x| ≤ |x|, pou isqÔei ìtan |x| < π

2
, deÐqnei

ìti to ìrio limx→0 sin x up�rqei kai eÐnai 0, �ra h sin eÐnai suneq c sto
0. H sqèsh cos x = 1 − 2 sin2 x

2
deÐqnei ìti limx→0 cos x = 1, �ra h cos

eÐnai suneq c sto 0.

2. Oi sin kai cos eÐnai suneqeÐc pantoÔ sto R.
Apìdeixh lim

h→0
sin(x + h) = sin x lim

h→0
cos h + cos x lim

h→0
sin h = sin x.

lim
h→0

cos(x + h) = cos x lim
h→0

cos h− sin x lim
h→0

sin h = cos x.

3. Isqurismìc: lim
x→0

sin x

x
= 1.

Apìdeixh Apì ton trigwnometrikì kÔklo xèroume ìti

0 < x <
π

2
⇒ 0 < sin x < x <

sin x

cos x
⇒ 1 <

x

sin x
<

1

cos x

�ra, afoÔ h sin eÐnai peritt  kai h cos �rtia,

|x| < π

2
⇒ 1 <

x

sin x
<

1

cos x

opìte (afoÔ limx→0 cos x = 1)

lim
x→0

x

sin x
= 1 ⇒ lim

x→0

sin x

x
= 1.

4. sin′(x) = cos(x), cos′(x) = − sin(x), tan′(x) = 1
cos2 x

, cot′(x) = −1
sin2 x

.
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Apìdeixh Apì touc gnwstoÔc tÔpouc sin a − sin b = 2 sin a−b
2

cos a+b
2

kai cos a− cos b = −2 sin a−b
2

sin a+b
2

èqoume

sin(x + h)− sin x

h
=

1

h
2 sin

h

2
cos

2x + h

2

=
2

h
sin

h

2
cos

(
x +

h

2

)
−→
h→0

cos x.

kai
cos(x + h)− cos x

h
= −1

h
2 sin

h

2
sin

2x + h

2
−→
h→0

− sin x

ìpou qrhsimopoi same to ìrio (3) kai thn sunèqeia twn sin kai cos.
EpÐshc,

d

dx

(
sin x

cos x

)
=

(sin x)′ cos x− sin x(cos x)′

cos2 x
=

cos2 x + sin2 x

cos2 x
=

1

cos2 x
,

d

dx

(cos x

sin x

)
=

(cos x)′ sin x− cos x(sin x)′

sin2 x
=
− sin2 x− cos2 x

sin2 x
=

−1

sin2 x

5. Apì to (4) èpetai ìti

∫
cos xdx = sin x + c,

∫
sin xdx = − cos x + c

∫
1

cos2 x
dx = tan x + c,

∫
1

sin2 x
dx = − cot x + c

ParadeÐgmata
∫

x cos xdx =

∫
x(sin x)′dx = x sin x−

∫
(x)′ sin xdx = x sin x−

∫
sin xdx

= x sin x + cos x + c.∫
x2 cos xdx =

∫
x2(sin x)′dx = x2 sin x−

∫
(x2)′ sin xdx

= x2 sin x− 2

∫
x sin xdx = x2 sin x + 2

∫
x(cos x)′dx

= x2 sin x + 2x cos x− 2

∫
(x)′ cos xdx = x2 sin x + 2x cos x− 2 sin x + c.
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6.2 AntÐstrofec trigwnometrikèc sunart seic
H sun�rthsh sin : R→ [−1, 1] den eÐnai bebaÐwc 1-1 (m�lista, eÐnai periodik ).
An ìmwc thn periorÐsoume sto di�sthma [−π

2
, π

2
] tìte gÐnetai 1-1 (m�lista eÐnai

gnhsÐwc aÔxousa, giatÐ h par�gwgìc thc, dhlad  h cos x, eÐnai gnhsÐwc jetik 
sto

(−π
2

, π
2

)
). Epomènwc h sun�rthsh sin periorismènh sto di�sthma [−π

2
, π

2
]

eÐnai antistrèyimh.

Orismìc 6.1 JewroÔme th sun�rthsh

f : [
−π

2
,
π

2
] → [−1, 1] me f(x) = sin x.

H antÐstrofh f−1 : [−1, 1] → [
−π

2
,
π

2
]

onom�zetai tìxo hmitìnou kai sumbolÐzetai f−1(x) = arcsin x   toxhm x.
Dhlad  ex orismoÔ èqoume, gia k�je x ∈ [−1, 1],

y = arcsin x ⇐⇒ x = sin y kai y ∈ [
−π

2
,
π

2
].

Parat rhsh 6.1 H sun�rthsh arcsin eÐnai paragwgÐsimh sto (−1, 1) kai

arcsin′(x) =
1√

1− x2
, (x ∈ (−1, 1)).

(H par�gwgoc sta shmeÐa x = −1 kai x = 1 den up�rqei.)

Apìdeixh 'Estw x ∈ [−1, 1] kai y = f−1(x) = arcsin x. An x = −1   x = 1,
tìte f ′(y) = cos y = 0, epomènwc h (f−1)′(x) den up�rqei. An x ∈ (−1, 1)
tìte y ∈ (−π

2
, π

2

)
�ra f ′(y) = cos y > 0. Sunep¸c h (f−1)′(x) up�rqei kai

(f−1)′(x) =
1

f ′(y)
=

1

cos y
=

1√
1− x2

giatÐ cos y =
√

1− sin2 y (afoÔ cos y > 0).

