
Apeirostikìc Logismìc II - Ask seic 4.

A. To olokl rwma Riemann

1. 'Estw f fragmènh sun�rthsh sto [0, 1] h opoÐa eÐnai oloklhr¸simh sto [0, b] gia
k�je 0 < b < 1. DeÐxte ìti h f eÐnai oloklhr¸simh sto [0, 1].

2. 'Estw f, g, h : [a, b]→ R sunart seic me f(x) ≤ g(x) ≤ h(x), x ∈ [a, b]. Na deiqjeÐ
ìti an oi f kai g eÐnai oloklhr¸simec sto [a, b] kai

∫ b
a f =

∫ b
a h, tìte kai h g eÐnai

oloklhr¸simh kai
∫ b
a g =

∫ b
a f =

∫ b
a h.

3. 'Estw f : [a, b] → R tètoia ¸ste f(q) = 0 gia k�je q ∈ [a, b] ∩Q. Na deiqjeÐ ìti
an h f eÐnai oloklhr¸simh, tìte

∫ b
a f = 0.

4. (i) 'Estw f suneq c mh-arnhtik  sun�rthsh sto [a, b]. Na deiqjeÐ ìti an
∫ b
a f(x)dx =

0, tìte h f eÐnai tautotik� Ðsh me to mhdèn sto [a, b]. IsqÔei to sumpèrasma an
paraleifjeÐ h upìjesh thc sunèqeiac? (ii) 'Estw f kai g suneqeÐc sunart seic gia
tic opoÐec isqÔei

∫ b
a f(x)dx =

∫ b
a g(x)dx. Na deiqjeÐ ìti up�rqei x0 ∈ [a, b] tètoio

¸ste f(x0) = g(x0).

5. 'Estw f suneq c sun�rthsh sto [a, b]. (i) Na deiqjeÐ ìti an
∫ b
a fg dx = 0 gia k�je

suneq  sun�rthsh g, tìte f = 0 sto [a, b]. (ii) Na deiqjeÐ ìti an
∫ b
a fg dx = 0 gia

k�je suneq  sun�rthsh g me g(a) = g(b) = 0, tìte f = 0 sto [a, b]. (iii) Na deiqjeÐ
ìti an

∫ b
a fg dx = 0 gia k�je suneq  sun�rthsh g gia thn opoÐa up�rqei δ > 0 ¸ste

g(x) = 0 gia x ∈ [a, a+ δ] ∪ [b− δ, b], tìte f = 0 sto [a, b].

6. Na deiqjeÐ ìti h akoloujÐa γn = 1 + 1
2

+ 1
3

+ · · ·+ 1
n
−
∫ n

1

dx

x
sugklÐnei.

7. 'Estw f oloklhr¸simh sun�rthsh sto [a, b] kai g sun�rthsh tètoia ¸ste f(x) =
g(x) gia k�je x ∈ [a, b] ektìc apì èna shmeÐo x0 ∈ [a, b]. Na deiqjeÐ ìti h g eÐnai
oloklhr¸simh sto [a, b] kai ìti

∫ b
a f =

∫ b
a g.

8. Na deiqjeÐ ìti h sun�rthsh

f(x) =


0, x 6= 1

n
, n ∈ N,

1, x =
1

n
, n ∈ N.

eÐnai oloklhr¸simh sto [0, 1].

9. Na exetastoÔn wc proc th sÔgklish oi akoloujÐec

an =
1

n+ 1
+

1

n+ 2
+· · ·+ 1

n+ n
, bn =

1√
n2 + 12

+
1√

n2 + 22
+· · ·+ 1√

n2 + n2
.
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10. 'Estw f : [0, 1] → R sun�rthsh gia thn opoÐa isqÔei |f(x)− f(y)| ≤ M |x− y| gia
k�je x, y ∈ [0, 1]. Na deiqjeÐ ìti∣∣∣∣ ∫ 1

0
f(x)dx− 1

n

n∑
k=1

f(
k

n
)
∣∣∣∣ ≤ M

2n
.

11. 'Estw f : [a, b]→ R suneq c, mh-arnhtik  sun�rthsh. Na deiqjeÐ ìti

lim
( ∫ b

a
f(x)ndx

)1/n

= max{f(x) : a ≤ x ≤ b}.

