
1 Je¸rhma Mèshc Tim c

Orismìc 1.1 'Estw A ⊆ R kai f : A → R mia sun�rthsh. Lème ìti h f
èqei topikì mègisto sto a an up�rqei δ > 0 ¸ste (i) (a−δ, a+δ) ⊆ A kai
(ii) |x− a| < δ ⇒ f(a) ≥ f(x). Lème ìti h f èqei topikì el�qisto sto a
an up�rqei δ > 0 ¸ste (i) (a−δ, a+δ) ⊆ A kai (ii) |x−a| < δ ⇒ f(a) ≤ f(x).
Ta topik� mègista kai topikì el�qista lègontai topik� akrìtata.

Prìtash 1.1 (Fermat) An h f : (a, b) → R eÐnai paragwgÐsimh sto xo ∈
(a, b) kai èqei topikì akrìtato sto xo, tìte f ′(xo) = 0.

Apìdeixh 'Estw f ′(xo) = b 6= 0. MporoÔme na upojèsoume ìti b > 0

(alli¸c, jewroÔme thn −f). Epeid  f ′(xo) = limx→xo

f(x)−f(xo)
x−xo

, up�rqei δ > 0
¸ste

0 < |x−xo| < δ ⇒
∣∣∣∣f(x)− f(xo)

x− xo

− b

∣∣∣∣ <
b

2
⇒ f(x)− f(xo)

x− xo

>
b

2
> 0.

Epomènwc an x ∈ (xo − δ, xo) tìte x − xo < 0 �ra f(x) − f(xo) < 0 opìte
f(x) < f(xo) kai an y ∈ (xo, xo + δ) tìte y − xo > 0 �ra f(y) − f(xo) > 0
opìte f(y) > f(xo):

xo − δ < x < xo < y < xo + δ ⇒ f(x) < f(xo) < f(y).

opìte to xo den eÐnai topikì akrìtato. 2

EÐnai qr simo na apomon¸soume mia parat rhsh pou k�name sth di�rkeia
thc apìdeixhc:

L mma 1.2 An h f : (a, b) → R eÐnai paragwgÐsimh sto xo ∈ (a, b) kai
f ′(xo) > 0, tìte up�rqei δ > 0 ¸ste

xo − δ < x < xo < y < xo + δ ⇒ f(x) < f(xo) < f(y). (1)

Parat rhsh 1.3 H sqèsh (1) den sunep�getai ìti h f eÐnai aÔxousa sto
(xo − δ, xo + δ): an ta x kai y eÐnai kai ta dÔo p.q. sto (xo, xo + δ) tìte den
mporoÔme na sumper�noume ìti x < y ⇒ f(x) < f(y).1

1Par�deigma: an f(x) = x2 sin 1
x + x

2 gia x 6= 0 kai f(0) = 0, tìte parìlo pou h f ′(0)
up�rqei kai isoÔtai me 1

2 , h f den eÐnai monìtonh se kanèna di�sthma (−δ, δ) gÔrw apì to
0. Pr�gmati, an xn = 1

2nπ , yn = 1
2nπ+ π

2
kai zn = 1

2nπ+π (n ∈ N), tìte xn > yn > zn all�

f(xn) < f(yn) kai f(yn) > f(zn), ìpwc prokÔptei met� apì pr�xeic.
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Prìtash 1.4 (Rolle) 'Estw ìti h f : [a, b] → R eÐnai suneq c kai h f |(a,b)

eÐnai paragwgÐsimh. An f(a) = f(b), tìte up�rqei ξ ∈ (a, b) me f ′(ξ) = 0.

Apìdeixh AfoÔ h f eÐnai suneq c se kleistì di�sthma, lamb�nei mègisth
kai el�qisth tim . Up�rqoun loipìn x1, x2 ∈ [a, b] me f(x1) ≤ f(t) ≤ f(x2)
gia k�je t ∈ [a, b]. An h f eÐnai stajer , tìte f ′(ξ) = 0 gia k�je ξ ∈ (a, b).
An ìqi, tìte f(x1) 6= f(x2), opìte (efìson f(a) = f(b)) k�poio apì ta x1, x2

ja eÐnai sto (a, b). An x1 ∈ (a, b), tìte h f èqei topikì el�qisto sto x1, �ra
f ′(x1) = 0 apì thn Prìtash tou Fermat. Me ton Ðdio trìpo, an x2 ∈ (a, b),
tìte f ′(x2) = 0. 2

Parat rhsh 1.5 H sunèqeia thc f sto [a, b] den mporeÐ na paraleifjeÐ.
An p.q. h f : [0, 1] → R ikanopoieÐ f(0) = 1 kai f(x) = x ìtan x ∈ (0, 1] tìte
f(0) = f(1) all� f ′(x) 6= 0 gia k�je x ∈ (0, 1).

