
3 Seirèc

3.1 Basikèc ènnoiec

Orismìc 3.1 Mia akoloujÐa (an) pragmatik¸n arijm¸n lègetai ajroÐsi-
mh (me �jroisma s) an h akoloujÐa (sn) ìpou

s1 =a1

s2 =a1 + a2

. . . . . .

sn =a1 + . . . + an

. . . . . .

sugklÐnei (sto s). Gr�foume s =
∞∑

n=1

an.

Lème ìti h seir�
∞∑

n=1

an  
∑

an me genikì ìro an kai n-ostì merikì

�jroisma sn sugklÐnei. An h akoloujÐa (sn) den sugklÐnei lème ìti h
seir�

∑
an apoklÐnei.

An limn sn = +∞ (antÐstoiqa limn sn = −∞), lème ìti h seir�
∞∑

n=1

an

teÐnei sto +∞ (antÐstoiqa sto −∞). 1

ParadeÐgmata 3.1 Ta epìmena paradeÐgmata eÐnai basik�. Gia orismèna
apì aut� ja d¸soume parak�tw diaforetikèc apodeÐxeic   genikeÔseic.
(a) 'Estw x ∈ R. H gewmetrik  seir�

∞∑
n=0

xn

sugklÐnei (ston arijmì 1
1−x

) an kai mìnon an |x| < 1.

(b) H armonik  seir�

∞∑
n=1

1

n
= 1 +

1

2
+

1

3
+

1

4
+ . . .

apoklÐnei. M�lista
∞∑

n=1

1
n

= +∞.

(g) Genikìtera, an k ∈ Z, h seir�
∞∑

n=1

1
nk sugklÐnei an k > 1 kai apoklÐnei an

k ≤ 1.

1UpenjÔmish Mia akoloujÐa (xn) pragmatik¸n arijm¸n sugklÐnei ston pragmatikì
arijmì x an gia k�je ε > 0 up�rqei no ∈ N ¸ste gia k�je n ≥ no na èqoume |xn − x| < ε.
H akoloujÐa (xn) teÐnei sto +∞ an gia k�je M > 0 up�rqei no ∈ N ¸ste gia k�je n ≥ no

na èqoume xn > M .
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(d) H enall�ssousa armonik  seir�

∞∑
n=1

(−1)n+1

n
= 1− 1

2
+

1

3
− 1

4
+ . . .

sugklÐnei.

(e) H seir�
∞∑

n=0

(−1)n = 1− 1 + 1− 1 + . . . apoklÐnei.

Apìdeixh (a) Jètoume sn =
n∑

k=0

xk kai parathroÔme ìti |sn − sn−1| = |x|n.

Epomènwc an h seir� sugklÐnei, tìte limn sn = limn sn+1 �ra limn |x|n = 0,
pr�gma pou mporeÐ na sumbeÐ mìnon an |x| < 1. AntÐstrofa, an |x| < 1 tìte

sn − xsn = (1 + x + . . . + xn−1 + xn)− (x + x2 + . . . + xn + xn+1) = 1− xn+1

�ra

sn =
1

1− x
− xn+1

(
1

1− x

)
gia k�je n = 1, 2, . . . All� h akoloujÐa (xn) sugklÐnei sto mhdèn (efìson
|x| < 1) �ra to limn sn up�rqei kai isoÔtai me 1

1−x
.

(b) ParathroÔme ìti, gia k�je n = 1, 2, . . .,

an tn =1 +
1

2
+ . . .

1

n
tìte t2n = 1 +

1

2
+ . . .

1

n
+

1

n + 1
+ . . . +

1

2n

�ra t2n − tn =
1

n + 1
+

1

n + 2
+ . . . +

1

2n
≥ 1

2n
+

1

2n
+ . . . +

1

2n
≥ n

1

2n
=

1

2

dhlad  t2n − tn ≥ 1
2
gia k�je n = 1, 2, . . .. Autì shmaÐnei ìti h akoloujÐa

(tn) twn merik¸n ajroism�twn den sugklÐnei, diìti an sunèkline, èstw sto
t ∈ R, tìte kai h upakoloujÐa thc, (t2n), ja sunèkline kai aut  sto t, opìte
ja èprepe na isqÔei limn(t2n − tn) = 0.

(g) Jètoume rn =
n∑

m=1

1
mk . An k ≤ 1 tìte 1

mk ≥ 1
m

�ra rn ≥ tn kai sunep¸c

h (rn) teÐnei kai aut  sto +∞.
An k > 1 tìte, gia k�je m ≥ 2,

1

mk
≤ 1

m2
≤ 1

m(m− 1)
=

1

m− 1
− 1

m

�ra

rn = 1 +
1

2k
+

1

3k
+ · · · +

1

nk

≤ 1 +

(
1− 1

2

)
+

(
1

2
− 1

3

)
+ · · · +

(
1

n− 1
− 1

n

)
2



= 2− 1
n

< 2

kai sunep¸c h (rn) eÐnai aÔxousa kai fragmènh, �ra sugklÐnei2.