Orismìc 6.2 JewroÔme th sun�rthsh

g : [0, π] → [−1, 1] me g(x) = cos x.

H antÐstrofh g−1 : [−1, 1] → [0, π]

onom�zetai tìxo sunhmitìnou kai sumbolÐzetai g−1(x) = arccos x  
toxsun x. Dhlad  ex orismoÔ èqoume, gia k�je x ∈ [−1, 1],

y = arccos x ⇐⇒ x = cos y kai y ∈ [0, π].
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Parat rhsh 6.2 H sun�rthsh arccos eÐnai paragwgÐsimh sto (−1, 1) kai

arccos′(x) = − 1√
1− x2

, (x ∈ (−1, 1)).

(H par�gwgoc sta shmeÐa x = −1 kai x = 1 den up�rqei.)

Apìdeixh An x ∈ [−1, 1] kai y = g−1(x) = arccos x èqoume g′(y) = sin y, �ra
g′(y) = 0 gia x = −1 kai x = 1, opìte h (g−1)′(x) den up�rqei, en¸ sin y > 0
gia x ∈ (−1, 1) �ra h (g−1)′(x) up�rqei kai

(g−1)′(x) =
1

g′(y)
=

1

− sin y
=

1

−√1− x2
.

Parat rhsh 6.3 ParathroÔme ìti h sun�rthsh φ(x) = arccos x + arcsin x
eÐnai suneq c sto [−1, 1] kai èqei par�gwgo 0 sto (−1, 1), �ra eÐnai stajer .
Pr�gmati, an sto tìxo θ ∈ [0, π] pou èqei sunhmÐtono ton arijmì x (dhlad 
cos θ = x) prosjèsoume to tìxo ψ ∈ [−π

2
, π

2
] pou èqei hmÐtono ton Ðdio arijmì

x (dhlad  sin ψ = x) ja broÔme bebaÐwc θ + ψ = π
2
. Dhlad 

arccos x + arcsin x =
π

2
(x ∈ [−1, 1]).

Orismìc 6.3 JewroÔme th sun�rthsh

h :

(−π

2
,
π

2

)
→ R me h(x) = tan x.

H antÐstrofh h−1 : R→
(−π

2
,
π

2

)

onom�zetai tìxo efaptomènhc kai sumbolÐzetai h−1(x) = arctan x  
toxef x. Dhlad  ex orismoÔ èqoume

y = arctan x ⇐⇒ x = tan y kai y ∈
(−π

2
,
π

2

)
.

Parat rhsh 6.4 H sun�rthsh arctan eÐnai paragwgÐsimh sto R kai

arctan′(x) =
1

1 + x2
, (x ∈ R).

4



Apìdeixh Gia k�je x ∈ R jètoume y = h−1(x) = arctan x, opìte x = h(y) =
tan y kai �ra h′(y) = 1

cos2 y
= 1 + tan2 y > 0. 'Eqoume loipìn

(h−1)′(x) =
1

h′(y)
=

1

1 + tan2 y
=

1

1 + x2
.

Qrhsimopoi¸ntac tic prohgoÔmenec parathr seic, apì to Jemeli¸dec Je¸rhma
tou ApeirostikoÔ LogismoÔ prokÔptei ìti

∫
1√

1− x2
dx = arcsin x + c = − arccos x + c,

∫
1

1 + x2
dx = arctan x + c.

ParadeÐgmata 6.5

(i)

∫
arcsin xdx =

∫
(x)′ arcsin xdx = x arcsin x−

∫
x arcsin′ xdx

= x arcsin x−
∫

x
1√

1− x2
dx = x arcsin x +

1

2

∫
φ′(x)

1√
φ(x)

dx

(ìpou y = φ(x) = 1− x2 gia x ∈ (−1, 1))

= x arcsin x +
1

2

∫
y−1/2dy = x arcsin x + (φ(x))1/2 + c

= x arcsin x +
√

1− x2 + c.

(ii)

∫
arccos xdx = x arccos x−

∫
x arccos′ xdx

= x arccos x +

∫
x

1√
1− x2

dx = x arccos x− 1

2

∫
φ′(x)

1√
φ(x)

dx

(Ðdia antikat�stash) = x arccos x−
√

1− x2 + c

(iii)

∫
arctan xdx = x arctan x−

∫
x arctan′ xdx = x arctan x−

∫
x

1

1 + x2
dx

= x arctan x +
1

2

∫
ψ′(x)

1

ψ(x)
dx (ψ(x) = 1 + x2)

= x arctan x− 1

2
log(1 + x2) + c
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'Askhsh 6.6 An

ω(x) = arctan
1

x
+ arctan x, x 6= 0

parathroÔme ìti h ω eÐnai paragwgÐsimh kai

ω′(x) =
1

1 + 1
x2

(
1

x

)′
+

1

1 + x2

=
1

1 + 1
x2

(−1

x2

)
+

1

1 + x2
= 0.

All� ω(1) = arctan 1+arctan 1 = π
2
en¸ ω(−1) = arctan(−1)+arctan(−1) =

−π
2
. 'Ara h ω den eÐnai stajer . P¸c exhgeÐtai autì?
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