Je¸rhma 1.6 (Mèshc Tim c) 'Estw ìti h f : [a, b] → R eÐnai suneq c
kai h f |(a,b) paragwgÐsimh. Tìte up�rqei ξ ∈ (a, b) me

f ′(ξ) =
f(b)− f(a)

b− a
.

(Gewmetrik�: up�rqei èna shmeÐo (ξ, f(ξ)) sto gr�fhma thc f ìpou h efapto-
mènh eÐnai par�llhlh sth qord  pou en¸nei ta (a, f(a)) kai (b, f(b)).)

Apìdeixh JewroÔme th sun�rthsh g : [a, b] → R me

g(x) = f(a) +
f(b)− f(a)

b− a
(x− a)− f(x)

(parat rhse ìti y = f(a) + f(b)−f(a)
b−a

(x − a) eÐnai h exÐswsh thc eujeÐac pou

pern�ei apì to (a, f(a)) kai èqei klÐsh f(b)−f(a)
b−a

). H g eÐnai suneq c sto [a, b],
paragwgÐsimh sto (a, b) kai g(a) = g(b) = 0. Apì thn Prìtash tou Rolle,
up�rqei ξ ∈ (a, b) me g′(ξ) = 0, dhlad 

0 =
f(b)− f(a)

b− a
− f ′(ξ). 2

Je¸rhma 1.7 (Darboux) An h f : (a, b) → R eÐnai paragwgÐsimh, tìte h
eikìna f ′((a, b)) eÐnai di�sthma.
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Apìdeixh Ja deÐxoume ìti an x, y ∈ (a, b) me x < y, tìte h f ′ lamb�nei ìlec
tic timèc metaxÔ f ′(x) kai f ′(y). MporoÔme na upojèsoume ìti f ′(x) < f ′(y)
(alli¸c jewroÔme thn −f). 'Estw γ me f ′(x) < γ < f ′(y): ja broÔme ξ ∈
(x, y) ¸ste f ′(ξ) = γ.

OrÐzoume thn sun�rthsh g : [x, y] → R me g(t) = f(t)− γt, opìte g′(t) =
f ′(t)− γ. 'Eqoume g′(x) < 0 < g′(y), epomènwc an h g′ eÐqe upotejeÐ suneq c,
ja brÐskame to zhtoÔmeno ξ efarmìzontac to Je¸rhma Endiamèswn Tim¸n.

'Omwc mìnon gia thn g gnwrÐzoume ìti eÐnai suneq c. Up�rqei loipìn
ξ ∈ [x, y] ¸ste g(ξ) = min{g(t) : t ∈ [x, y]}.

Gia na sumper�noume ìti g′(ξ) = 0 apì thn Prìtash Fermat, prèpei na
bebaiwjoÔme ìti ξ ∈ (x, y): IsqurÐzomai ìti ξ 6= x. Pr�gmati, afoÔ g′(x) < 0,
ìpwc sto L mma 1.2 up�rqei x1 > x me g(x1) < g(x), opìte h tim  g(x) den
eÐnai el�qisth. OmoÐwc, ξ 6= y, giatÐ, afoÔ g′(y) > 0, apì to L mma 1.2 èpetai
ìti up�rqei y1 < y me g(y1) < g(y), �ra h tim  g(y) den eÐnai el�qisth.

Sunep¸c ξ ∈ (x, y). 'Epetai ìti h g èqei topikì el�qisto sto ξ �ra
(Fermat) g′(ξ) = 0, dhlad  f ′(ξ) = γ. 2

Pìrisma 1.8 An h f : (a, b) → R eÐnai paragwgÐsimh kai f ′(x) 6= 0 gia
k�je x ∈ (a, b), tìte h f ′ diathreÐ prìshmo sto (a, b). Dhlad  an f ′(x) > 0
gia k�poio x ∈ (a, b) tìte f ′(t) > 0 gia k�je t ∈ (a, b). Kai an f ′(x) < 0 gia
k�poio x ∈ (a, b) tìte f ′(t) < 0 gia k�je t ∈ (a, b).