(d) An un =
n∑

k=1

(−1)k+1

k
, tìte

u2n =

(
1− 1

2

)
+

(
1

3
− 1

4

)
+. . .+

(
1

2n−3
− 1

2n−2

)
+

(
1

2n−1
− 1

2n

)
�ra, epeid  oi ìroi pou brÐskontai se k�je parènjesh eÐnai jetikoÐ, h (u2n)
eÐnai (gnhsÐwc) aÔxousa. EÐnai ìmwc kai �nw fragmènh, diìti

u2n ≤
(
1− 1

2

)
+

(
1

3
− 1

4

)
+. . .+

(
1

2n−3
− 1

2n−2

)
+

(
1

2n−1
− 1

2n

)
+

(
1

2
− 1

3

)
+

(
1

4
− 1

5

)
+ . . . +

(
1

2n−2
− 1

2n−1

)
= 1− 1

2n
< 1

kai sunep¸c h (u2n) sugklÐnei, èstw sto u. All� u2n+1 = u2n + 1
2n+1

kai

sunep¸c (afoÔ 1
2n+1

→ 0) h (u2n+1) sugklÐnei kai aut  sto Ðdio ìrio. Autì
ìmwc deÐqnei ìti h (un) sugklÐnei3 sto u.

(e) An sumbolÐsoume vn to n-ostì merikì �jroisma thc seir�c, tìte v2n = 1
kai v2n+1 = 0, �ra h (vn) èqei dÔo upakoloujÐec pou den sugklÐnoun sto Ðdio
ìrio, kai sunep¸c h (vn) apoklÐnei.

Parat rhsh 3.2 An h
∑

an sugklÐnei tìte an → 0 (to antÐstrofo DEN
isqÔei p�nta: par�deigma h armonik  seir�).

Apìdeixh An h akoloujÐa (sn) twn merik¸n ajroism�twn sugklÐnei, èstw
sto s, tìte limn sn−1 = s = limn sn �ra limn(sn − sn−1) = 0. All� an =
sn − sn−1 kai sunep¸c limn an = 0.

ShmeÐwsh H prohgoÔmenh parat rhsh suqn� qrhsimopoieÐtai sthn morf :

An an 9 0 tìte h seir�
∑

an den sugklÐnei.

Parat rhsh 3.3 An dÔo akoloujÐec (an) kai (bn) eÐnai telik� Ðsec, dhl.
up�rqei no ¸ste an = bn gia k�je n ≥ no, tìte oi seirèc

∑
an kai

∑
bn  

apoklÐnoun kai oi dÔo,   sugklÐnoun kai oi dÔo (ìqi bèbaia kat�an�gkh sto Ðdio
�jroisma).

2To sumpèrasma isqÔei kai ìtan o k den eÐnai akèraioc. Dec Pìrisma 3.26.
3Dec mia diaforetik  apìdeixh sto Pìrisma 3.20
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Pr�gmati, an (sn) kai (tn) eÐnai ta merik� ajroÐsmata twn dÔo seir¸n, tìte gia
k�je n ≥ no èqoume

sn = tn + c,

ìpou c =
no∑

k=1

(ak − bk), stajer�.

Oi epìmenec duo prot�seic eÐnai anadiatup¸seic twn antÐstoiqwn idiot twn
twn akolouji¸n.

Prìtash 3.4 An oi
∑

an kai
∑

bn sugklÐnoun kai oi dÔo kai λ ∈ R, tìte
oi
∑

(an + bn) kai
∑

λan sugklÐnoun kai∑
(an + bn) =

∑
an +

∑
bn,

∑
λan = λ

∑
an.

Epomènwc, an h
∑

an sugklÐnei kai h
∑

bn apoklÐnei tìte h
∑

(an + bn)
apoklÐnei.

Prìtash 3.5 An h seir�
∑

an sugklÐnei, tìte h akoloujÐa (sn) eÐnai frag-
mènh (to antÐstrofo den isqÔei p�nta: par�deigma h

∑
(−1)n).

Prìtash 3.6 (krit rio Cauchy) H seir�
∑

an sugklÐnei an kai mìnon
an gia k�je ε > 0 up�rqei no ∈ N ¸ste

m > n ≥ no =⇒

∣∣∣∣∣
m∑

k=n+1

ak

∣∣∣∣∣ < ε. (1)

Apìdeixh H seir�
∑

an sugklÐnei an kai mìnon an h akoloujÐa (sn) twn
merik¸n ajroism�twn eÐnai basik  akoloujÐa (akoloujÐa Cauchy). Autì sum-
baÐnei an kai mìnon an gia k�je ε > 0 up�rqei no ∈ N ¸ste gia k�je m, n ≥ no

isqÔei |sm − sn| < ε. Epeid  |sm − sn| = |sn − sm|, mporoÔme na upojèsoume
ìti m > n, opìte

|sm − sn| =

∣∣∣∣∣
m∑

k=1

ak −
n∑

k=1

ak

∣∣∣∣∣ =

∣∣∣∣∣
m∑

k=n+1

ak

∣∣∣∣∣ .
Dhlad  h (sn) eÐnai basik  akoloujÐa an kai mìnon an isqÔei h (1). 2

Pìrisma 3.7 An h seir�
∑
|an| sugklÐnei, tìte h

∑
an sugklÐnei.