B. Ta jemeli¸dh jewr mata

1. 'Estw f oloklhr¸simh sto [a, b] kai F paragwgÐsimh sto [a, b]. An isqÔei

F (x) =
∫ x

a
f(t)dt , gia k�je x ∈ [a, b],

èpetai aparaÐthta ìti F ′(x) = f(x), gia k�je x ∈ [a, b]?

2. 'Estw f : [a, b] → R suneq c sun�rthsh sto kai g : [a, b] → [a, b] paragwgÐsimh.
Na upologisteÐ h par�gwgoc thc sun�rthshc

h(x) =
∫ g(x)

a
f(t)dt .

3. 'Estw g : [0, 1]→ [0, 1] paragwgÐsimh sun�rthsh. Na upologisteÐ h par�gwgoc thc
sun�rthshc

f(x) =
∫ g(x2)

g(x)
g(t)dt .

4. 'Estw f suneq¸c paragwgÐsimh sun�rthsh sto [0, 1] me f(0) = 0. Na deiqjeÐ ìti

|f(x)| ≤
( ∫ 1

0
f ′(t)2dt

)1/2

, gia k�je x ∈ [0, 1] .

5. 'Estw f suneq¸c paragwgÐsimh sto [a, b]. Na deiqjeÐ ìti∫ b

a
f(x) cos(nx)dx −→ 0 .

6. 'Estw f : R → R paragwgÐsimh sun�rthsh me thn idiìthta f(x + y) = f(x)f(y),
x, y ∈ R. Na deiqjeÐ ìti up�rqei α ∈ R ¸ste f(x) = exp(αx), x ∈ R.

7. 'Estw

f(x) = log x+
∫ 1

0

dt

(x4 + t4)1/4
, x > 0.

EÐnai h f monìtonh? EÐnai h f �nw   k�tw fragmènh?
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G. Teqnikèc olokl rwshc

1. Na upologistoÔn ta akìlouja aìrista oloklhr¸mata:∫
e2x cosx dx

∫ dx

sinx

∫ 1

ex + e3x
dx

∫ 3x− 1

x4 + 5x2 + 4
dx

∫ x2

√
x2 + 1

dx
∫

sin(2x) cos4 x dx

∫ dx

sinx

∫ dx

x2
√

4− x2

∫ √
x+ 2

x− 2
dx

∫ √1− x2

x2
dx

∫ x3 + x+ 1

x4 − 2x3 + 2x2 − 2x+ 1
dx

∫ 1 + sin x

sinx(1 + cos x)
dx

2. Na brejoÔn anadromikoÐ tÔpoi gia ta akìlouja oloklhr¸mata:

In =
∫

(log x)ndx , Jn =
∫ dx

(x2 + a2)n
, Kn =

∫
cosn x dx .

D. Genikeumèna oloklhr¸mata

1. Na upologistoÔn, efìson up�rqoun, ta akìlouja genikeumèna oloklhr¸mata

(i)
∫ ∞
−∞

dx

1 + x2
, (ii)

∫ ∞
0

xe−xdx

2. Na exetasteÐ an sugklÐnoun ta genikeumèna oloklhr¸mata∫ ∞
0

√
x3 + x+ 1

x4 + x+ 2
,

∫ ∞
π

cos(x2)dx .

3. 'Estw f : [1,∞) → R suneq c, fjÐnousa, jetik  sun�rthsh. Na deiqjeÐ ìti to
genikeumèno olokl rwma

∫∞
1 f(x)dx sugklÐnei an kai mìno an h seir�

∑∞
n=1 f(n)

sugklÐnei.

4. Na brejeÐ gia poia α ∈ R up�rqei to genikeumèno olokl rwma∫ ∞
0

( x

x2 + 1
− α

x+ 2

)
dx

5. OrÐste (  exhgeÐste giatÐ up�rqei) mÐa suneq  jetik  sun�rthsh f sto [0,∞) ¸ste
to
∫∞
0 f(x)dx na up�rqei all� h f na mhn eÐnai fragmènh.

6. 'Estw f(x) jetik  sun�rthsh sto [0,+∞) me
∫∞
0 f(x)dx < +∞. Na deiqjeÐ ìti

1

n

∫ n

0
xf(x)dx −→ 0 .
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