Apìdeixh An up rqan x, y ∈ (a, b) me f ′(x) < 0 < f ′(y) tìte f ′(ξ) = 0 gia
k�poio ξ ∈ (a, b) apì to Je¸rhma Darboux. 2

Parat rhsh 1.9 'Estw f : [a, b] → R suneq c kai f |(a,b) paragwgÐsimh.
An h f eÐnai aÔxousa, tìte f ′(x) ≥ 0 gia k�je x ∈ (a, b). Pr�gmati, f ′(x) =

limy→x
f(y)−f(x)

y−x
kai, efìson h f eÐnai aÔxousa, f(y)−f(x)

y−x
≥ 0 gia k�je y 6= x.

'Omwc an h f eÐnai gnhsÐwc aÔxousa (opìte f(y)−f(x)
y−x

> 0 gia k�je y 6= x) den

mporoÔme na sumper�noume ìti f ′(x) > 0 pantoÔ: par�deigma h f(x) = x3.

Je¸rhma 1.10 (Krit ria MonotonÐac) 'Estw f : [a, b] → R suneq c
kai f |(a,b) paragwgÐsimh.

(a) An f ′(x) > 0 gia k�je x ∈ (a, b), tìte h f eÐnai gnhsÐwc aÔxousa,
dhlad  x < y ⇒ f(x) < f(y).

(b) An f ′(x) ≥ 0 gia k�je x ∈ (a, b), tìte (kai mìnon tìte) h f eÐnai
aÔxousa, dhlad  x < y ⇒ f(x) ≤ f(y).

(g) An f ′(x) < 0 gia k�je x ∈ (a, b), tìte h f eÐnai gnhsÐwc fjÐnousa,
dhlad  x < y ⇒ f(x) > f(y).
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(d) An f ′(x) ≤ 0 gia k�je x ∈ (a, b), tìte (kai mìnon tìte) h f eÐnai
fjÐnousa, dhlad  x < y ⇒ f(x) ≥ f(y).

(e) An f ′(x) = 0 gia k�je x ∈ (a, b), tìte (kai mìnon tìte) h f eÐnai
stajer .

H idèa thc apìdeixhc: 'Estw a ≤ x < y ≤ b. Efarmìzontac to Je¸rhma
Mèshc Tim c sthn f |[x,y], brÐskoume ξ ∈ (x, y) me

f(y)− f(x) = f ′(ξ)(y − x).

Pìrisma 1.11 'Estw f, g : [a, b] → R suneqeÐc sunart seic kai èstw ìti
oi f ′ kai g′ up�rqoun kai eÐnai Ðsec sto (a, b). Tìte up�rqei c ∈ R ¸ste
f(t) = g(t) + c gia k�je t ∈ [a, b].

Parat rhsh 1.12 H upìjesh ìti h f orÐzetai se di�sthma den mporeÐ na
paraleifjeÐ. Gia par�deigma h sun�rthsh f : [0, 1]∪ [2, 3] me f(x) = 1 gia x ∈
[0, 1] kai f(x) = −1 gia x ∈ [2, 3] den eÐnai stajer , en¸ f ′(x) = 0 gia k�je
x ∈ (0, 1)∪ (2, 3). EpÐshc h f(x) = 1/x (x 6= 0) ikanopoieÐ f ′(x) = −1/x2 < 0
gia k�je x 6= 0 all� den eÐnai fjÐnousa.

Par�deigma 1.13 An p ∈ Q kai p > 1 tìte (1 + x)p > 1 + px gia k�je
x > −1. (Gia p ∈ N èqoume thn anisìthta Bernoulli.)

Apìdeixh 'Estw f(x) = (1+x)p− (1+px). 'Eqoume f ′(x) = p(1+x)p−1−p
�ra f ′′(x) = p(p− 1)(1 + x)p−2 > 0 gia x > −1. Epomènwc h f ′ eÐnai gnhsÐwc
aÔxousa sto [−1, +∞). Efìson f ′(0) = 0, èqoume:

sto (−1, 0) : f ′(x) < 0 �ra h f gnhsÐwc fjÐnousa, �ra f(x) > f(0) = 0
kai

sto (0, +∞) : f ′(x) > 0 �ra h f gnhsÐwc aÔxousa, �ra f(x) > f(0) = 0.