Apìdeixh 'Amesh apì to krit rio Cauchy, efìson∣∣∣∣∣
m∑

k=n+1

ak

∣∣∣∣∣ ≤
m∑

k=n+1

|ak|.

Orismìc 3.2 Lème ìti h seir�
∑

an sugklÐnei apìluta ìtan h seir�∑
|an| sugklÐnei.

4



Parat rhsh 3.8 To antÐstrofo tou teleutaÐou porÐsmatoc den isqÔei p�n-

ta: Gia par�deigma h enall�ssousa armonik  seir�
∑ (−1)n

n
sugklÐnei, all�

den sugklÐnei apìluta, afoÔ h
∑∣∣∣ (−1)n

n

∣∣∣ =
∑

1
n
apoklÐnei.

Parat rhsh 3.9 (seirèc jetik¸n ìrwn) An bn ≥ 0 gia k�je n, tìte

h akoloujÐa (sn) twn merik¸n ajroism�twn sn =
n∑

k=1

bk eÐnai aÔxousa. Epomè-

nwc h
∑

bn   sugklÐnei   teÐnei sto +∞. M�lista

∞∑
k=1

bk = sup

{
n∑

k=1

bk : n ∈ N

}
.

Prìtash 3.10 (Krit rio sÔgkrishc) An 0 ≤ an ≤ bn gia k�je n,
tìte

h
∑

bn sugklÐnei =⇒ h
∑

an sugklÐnei

h
∑

an apoklÐnei =⇒ h
∑

bn apoklÐnei

Apìdeixh Gia k�je n ∈ N, èqoume

n∑
k=1

ak ≡ sn ≤
n∑

k=1

bk ≡ tn.

An loipìn h
∑

an apoklÐnei, opìte sn → +∞, tìte kai tn → +∞. An h
∑

bn

sugklÐnei, èstw sto t, tìte sn ≤ t gia k�je n, opìte limn sn = supn sn ≤ t.

Parathr seic 3.11 (a) An 0 ≤ an ≤ bn gia k�je n kai h
∑

bn sugklÐnei,
tìte

∑
an ≤

∑
bn, ìpwc mìlic deÐxame. An m�lista ak < bk gia k�poio k,

tìte
∑

an <
∑

bn.
Pr�gmati, gia k�je n ≥ k èqoume

tn − sn =
n∑

m=1

(bm − am) ≥ bk − ak > 0

epomènwc limn(tn − sn) ≥ bk − ak > 0, �ra
∑

an <
∑

bn.

(b) To sumpèrasma tou KrithrÐou SÔgkrishc isqÔei kai ìtan oi anisìthtec
0 ≤ an ≤ bn isqÔoun telik�, dhlad  up�rqei k�poio no ¸ste 0 ≤ an ≤ bn gia
k�je n > no. Pr�gmati, ìpwc eÐdame sthn Parat rhsh 3.3, oi pr¸toi no ìroi
miac seir�c den ephre�zoun th sÔgklish thc seir�c (all� mìnon thn tim  tou
ajroÐsmatoc).

To epìmeno qr simo L mma genikeÔei thn parat rhsh aut .
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L mma 3.12 'Estw (an), (bn) dÔo akoloujÐec jetik¸n arijm¸n. An up�r-
qoun K, L > 0 kai no ∈ N ¸ste

Kbn ≤ an ≤ Lbn gia k�je n ≥ no,

tìte ∑
an < +∞ ⇐⇒

∑
bn < +∞

Apìdeixh An h
∑

an sugklÐnei tìte apì thn anisìthta Kbn ≤ an gia k�je
n ≥ no èpetai, sÔmfwna me thn teleutaÐa parat rhsh, ìti h

∑
Kbn sugklÐnei

kai sunep¸c ìti h
∑

bn sugklÐnei.
An p�li h

∑
bn sugklÐnei tìte apì thn anisìthta an ≤ Lbn gia k�je n ≥ no

èpetai ìti h
∑

an sugklÐnei. 2

Prìtash 3.13 (Oriakì Krit rio SÔgkrishc) 'Estw (an), (bn) dÔo
akoloujÐec jetik¸n arijm¸n. Upojètoume ìti to ìrio limn

an

bn
= ` up�rqei.

An 0 < ` < +∞ tìte∑
bn < +∞ ⇐⇒

∑
an < +∞

An ` = 0 tìte ∑
bn < +∞ =⇒

∑
an < +∞

(�ra
∑

an = +∞ =⇒
∑

bn = +∞)

An limn
an

bn
= +∞ tìte∑

an < +∞ =⇒
∑

bn < +∞

(�ra
∑

bn = +∞ =⇒
∑

an = +∞)

Apìdeixh (a) 'Estw 0 < ` < +∞. Efìson h akoloujÐa (an

bn
) sugklÐnei

ston jetikì arijmì `, apì ton orismì thc sÔgklishc up�rqei no ∈ N ¸ste gia

k�je n ≥ no na isqÔei
∣∣∣an

bn
− `
∣∣∣ < `

2
, �ra `

2
< an

bn
< 3`

2
, opìte h anisìthta tou

L mmatoc 3.12 isqÔei gia k�je n ≥ no me K = `
2
kai L = 3`

2
.

(b) 'Estw ` = 0. Tìte gia k�je ε > 0 up�rqei no ∈ N ¸ste gia k�je n ≥ no

na isqÔei an

bn
< ε �ra an < εbn. Apì to krit rio sÔgkrishc èqoume ìti, an

h
∑

bn sugklÐnei, opìte kai h
∑

εbn ja sugklÐnei, tìte h
∑

an sugklÐnei.
Epomènwc an h

∑
an apoklÐnei den mporeÐ na sugklÐnei h

∑
bn.

(g) 'Estw limn
an

bn
= +∞. Tìte gia k�je ε > 0 up�rqei no ∈ N ¸ste gia

k�je n ≥ no na isqÔei an

bn
> ε �ra an > εbn. To sumpèrasma èpetai p�li apì

to krit rio sÔgkrishc ìpwc prin. 2

6



Prìtash 3.14 (Krit rio rÐzac) 'Estw ìti to limn |an|1/n = ρ up�rqei
  eÐnai +∞.

(i) An 0 ≤ ρ < 1 tìte h
∑

an sugklÐnei apìluta.
(ii) An ρ > 1 tìte h

∑
an apoklÐnei.

ShmeÐwsh Sthn perÐptwsh ρ = 1 h seir� mporeÐ na sugklÐnei apìluta, na
sugklÐnei apl�   na apoklÐnei.

ParadeÐgmata 3.15 UpenjumÐzoume ìti limn
n
√

n = 1 opìte limn
n

√
1
n

= 1

kai limn
n

√
1
n2 = 1.

(a) H
∑

1
n
apoklÐnei.

(b) H
∑ (−1)n

n
sugklÐnei, all� ìqi apìluta.

(g) H
∑ (−1)n

n2 sugklÐnei apìluta.

Apìdeixh tou krithrÐou rÐzac (i) 'Estw ρ < 1. Up�rqei tìte ε > 0
¸ste ρ+ ε < 1. Apì ton orismì thc sÔgklishc akoloujÐac èpetai ìti up�rqei
no ¸ste n

√
|an| < ρ + ε gia k�je n ≥ no. 'Eqoume loipìn

∞∑
n=1

|an| =
no−1∑
n=1

|an|+
∞∑

n=no

|an| ≤
no−1∑
n=1

|an|+
∞∑

n=no

(ρ + ε)n.

All� h seir�
∑

(ρ + ε)n eÐnai gewmetrik  me lìgo mikrìtero apì 1, �ra sug-
klÐnei, kai epomènwc sugklÐnei kai h

∑
|an| apì to krit rio sÔgkrishc.

(ii) An ρ > 1 up�rqoun �peiroi deÐktec n ¸ste |an|1/n > 1 ⇒ |an| > 1 kai
�ra an 9 0, opìte h seir� apoklÐnei (Pìrisma 3.2). 2

ParathroÔme ìti sthn apìdeixh tou krithrÐou rÐzac den qrhsimopoi jhke
pl rwc h upìjesh ìti h akoloujÐa (|an|1/n) sugklÐnei ston arijmì ρ, all�
mìnon ìti den èqei upakoloujÐa pou na sugklÐnei se megalÔtero arijmì. Aut 
eÐnai h idèa gia thn eklèptunsh tou krithrÐou pou ja doÔme argìtera, ki h opoÐa
basÐzetai sthn ènnoia tou an¸terou orÐou (limes superior) miac akoloujÐac.

Prìtash 3.16 (Krit rio lìgou) 'Estw ìti an 6= 0 gia k�je n kai ìti
to ìrio limn |an+1

an
| = θ up�rqei   eÐnai +∞.

(i) An 0 ≤ θ < 1 tìte h
∑

an sugklÐnei apìluta.
(ii) An θ > 1 tìte h

∑
an apoklÐnei.

(iii) An θ = 1 den èqoume kanèna sumpèrasma.

ShmeÐwsh Sthn perÐptwsh θ = 1 h seir� mporeÐ na sugklÐnei apìluta, na
sugklÐnei apl�   na apoklÐnei. Dec pq. ta ParadeÐgmata 3.15.

To krit rio lìgou eÐnai �mesh sunèpeia tou krithrÐou rÐzac4, an qrhsimo-
poi sei kaneÐc to gnwstì

4Dec mia �llh apìdeixh met� thn Prìtash 3.27
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L mma 3.17 'Estw (bn) akoloujÐa me bn > 0 gia k�je n. An to ìrio

limn
bn+1

bn
up�rqei, tìte up�rqei kai to lim n

√
bn kai eÐnai Ðsa. (To antÐstro-

fo den isqÔei p�nta.)