Je¸rhma 1.14 'Estw f : (a, b) → R paragwgÐsimh. Upojètoume ìti se
k�poio xo ∈ (a, b) èqoume f ′(xo) = 0 kai h f ′′(xo) up�rqei. Tìte

(i) An f ′′(xo) > 0, tìte h f èqei topikì el�qisto sto xo.
(ii) An f ′′(xo) < 0, tìte h f èqei topikì mègisto sto xo.

Ja apodeÐxoume pr¸ta thn akìloujh Prìtash:
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Prìtash 1.15 'Estw f : (a, b) → R paragwgÐsimh kai a < xo − δ < xo <
xo + δ < b.

(i) An f ′(x) < 0 gia k�je x ∈ (xo − δ, xo) kai f ′(x) > 0 gia k�je
x ∈ (xo, xo + δ), tìte h f èqei topikì el�qisto sto xo.

(ii) An f ′(x) > 0 gia k�je x ∈ (xo − δ, xo) kai f ′(x) < 0 gia k�je
x ∈ (xo, xo + δ), tìte h f èqei topikì mègisto sto xo.

(iii) An h f ′ diathreÐ prìshmo sto (xo − δ, xo + δ), (dhl. ikanopoieÐ
f ′(x)f ′(y) > 0 gia k�je x, y ∈ (xo − δ, xo + δ)) tìte h f den èqei topikì
akrìtato sto xo.

Ta parap�nw isqÔoun kai an upotejeÐ mìnon ìti h f eÐnai suneq c sto (a, b)
kai paragwgÐsimh sto (xo − δ, xo) ∪ (xo, xo + δ).

Apìdeixh (i) Epeid  f ′(x) < 0 gia k�je x ∈ (xo − δ, xo), h f eÐnai gnhsÐwc
fjÐnousa sto (xo− δ, xo). An loipìn xo− δ < s < t < xo èqoume f(s) > f(t)
�ra f(xo) = limt↗xo f(t) ≤ f(s) [m�lista f(xo) < f(s) (giatÐ?)]. EpÐshc
epeid  f ′(y) > 0 gia k�je y ∈ (xo, xo + δ) h f eÐnai gnhsÐwc aÔxousa sto
(xo, xo + δ) opìte omoÐwc èqoume f(xo) ≥ f(u) gia k�je u ∈ (xo, xo + δ).

To (ii) apodeiknÔetai me ton Ðdio trìpo.
Gia to (iii), an gia par�deigma f ′(x) > 0 gia k�je x ∈ (xo−δ, xo)∪(xo, xo+

δ), tìte h f eÐnai gnhsÐwc aÔxousa sto (xo− δ, xo) kai sto (xo, xo + δ). AfoÔ
eÐnai suneq c, èpetai ìti ja eÐnai gnhsÐwc aÔxousa sthn ènwsh (xo − δ, xo) ∪
(xo, xo + δ), epomènwc den mporeÐ na èqei topikì akrìtato sto xo.

ParathroÔme ìti sthn apìdeixh den qrhsimopoi jhke h Ôparxh thc para-
g¸gou sto xo. 2

Parat rhsh 1.16 H sunèqeia thc f sto xo den mporeÐ na paraleifjeÐ. 'Ena

par�deigma eÐnai h f : (−1, 1) → R me tÔpo f(x) =

{
−x an −1 < x < 0
x + 1 an 0 ≤ x < 1

h opoÐa den èqei el�qisto sto xo = 0, parìlo pou f ′(x) < 0 ìtan x < 0 kai
f ′(x) > 0 ìtan x > 0.

Apìdeixh Jewr matoc 1.14 'Estw ìti f ′′(xo) > 0. Exet�zoume th su-
n�rthsh g = f ′. AfoÔ h g′(xo) up�rqei kai eÐnai jetik , apì to L mma 1.2
up�rqei δ > 0 ¸ste

xo − δ < x < xo < y < xo + δ ⇒ f ′(x) < f ′(xo) < f ′(y).

AfoÔ f ′(xo) = 0, to sumpèrasma èpetai apì thn Prìtash 1.15.

OmoÐwc apodeiknÔetai to (ii). 2
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Parat rhsh 1.17 An f ′(xo) = f ′′(xo) = 0, tìte den èqoume en gènei kam-
mÐa plhroforÐa. Gia par�deigma, an f1(x) = x4, f2(x) = −x4, f3(x) = x5, tìte
sto 0 h f1 parousi�zei topikì el�qisto, h f2 topikì mègisto kai h f3 oÔte
mègisto oÔte el�qisto.

Prìtash 1.18 An h f : (a, b) → R eÐnai duo forèc paragwgÐsimh, tìte

f ′′(x) = lim
h→0

f(x + h) + f(x− h)− 2f(x)
h2

(x ∈ (a, b)).
Apìdeixh StajeropoioÔme èna x ∈ (a, b). Parat rhse pr¸ta ìti an all�xw to h
se −h h par�stash

f(x + h) + f(x− h)− 2f(x)
h2

den all�zei. 'Ara arkeÐ na exet�soume to pleurikì ìrio kaj¸c h → 0+.
'Estw loipìn h > 0 ¸ste [x − h, x + h] ⊆ (a, b). OrÐzoume mia {diorjwtik }

sun�rthsh g : [−h, h] → R me tÔpo

g(t) = (f(x + t) + f(x− t)− 2f(x))− t2

h2
(f(x + h) + f(x− h)− 2f(x))

opìte g(−h) = g(h) = 0. H g eÐnai suneq c sto [−h, h] kai paragwgÐsimh sto
(−h, h). Epomènwc apì to Je¸rhma Mèshc Tim c up�rqei ξh ∈ (−h, h) ¸ste
g′(ξh) = 0. 'Eqoume (upenjÔmish: ta x kai h eÐnai stajer�)

g′(ξh) = (f ′(x + ξh)− f ′(x− ξh))− 2
ξh

h2
(f(x + h) + f(x− h)− 2f(x)) = 0

�ra
f ′(x + ξh)− f ′(x− ξh)

2ξh
=

f(x + h) + f(x− h)− 2f(x)
h2

. (2)

Kaj¸c h → 0 èqoume ξh → 0 giatÐ |ξh| < h. Efìson h f ′′(x) up�rqei, ta ìria

lim
s→0+

f ′(x + s)− f ′(x)
s

kai lim
s→0−

f ′(x + s)− f ′(x)
s

= lim
t→0+

f ′(x− t)− f ′(x)
−t

up�rqoun kai eÐnai Ðsa, kai sunep¸c to aristerì skèloc thc (2) teÐnei sto

lim
ξh→0

1
2

(
f ′(x + ξh)− f ′(x)

ξh
+

f ′(x)− f ′(x− ξh)
ξh

)
= f ′′(x).

Epomènwc to ìrio tou dexioÔ skèlouc thc (2) up�rqei kai isoÔtai me f ′′(x). 2

ShmeÐwsh To antÐstrofo thc Prìtashc den isqÔei genik�: h sun�rthsh f(x) =
x|x| den èqei deÔterh par�gwgo sto 0, all� to ìrio

lim
h→0

f(h) + f(−h)− 2f(0)
h2

= lim
h→0+

h2 − h2

h2

up�rqei kai eÐnai mhdèn.
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Parat rhsh 1.19 'Estw ìti h f : (a, b) → R eÐnai suneq c sto (a, b) kai
paragwgÐsimh sto (a, b)\{xo}. An to ìrio lim

x→xo

f ′(x) up�rqei, tìte h f ′ orÐzetai

kai eÐnai suneq c sto xo.

Apìdeixh 'Estw lim
x→xo

f ′(x) = c. An dojeÐ ε > 0 up�rqei δ > 0 ¸ste

0 < |x− xo| < δ ⇒ |f ′(x)− c| < ε.