Prìtash 3.18 (Leibniz) An b1 ≥ b2 ≥ · · · ≥ 0 kai bn → 0, tìte h seir�

∞∑
k=1

(−1)k+1bk = b1 − b2 + b3 − b4 + . . .

sugklÐnei.5

Apìdeixh An (sn) eÐnai h akoloujÐa twn merik¸n ajroism�twn, parathroÔme
ìti h upakoloujÐa (s2n) eÐnai aÔxousa kai fragmènh (kai h upakoloujÐa (s2n−1)
eÐnai fjÐnousa kai fragmènh). Pr�gmati, gia k�je n ∈ N, efìson h (bn) eÐnai
fjÐnousa, èqoume

s2n+2 = s2n + (b2n+1 − b2n+2) ≥ s2n

s2n+1 = s2n−1 − (b2n − b2n+1) ≤ s2n−1

kai s2n = s2n−1 − b2n ≤ s2n−1.

�ra
s2 ≤ s4 ≤ . . . ≤ s2n ≤ s2n−1 ≤ . . . ≤ s3 ≤ s1.

Epomènwc h (s2n) sugklÐnei, èstw sto s. Epeid  ìmwc bn → 0, h sqèsh

s2n−1 = s2n + b2n

deÐqnei ìti kai h (s2n−1) sugklÐnei sto Ðdio ìrio.
Sunep¸c h (sn) sugklÐnei. 2

Parat rhsh 3.19 MporoÔme m�lista na ektim soume kai to {sf�lma}
|sn − s| wc ex c:

AfoÔ h (s2n) aux�nei proc to s kai h (s2n−1) fjÐnei proc to s, èqoume gia
k�je n = 1, 2, . . .:

s2n ≤ s ≤ s2n+1 ⇒ 0 ≤ s− s2n ≤ s2n+1 − s2n = b2n+1

s2n ≤ s ≤ s2n−1 ⇒ s2n − s2n−1 ≤ s− s2n−1 ≤ 0

⇒ |s− s2n−1| ≤ |s2n − s2n−1| = |b2n|

kai �ra |sn − s| ≤ |bn+1| gia k�je n.

Pìrisma 3.20 H enall�ssousa armonik  seir�
∑ (−1)n

n
sugklÐnei.

5Dec mia �llh apìdeixh met� thn Prìtash 3.24.
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3.2 To dekadikì an�ptugma

O sumbolismìc 1
3

= 0, 33 . . . shmaÐnei 1
3

= 3
10

+ 3
100

+ . . . dhlad 
1

3
=

∞∑
n=1

3

10n
.

Pr�gmati, h seir�
∞∑

n=1

1

10n
eÐnai gewmetrik  me lìgo 1

10
< 1, �ra sugklÐnei kai

∞∑
n=1

3

10n
= 3

∞∑
n=1

1

10n
= 3

1
10

1− 1
10

=
1

3
.

Gia ton Ðdio lìgo,

0, 999 . . . =
∞∑

n=1

9

10n
= 9

1
10

1− 1
10

= 1.

Genikìtera, an an ∈ {0, 1, . . . , 9} (n ∈ N) eÐnai {dekadik� yhfÐa}, h seir�

∞∑
n=1

an

10n

sugklÐnei se pragmatikì arijmì (sto [0, 1]). Pr�gmati, efìson 0 ≤ an ≤ 9
gia k�je n ∈ N, èqoume

0 ≤
∞∑

n=1

an

10n
≤

∞∑
n=1

9

10n
= 1

(krit rio sÔgkrishc).
AntÐstrofa, k�je pragmatikìc arijmìc (rhtìc   �rrhtoc) èqei èna dekadi-

kì an�ptugma. Pr�gmati, afair¸ntac to akèraio mèroc tou arijmoÔ, blèpoume
ìti arkeÐ na apodeÐxoume thn

Prìtash 3.21 An a ∈ (0, 1) up�rqoun an ∈ {0, 1, . . . , 9} (n ∈ N) ¸ste

a =
∞∑

n=1

an

10n
.

Apìdeixh Jètw a1 = [10a] (to akèraio mèroc tou 10a) opìte a1 ∈ {0, 1, . . . , 9}
kai a1 ≤ 10a < a1 + 1 �ra a1

10
≤ a < a1

10
+ 1

10
epomènwc

0 ≤ a− a1

10
<

1

10

(sf�lma mikrìtero apì 1
10
). 'Epetai ìti 0 ≤ 100

(
a− a1

10

)
< 10. An loipìn

jèsw a2 = [100
(
a− a1

10

)
] tìte a2 ∈ {0, 1, . . . , 9} kai a2 ≤ 100

(
a− a1

10

)
< a2+1

�ra a2

100
≤ a− a1

10
< a2

100
+ 1

100
, epomènwc

0 ≤ a−
(a1

10
+

a2

102

)
<

1

102

9



(sf�lma mikrìtero apì 1
100

). SuneqÐzw epagwgik�: An èqw breÐ a1, a2, . . . , an−1 ∈
{0, 1, . . . , 9} ¸ste

0 ≤ a−
n−1∑
k=1

ak

10k
<

1

10n−1

tìte 0 ≤ 10n

(
a−

n−1∑
k=1

ak

10k

)
< 10, �ra up�rqei an ∈ {0, 1, . . . , 9} ¸ste an ≤

10n

(
a−

n−1∑
k=1

ak

10k

)
< an + 1 opìte

0 ≤ a−

(
n−1∑
k=1

ak

10k
+

an

10n

)
<

1

10n
.