'Estw 0 < h < δ. Efarmìzontac to Je¸rhma Mèshc Tim c sthn f |[xo,xo+h],
brÐskoume ξh ∈ (xo, xo + h) ¸ste f(xo + h)− f(xo) = f ′(ξh)h. 'Eqoume∣∣∣∣f(xo + h)− f(xo)

h
− c

∣∣∣∣ = |f ′(ξh)− c| < ε

afoÔ 0 < |xo−ξh| < δ. Autì shmaÐnei ìti to pleurikì ìrio lim
h→0+

f(xo + h)− f(xo)

h
up�rqei kai isoÔtai me c. Me ton Ðdio trìpo (jewr¸ntac thn f |[xo−h,xo]) brÐ-

skoume ìti to �llo pleurikì ìrio lim
h→0−

f(xo + h)− f(xo)

h
up�rqei kai isoÔtai

epÐshc me c. Epomènwc

to ìrio f ′(xo) = lim
h→0

f(xo + h)− f(xo)

h
up�rqei kai isoÔtai me c = lim

x→xo

f ′(x).
2

Orismìc 1.2 To pleurikì ìrio lim
h→0+

f(xo + h)− f(xo)

h
, ìtan up�rqei, ono-

m�zetai h dexi� par�gwgoc thc f sto xo kai sumbolÐzetai f ′+(xo). OmoÐwc

to pleurikì ìrio lim
h→0−

f(xo + h)− f(xo)

h
, ìtan up�rqei, onom�zetai h ariste-

r� par�gwgoc thc f sto xo kai sumbolÐzetai f ′−(xo).

Parat rhsh 1.20 ParathroÔme ìti h apìdeixh thc prohgoÔmenhc parat -
rhshc èdeixe ìti:

An up�rqei to lim
x→xo+

f ′(x) tìte up�rqei h dexi� par�gwgoc kai f ′+(xo) =

lim
x→xo+

f ′(x) (omoÐwc gia thn arister� par�gwgo).

Je¸rhma 1.21 (Je¸rhma mèshc tim c tou Cauchy)
An f, g : [a, b] → R eÐnai suneqeÐc sunart seic pou eÐnai paragwgÐsimec sto
(a, b), tìte up�rqei ξ ∈ (a, b) ¸ste

(f(b)− f(a))g′(ξ) = (g(b)− g(a))f ′(ξ).
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Apìdeixh JewroÔme th sun�rthsh h : [a, b] → R me

h(x) = (f(x)− f(a))(g(b)− g(a))− (f(b)− f(a))(g(x)− g(a))

pou eÐnai suneq c sto [a, b] kai paragwgÐsimh sto (a, b). ParathroÔme ìti
h(b) = 0 = h(a), epomènwc apì to Je¸rhma Rolle up�rqei ξ ∈ (a, b) ¸ste
h′(ξ) = 0, dhlad 

f ′(ξ)(g(b)− g(a))− (f(b)− f(a))g′(ξ) = 0. 2

Pìrisma 1.22 'Estw f, g : [a, b] → R suneqeÐc sunart seic pou eÐnai para-
gwgÐsimec sto (a, b). Upojètoume epiplèon ìti
(a) g(b) 6= g(a) kai
(b) Oi sunart seic f ′ kai g′ den èqoun koin  rÐza sto (a, b).

Tìte up�rqei ξ ∈ (a, b) ¸ste

f(b)− f(a)

g(b)− g(a)
=

f ′(ξ)

g′(ξ)
.

Apìdeixh Apì to prohgoÔmeno Je¸rhma, up�rqei ξ ∈ (a, b) ¸ste

(f(b)− f(a))g′(ξ) = (g(b)− g(a))f ′(ξ)

isodÔnama
f(b)− f(a)

g(b)− g(a)
g′(ξ) = f ′(ξ).

'Omwc g′(ξ) 6= 0, giatÐ an g′(ξ) = 0 tìte apì thn teleutaÐa isìthta ja eÐqame
kai f ′(ξ) = 0, antÐjeta me thn upìjesh (b). Diair¸ntac loipìn me g′(ξ)
prokÔptei to zhtoÔmeno. 2

Je¸rhma 1.23 (L’Hospital) 'Estw f, g : (a, x0) ∪ (x0, b) → R paragwgÐ-
simec sunart seic me tic ex c idiìthtec:2

(a) g(x) 6= 0 kai g′(x) 6= 0 gia k�je x ∈ (a, x0) ∪ (x0, b).

(b) lim
x→x0

f(x) = lim
x→x0

g(x) = 0.

An up�rqei to lim
x→x0

f ′(x)
g′(x)

= ` ∈ R, tìte up�rqei to lim
x→x0

f(x)
g(x)

kai

lim
x→x0

f(x)

g(x)
= ` = lim

x→x0

f ′(x)

g′(x)
.