H anisìthta aut  isqÔei loipìn gia k�je n ∈ N kai deÐqnei (afoÔ 1
10n → 0)

ìti h seir�
∞∑

k=1

ak

10k sugklÐnei sto a. 2

Erwt seic
(1) Pìte ènac arijmìc èqei monadikì dekadikì an�ptugma?
(2) Pìte ènac arijmìc èqei dekadikì an�ptugma pou termatÐzetai?
(3) Pìte èna dekadikì an�ptugma anaparist� rhtì arijmì?

3.3 O arijmìc e tou Euler

UpenjumÐzoume ìti h akoloujÐa
((

1 + 1
n

)n)
sugklÐnei s�ènan arijmì metaxÔ 2

kai 3, o opoÐoc onom�zetai arijmìc tou Euler kai sumbolÐzetai e.

Prìtash 3.22 'Estw sn =
n∑

k=0

1
k!
. Tìte

(i)
∞∑

k=0

1
k!

= e.

(ii) 0 < e− sn < 1
n!n

gia k�je n = 1, 2, . . ..
(iii) O arijmìc e eÐnai �rrhtoc.

Apìdeixh (i) H seir�
∞∑

k=0

1
k!

sugklÐnei apì to krit rio lìgou. 'Estw a to

�jroism� thc. Ja deÐxoume ìti e ≤ a kai ìti e ≥ a, �ra e = a. Apì to
diwnumikì an�ptugma èqoume gia k�je n(

1 +
1

n

)n

= 1 +
n∑

k=1

n(n− 1) . . . (n− k + 1)

k!

1

nk

= 1 +
n∑

k=1

1

k!

n

n

n− 1

n
. . .

n− k + 1

n

< 1 +
n∑

k=1

1

k!
<

∞∑
k=0

1

k!
= a

10



�ra e = limn

(
1 + 1

n

)n ≤ a.
Apì thn �llh meri�, an stajeropoi soume èna m ∈ N, gia k�je n > m

èqoume, (
1 +

1

n

)n

= 1 +
n∑

k=1

1

k!
1

(
1− 1

n

)
. . .

(
1− k − 1

n

)
> 1 +

m∑
k=1

1

k!
1

(
1− 1

n

)
. . .

(
1− k − 1

n

)
.

Sthn anisìthta aut  {paÐrnoume ìria} kaj¸c n → ∞ (to m eÐnai stajerì):
to �jroisma èqei peperasmèno pl joc prosjetèwn kai k�je prosjetèoc
1
k!

(
1− 1

n

)
. . .
(
1− k−1

n

)
tou ajroÐsmatoc teÐnei sto 1

k!
kaj¸c n → ∞, �ra to

ìrio lim
n→∞

m∑
k=1

1
k!

1
(
1− 1

n

)
up�rqei kai isoÔtai me

m∑
k=1

1
k!

lim
n

(1− 1
n
) . . . lim

n
(1− k−1

n
) = 1 +

m∑
k=1

1
k!
. Sunep¸c

e = lim
n→∞

(1 +
1

n
)n ≥ 1 + lim

n→∞

m∑
k=1

1

k!
1

(
1− 1

n

)
. . .

(
1− k − 1

n

)
= 1 +

m∑
k=1

1

k!
= sm.

Epomènwc e ≥ sm gia k�je m ∈ N kai �ra e ≥ lim
m

sm = a. Telik¸c loipìn
e = a.

(ii) Gia k�je n ∈ N,

0 < e− sn =
∞∑

k=n+1

1

k!

=
1

n!

(
1

n + 1
+

1

(n + 1)(n + 2)
+

1

(n + 1)(n + 2)(n + 3)
+ . . .

)
≤ 1

n!

(
1

n + 1
+

1

(n + 1)2
+

1

(n + 1)3
+ . . .

)
=

1

n!

1
n+1

1− 1
n+1

=
1

n!n
.

(iii) Upojètoume ìti e ∈ Q kai gr�foume6 e = m
n
. 'Eqoume

0 < e− sn ≤
1

n!n
⇒ 0 <

m

n
− sn ≤

1

n!n

⇒ 0 < (n− 1)!m− n!sn ≤
1

n
< 1.

O arijmìc (n− 1)!m eÐnai akèraioc. O arijmìc

n!sn =
n∑

k=0

n!

k!
=

n∑
k=0

1 · 2 . . . (k − 1)k(k + 1) . . . n

1 · 2 . . . (k − 1)k
=

n∑
k=0

(k + 1)(k + 2) . . . n

6'Eqoume deÐxei ìti 2 < e < 3 �ra o e den eÐnai akèraioc (opìte n > 1).
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eÐnai epÐshc akèraioc. Epomènwc h diafor� touc den mporeÐ na brÐsketai sto
(0, 1).

3.4 Sumplhr¸mata

L mma 3.23 (�jroish kat� mèrh) An b1 ≥ b2 ≥ . . . ≥ bn ≥ 0 kai
ak ∈ R, tìte jètontac sk = a1 + a2 + . . . + ak kai s0 = 0, èqoume gia k�je
m, n ∈ N me n ≥ m ≥ 1,

n∑
k=m

akbk =
n−1∑
k=m

sk(bk − bk+1) + snbn − sm−1bm

Apìdeixh 'Eqoume

n∑
k=m

akbk =
n∑

k=m

(sk − sk−1)bk =
n∑

k=m

skbk −
n∑

k=m

sk−1bk

=
n∑

k=m

skbk −

(j=k−1)
n−1∑

j=m−1

sjbj+1

=
n−1∑
k=m

skbk + snbn − sm−1bm −
n−1∑
j=m

sjbj+1

=
n−1∑
k=m

skbk + snbn − sm−1bm −

(k=j)
n−1∑
k=m

skbk+1

=
n−1∑
k=m

sk(bk − bk+1) + snbn − sm−1bm.

Prìtash 3.24 (Dirichlet)
'Estw (ak) kai (bk) akoloujÐec pragmatik¸n arijm¸n. An h (bn) eÐnai fjÐnousa
kai teÐnei sto 0 kai ta merik� ajroÐsmata thc seir�c

∑
ak eÐnai fragmèna,

dhlad 

(i) up�rqei M < ∞ me

∣∣∣∣∣
n∑

k=1

ak

∣∣∣∣∣ ≤ M gia k�je n ∈ N,

(ii) b1 ≥ b2 ≥ . . . ≥ bn ≥ 0 gia k�je n ∈ N
kai (iii) bn → 0,

tìte h seir�
∑

bkak sugklÐnei.
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Apìdeixh An n, m ∈ N kai n > m, èqoume apì to L mma∣∣∣∣∣
n∑

k=m

akbk

∣∣∣∣∣ =

∣∣∣∣∣
n−1∑
k=m

sk(bk − bk+1) + snbn − sm−1bm

∣∣∣∣∣
≤

n−1∑
k=m

|sk|(bk − bk+1) + |sn|bn + |sm−1|bm (giatÐ bn, bm, bk − bk+1 ≥ 0)

≤
n−1∑
k=m

M(bk − bk+1) + Mbn + Mbm

= M(bm − bn) + Mbn + Mbm = 2Mbm.

Epomènwc, an dojeÐ ε > 0, afoÔ bn → 0, brÐskoume no ∈ N ¸ste bm < ε
2M

ìtan m ≥ no, opìte, gia k�je n > m ≥ no èqoume apì thn prohgoÔmenh
anisìthta ∣∣∣∣∣

n∑
k=m

akbk

∣∣∣∣∣ < ε.

Dhlad  h seir� ikanopoieÐ to krit rio Cauchy kai sunep¸c sugklÐnei. 2

H Prìtash 3.18 (Leibniz) eÐnai �meso pìrisma. ArkeÐ na parathr soume

ìti

∣∣∣∣∣
n∑

k=1

(−1)k+1

∣∣∣∣∣ ≤ 1 gia k�je n. 2

Prìtash 3.25 (Krit rio sumpÔknwshc) An an ≥ 0 gia k�je n kai
h (an) eÐnai fjÐnousa, tìte h

∑
an sugklÐnei an kai mìnon an h

∑
2na2n

sugklÐnei.

Apìdeixh 'Eqoume

0 ≤ 2a2 ≤ 2(a1 + a2)

0 ≤ 4a4 ≤ 2(a3 + a4)

0 ≤ 8a8 ≤ 2(a5 + a6 + a7 + a8)

. . . . . .

0 ≤ 2na2n ≤ 2
2n∑

m=2n−1+1

am (n ≥ 2)

prosjètontac kat� mèlh

0 ≤
n∑

k=1

2ka2k ≤ 2
2n∑

m=1

am

�ra an
∑

an < ∞ tìte h

(
n∑

k=1

2ka2k

)
n

eÐnai fragmènh kai sunep¸c sugklÐnei.

Apì thn �llh meri�,
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a1 ≤ a1

a2 + a3 ≤ 2a2

a4 + a5 + a6 + a7 ≤ 4a4

a8 + a9 + . . . + a15 ≤ 8a8

. . . . . .
2n−1∑

k=2n−1

ak ≤ 2n−1a2n−1

prosjètontac kat� mèlh
2n−1∑
k=1

ak ≤
n∑

m=1

2m−1a2m−1

�ra an
∑

2na2n < ∞ tìte h seir� jetik¸n ìrwn
∑

an eÐnai fragmènh, opìte
sugklÐnei kai m�lista

∞∑
k=1

ak ≤
∞∑

m=0

2ma2m .

Pìrisma 3.26 'Estw q ∈ Q. H seir� 7
∑

1
nq sugklÐnei an kai mìnon an

q > 1 kai tìte
∞∑

n=1

1

nq
<

(
1− 1

2q−1

)−1

.

Apìdeixh An q ≤ 0 tìte h akoloujÐa
(

1
nq

)
den teÐnei sto 0 kai �ra h

∑
1
nq

apoklÐnei.