2(apì tic shmei¸seic tou A. Giannìpoulou)
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Apìdeixh EpekteÐnoume tic f kai g, orÐzont�c tic sto x0 me f(x0) = g(x0) =
0. AfoÔ

lim
x→x0

f(x) = lim
x→x0

g(x) = 0,

oi f kai g gÐnontai t¸ra suneqeÐc sto (a, b). Ja deÐxoume ìti

lim
x→x+

0

f(x)

g(x)
= ` = lim

x→x+
0

f ′(x)

g′(x)
.

'Eqoume
f(x)

g(x)
=

f(x)− f(x0)

g(x)− g(x0)

gia k�je x ∈ (x0, b). Oi f ′, g′ den èqoun koin  rÐza sto (x0, x) giatÐ h g′ den
mhdenÐzetai poujen�. EpÐshc g(x) 6= 0, dhlad  g(x)− g(x0) 6= 0. Efarmìzon-
tac loipìn to je¸rhma mèshc tim c tou Cauchy (Pìrisma 1.22) mporoÔme gia
k�je x ∈ (x0, b) na broÔme ξx ∈ (x0, x) ¸ste

f(x)

g(x)
=

f ′(ξx)

g′(ξx)
.

'Estw t¸ra ε > 0. Epeid  lim
x→x0

f ′(x)
g′(x)

= `, mporoÔme na broÔme δ > 0 ¸ste: an

x0 < ξ < x0 + δ tìte ∣∣∣∣f ′(ξ)g′(ξ)
− `

∣∣∣∣ < ε.

Epomènwc an x0 < x < x0 + δ tìte∣∣∣∣f(x)

g(x)
− `

∣∣∣∣ =

∣∣∣∣f ′(ξx)

g′(ξx)
− `

∣∣∣∣ < ε

(giatÐ x0 < ξx < x < x0 + δ). 'Ara,

lim
x→x+

0

f(x)

g(x)
= ` = lim

x→x+
0

f ′(x)

g′(x)
.

Me an�logo trìpo deÐqnoume ìti lim
x→x−0

f(x)
g(x)

= `. 2

O antÐstoiqoc kanìnac gia to +∞ eÐnai o ex c.
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Je¸rhma 1.24 'Estw f, g : (a, +∞) → R paragwgÐsimec sunart seic me
tic ex c idiìthtec:

(a) g(x) 6= 0 kai g′(x) 6= 0 gia k�je x > a.

(b) lim
x→+∞

f(x) = lim
x→+∞

g(x) = 0.

An up�rqei to lim
x→+∞

f ′(x)
g′(x)

= ` ∈ R, tìte up�rqei to lim
x→+∞

f(x)
g(x)

kai

lim
x→+∞

f(x)

g(x)
= ` = lim

x→+∞

f ′(x)

g′(x)
.

Apìdeixh. OrÐzoume f1, g1 :
(
0, 1

a

)
→ R me

f1(x) = f

(
1

x

)
kai g1(x) = g

(
1

x

)
.

Oi f1, g1 eÐnai paragwgÐsimec kai

f ′1(x)

g′1(x)
=
− 1

x2 f
′ ( 1

x

)
− 1

x2 g′
(

1
x

) =
f ′

(
1
x

)
g′

(
1
x

) .

'Eqoume lim
x→0+

f1(x) = lim
x→+∞

f(x) = 0 kai lim
x→0+

g1(x) = lim
x→+∞

g(x) = 0 (exh-

g ste giatÐ). EpÐshc, g1(x) 6= 0 kai g′1(x) 6= 0 gia k�je x ∈ (0, 1/a). Tèloc,

lim
x→0+

f ′1(x)

g′1(x)
= lim

x→0+

f ′
(

1
x

)
g′

(
1
x

) = lim
x→+∞

f ′(x)

g′(x)
.

'Ara, efarmìzetai to Je¸rhma 1.23 gia tic f1, g1 kai èqoume

lim
x→0+

f1(x)

g1(x)
= lim

x→0+

f ′1(x)

g′1(x)
= lim

x→+∞

f ′(x)

g′(x)
.

AfoÔ

lim
x→+∞

f(x)

g(x)
= lim

x→0+

f1(x)

g1(x)
,

èpetai to zhtoÔmeno. 2
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