'Estw q > 0. H akoloujÐa ( 1
nq ) eÐnai fjÐnousa kai sunep¸c h seir�∑

1
nq èqei thn Ðdia sumperifor� (wc proc th sÔgklish) me thn

∑
2n 1

(2n)q =∑(
1

2q−1

)n
. All� h teleutaÐa eÐnai gewmetrik , epomènwc sugklÐnei an kai mì-

non an o lìgoc
1

2q−1
eÐnai gnhsÐwc mikrìteroc apì 1, dhlad  an kai mìnon an

q − 1 > 0. 'Otan q > 1 èqoume

∞∑
n=1

1

nq
≤

∞∑
m=0

2m 1

(2m)q
=

∞∑
m=0

(
1

2q−1

)m

=

(
1− 1

2q−1

)−1

. (2)

M�lista, epeid 
∞∑

n=1

1

nq
= 1 +

1

2q
+

1

3q
+

∞∑
n=4

1

nq

en¸
∞∑

m=0

2m

(
1

2q

)m

= 1 +

(
1

2q
+

1

2q

)
+

∞∑
m=2

2m

(
1

2q

)m

7O mìnoc lìgoc pou periorizìmaste sthn perÐptwsh q ∈ Q eÐnai ìti den èqoume orÐsei
(akìma) to nx ìtan o x eÐnai �rrhtoc.
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h anisìthta (2) eÐnai gn sia. 2

ParadeÐgmata:
∞∑

n=1

1

n2
< 2,

∞∑
n=1

1

n3
<

4

3
.

DeÔterh apìdeixh (Karajeodwr ) UpenjÔmish: DeÐxame sto par�-

deigma 3.1 (g) ìti h seir�
∑ 1

n2
sugklÐnei qrhsimopoi¸ntac thn anisìthta

1

(n + 1)2
≤ 1

n(n + 1)
=

1

n
− 1

n + 1

EpekteÐnontac thn idèa thc apìdeixhc aut c, ja deÐxoume ìti h
∑ 1

nq
sug-

klÐnei gia k�je q > 1. ArkeÐ na apodeÐxoume ìti

Isqurismìc An p > 0, tìte gia k�je n = 1, 2, . . . isqÔei h anisìthta

1

(n + 1)p+1
<

1

p

(
1

np
− 1

(n + 1)p

)
. (3)

An deqjoÔme ton isqurismì, jètontac p = q− 1 > 0, èqoume gia k�je N ∈ N,

N+1∑
m=1

1

mq
= 1 +

N∑
n=1

1

(n + 1)p+1

< 1 +
1

p

N∑
n=1

(
1

np
− 1

(n + 1)p

)
= 1 +

1

p

(
1− 1

(N + 1)p

)
< 1 +

1

p

(diìti p > 0) opìte h seir�
∑

1
np sugklÐnei, kai m�lista to �jroism� thc den

uperbaÐnei ton arijmì 1 + 1
p
.

Apìdeixh isqurismoÔ JewroÔme th sun�rthsh f(t) =
1

tp
, t > 0. H f

eÐnai paragwgÐsimh kai f ′(t) = −p
1

tp+1
. Gia k�je n = 1, 2, . . ., efarmìzoume to

Je¸rhma Mèshc Tim c sthn f sto di�sthma [n, n+1]: Up�rqei xn ∈ (n, n+1)
¸ste

f(n + 1)− f(n) = f ′(xn)

dhlad 
1

(n + 1)p
− 1

np
= −p

1

xp+1
n

�ra
1

p

(
1

np
− 1

(n + 1)p

)
=

1

xp+1
n

.

All� xn < n + 1 kai p + 1 > 0 opìte
1

xp+1
n

>
1

(n + 1)p+1
�ra h (3) alhjeÔei.
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Prìtash 3.27 (Krit rio Lìgwn) An an > 0, bn > 0 kai up�rqei no

¸ste an+1

an
≤ bn+1

bn
gia k�je n ≥ no, tìte

(i) An h
∑

bn sugklÐnei tìte kai h
∑

an sugklÐnei, (isodÔnama)
(ii) An h

∑
an apoklÐnei tìte kai h

∑
bn apoklÐnei.

Apìdeixh An n ≥ no,

an = ano

ano+1

ano

ano+2

ano+1

. . .
an

an−1

≤ ano

bno+1

bno

bno+2

bno+1

. . .
bn

bn−1

=
ano

bno

bn

�ra
N∑

n=no

an ≤
ano

bno

N∑
n=no

bn gia k�je N ≥ no.

To sumpèrasma èpetai apì to krit rio sÔgkrishc. 2

Efarmog : DeÔterh apìdeixh tou krithrÐou lìgou (Prìtash
3.16)
An lim

n
|an+1

an
| = θ > 1 tìte up�rqei no ¸ste |an+1

an
| > 1 gia k�je n ≥ no.

Epomènwc |an+1| > |an| gia k�je n ≥ no kai eidikìtera |an| > |ano |, pr�gma
pou deÐqnei ìti h akoloujÐa (an) den teÐnei sto 0, �ra h

∑
an apoklÐnei.

Upojètoume ìti lim
n
|an+1

an
| = θ < 1. 'Estw ρ ∈ (θ, 1). Up�rqei no ¸ste

|an+1|
|an| ≤ ρ = ρn+1

ρn gia k�je n ≥ no. Efarmìzoume to krit rio lìgwn: afoÔ h∑
ρn sugklÐnei, to Ðdio isqÔei gia thn

∑
|an|.
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